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Preface to the Second Edition 


Our WORLD is a multiple one both shown by the natural world and human beings. For 
example, the observation enables one knowing that there are infinite planets in the uni- 
verse. Each of them revolves on its own axis and has its own seasons. In the human 
society, these rich or poor, big or small countries appear and each of them has its own sys- 
tem. All of these show that our WORLD is not in homogenous but in multiple. Besides, 
all things that one can acknowledge is determined by his eyes, or ears, or nose, or tongue, 
or body or passions, i.e., these six organs, which means the WORLD consists of have and 
not have parts for human beings. For thousands years, human being has never stopped his 


steps for exploring its behaviors of all kinds. 


We are used to the idea that our space has three dimensions: length, breadth and 
height with time providing the fourth dimension of spacetime by Einstein. In the string or 
superstring theories, we encounter 10 dimensions. However, we do not even know what 
the right degree of freedom is, as Witten said. Today, we have known two heartening no- 
tions for sciences. One is the Smarandache multi-space came into being by purely logic. 
Another is the mathematical combinatorics motivated by a combinatorial speculation, 1.e., 
a mathematical science can be reconstructed from or made by combinatorialization. Both 
of them contribute sciences for consistency of research with that human progress in 21st 


century. 


What is a Smarandache multi-space? It is nothing but a union of n different spaces 
equipped with different structures for an integer n > 2, which can be used both for discrete 
or connected spaces, particularly for systems in nature or human beings. We think the 
Smarandache multi-space and the mathematical combinatorics are the best candidates for 
21st century sciences. This is the reason that the author wrote this book in 2006, published 
by HEXIS in USA. Now 5 years have pasted after the first edition published. More and 
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more results on Smarandache multi-spaces appeared. The purpose of this edition is to 
survey Smarandache multi-space theory including new published results, also show its 
applications to physics, economy and epidemiology. 

There are 10 chapters with 71 research problems in this edition. Chapter 1 is a 
preparation for the following chapters. The materials, such as those of groups, rings, 
commutative rings, vector spaces, metric spaces and Smarandache multi-spaces including 
important results are introduced in this chapter. 

Chapter 2 concentrates on multi-spaces determined by graphs. Topics, such as those 
of the valency sequence, the eccentricity value sequence, the semi-arc automorphism, 
the decomposition of graph, operations on graphs, hamiltonian graphs and Smarandache 
sequences on symmetric graphs with results are discussed in this chapter, which can be 
also viewed as an introduction to graphs and multi-sets underlying structures. 

Algebraic multi-spaces are introduced in Chapter 3. Various algebraic multi-spaces, 
such as those of multi-systems, multi-groups, multi-rings, vector multi-spaces, multi- 
modules are discussed and elementary results are obtained in this chapter. 

Chapters 4-5 continue the discussion of graph multi-spaces. Chapter 4 concentrates 
on voltage assignments by multi-groups and constructs multi-voltage graphs of type I, II 
with liftings. Chapter 5 introduces the multi-embeddings of graphs in spaces. Topics such 
as those of topological surfaces, graph embeddings in spaces, multi-surface embeddings, 
2-cell embeddings, and particularly, combinatorial maps, manifold graphs with classifi- 
cation, graph phase spaces are included in this chapter. 

Chapters 6-8 introduce Smarandache geometry, i.e., geometrical multi-spaces. Chap- 
ter 6 discusses the map geometry with or without boundary, including a short introduction 
on these paradoxist geometry, non-geometry, counter-projective geometry, anti-geometry 
with classification, constructs these Smarandache geometry by map geometry and finds 
curvature equations in map geometry. Chapter 7 considers these elements of geometry, 
such as those of points, lines, polygons, circles and line bundles in planar map geom- 
etry and Chapter 8 concentrates on pseudo-Euclidean geometry on R”, including inte- 
gral curves, stability of differential equations, pseudo-Euclidean geometry, differential 
pseudo-manifolds, - - -, etc.. 

Chapter 9 discusses spacial combinatorics, which is the combinatorial counterpart 
of multi-space, also an approach for constructing Smarandache multi-spaces. Topics in 


this chapter includes the inherited graph in multi-space, algebraic multi-systems, such as 
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those of multi-groups, multi-rings and vector multi-spaces underlying a graph, combi- 
natorial Euclidean spaces, combinatorial manifolds, topological groups and topological 
multi-groups and combinatorial metric spaces. It should be noted that the topological 
group is a typical example of Smarandache multi-spaces in classical mathematics. The 
final chapter presents applications of Smarandache multi-spaces, particularly to physics, 
economy and epidemiology. 

In fact, Smarandache multi-spaces underlying graphs are an important systemati- 
cally notion for scientific research in 21st century. As a textbook, this book can be appli- 
cable for graduate students in combinatorics, topological graphs, Smarandache geometry, 
physics and macro-economy. 

This edition was began to prepare in 2010. Many colleagues and friends of mine 
have given me enthusiastic support and endless helps in writing. Here I must mention 
some of them. On the first, I would like to give my sincerely thanks to Dr.Perze for 
his encourage and endless help. Without his encourage, I would do some else works, 
can not investigate Smarandache multi-spaces for years and finish this edition. Second, I 
would like to thank Professors Feng Tian, Yanpei Liu, Mingyao Xu, Jiyi Yan, Fuji Zhang 
and Wenpeng Zhang for them interested in my research works. Their encouraging and 
warmhearted supports advance this book. Thanks are also given to Professors Han Ren, 
Yuanqiu Huang, Junliang Cai, Rongxia Hao, Wenguang Zai, Goudong Liu, Weili He and 
Erling Wei for their kindly helps and often discussing problems in mathematics altogether. 
Partially research results of mine were reported at Chinese Academy of Mathematics 
& System Sciences, Beijing Jiaotong University, Beijing Normal University, East-China 
Normal University and Hunan Normal University in past years. Some of them were also 
reported at The 2nd, 3rd and 7th Conference on Graph Theory and Combinatorics of 
China in 2006, 2008 and 2011. My sincerely thanks are also give to these audiences 
discussing mathematical topics with me in these periods. 

Of course, I am responsible for the correctness all of these materials presented here. 
Any suggestions for improving this book or solutions for open problems in this book are 


welcome. 


L.F. Mao 


October 20, 2011 
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CHAPTER 1. 


Preliminaries 


What is a Smarandache multi-space? Why is it important to modern Science? 
A Smarandache multi-space S is a union of n different spaces $1, So, S, 
equipped with some different structures, such as those of algebraic, topolog- 
ical, differential, --- structures for an integer n > 2, introduced by Smaran- 
dache in 1969 [Sma2]. Whence, it is a systematic notion for developing mod- 
ern sciences, not isolated but an unified way connected with other fields. To- 
day, this notion is widely accepted by the scientific society. Applying it fur- 
ther will develops mathematical sciences in the 21st century, also enhances 
the ability of human beings understanding the WORLD. For introducing the 
readers knowing this notion, preliminaries, such as those of sets and neutro- 
sophic sets, groups, rings, vector spaces and metric spaces were introduced 
in this chapter, which are more useful in the following chapters. The reader 


familiar with these topics can skips over this chapter. 
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§1.1 SETS 


1.1.1 Set. A set & is a category consisting of parts, i.e., a collection of objects possessing 


with a property #, denoted usually by 
= = { x| x possesses the property F }. 


If an element x possesses the property “, we say that x is an element of the set =, denoted 
by x € &. On the other hand, if an element y does not possesses the property Y, then we 
say it is not an element of & and denoted by y ¢ &. 


For examples, 


A= {1,2,3,4,5,6,7,8,9,. 10}, 
B = {p| p is a prime number}, 
C={@, ye +y =I, 
D = {the cities in the World} 
are 4 sets by definition. 
Two sets &; and & are said to be identical if and only if for Vx € 3, we have x € 3) 


and for Vx € =>, we also have x € ©. For example, the following two sets 
E ={1,2,-2} and F ={x|x-x?-4x+4=0} 


are identical since we can solve the equation x? — x* — 4x + 4 = 0 and get the solutions 
x= 1,2.0r—2: 
Let S, T be two sets. Define binary operations union S U T, intersection S \ T and 


S minus T respectively by 
S\ JT =txeeSorxeT}, S{\T ={xxeS andxeT} 


and 
S\T = {xlx eS but x ¢ T}. 


Calculation shows that 


AU JE = {1,2,—-2, 3, 4, 5,6, 7,8, 9, 10}, 


A( \E={1,2}, 


A\ E = {3,4,5,6, 7,8, 9, 10}, 
E\ A= {-2}. 
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The operations U and /N possess the following properties. 
Theorem 1.1.1 Let X,T and R be sets. Then 

(i) XUX=X and X(\X =X; 

@) XUT HT UX and XP\TH=T xX: 

(ii) X UT UR) = X UT) UR and X(\(T()R) = XT) OR 

(iv) XUT MR) = XUT) NX UR), 

X(\T UR) = XT) UA) R). 

Proof These laws (i)-(iii) can be verified immediately by definition. For the law (iv), 
let x € XU(T()R) = (XUT)(\(X% UR). Then x € X or x € T()R, ie., x € T and 
x € R. Now if x € X, we know that x € X UT and x € X UR. Whence, we get that 
xe (XUT)(\X UR). Otherwise, x ¢ T()R, 1.e., x € T and x € R. We also get that 
xE(XUT)(\XUR). 

Conversely, for Vx € (X UT)(\(X UR), we know that x ¢ XT and x € XUR, 
ie. x € Xorxe Tandxe R. If x € X, we get that x e XU(T()R). If x € T and 
x € R, we also get that x € X(T ()R). Therefore, X U(T (1) R) = (X UT) (\(X UR) by 


definition. 


Similarly, we can also get the law XN T = XT. 


Let =, and &, be two sets. If for Vx € &), there must be x € &), then we say that ©, 
is a subset of &, denoted by =, € &). A subset ©, of &, is proper, denoted by =, C &, if 
there exists an element y € =, with y ¢ &, hold. It should be noted that the void (empty) 
set @ is a subset of all sets by definition. All subsets of a set = naturally form a set A(=), 
called the power set of =. 

For a set X € A(S), its complement X is defined by X ={ yly€ & but y ¢ X}. Then 


we know the following result. 
Theorem 1.1.2 Let & be aset,S,T C =. Then 
(1) XNX =OandXUX =; 
Opa 
G) KUT =XAT md xAnT ax UT. 
Proof The laws (1) and (2) can be immediately verified by definition. For (3), let 
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x €XUT. Then x € Ebutx¢ XUT,ic., x ¢ X and x ¢ T. Whence, x € X andxe T. 
Therefore, x € XT. Now for Vx € XT, there must be x € X andx € T,ie.,xE= 
but x ¢ X and x ¢ T. Hence, x ¢ X UT. This fact implies that x ¢ X U T. By definition, 
we find that X UT = X NT. Similarly, we can also get the law XN T = X UT. This 
completes the proof. O 


For a set & and H C &, the set & \ A is said the complement of H in =, denoted 
by H(&). We also abbreviate it to H if each set considered in the situation is a subset of 
= =Q, 1e., the universal set. 


These operations on sets in “(&) observe the following laws. 


L1 Itempotent law. For VS ¢ Q, 


AL JA=Af )A=A. 

L2 Commutative law. For VU,V CQ, 

u| Jv=v\ Ju; uf \v=vf ju. 
L3 Associative law. For VU, V,W ¢ Q, 

0M) =U een) =eQyn™ 

L4 Absorption law. For VU,V CQ, 

u( \(u_L)v)=uU(u( |v) =u. 
LS Distributive law. For VU, V,W ¢ Q, 
oN) = UMN EU: eNYUM=CA9YUCN™), 
L6 Universal bound law. For VU ¢ Q, 

0( )u=0,0|Ju=u; af usual ju=a. 
L7 Unary complement law. For VU € Q, 
u( \U=0; u| JU=2. 


A set with two operations “()” and “()” satisfying the laws L1 ~ L7 is said to be a 


Boolean algebra. Whence, we get the following result. 
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Theorem 1.1.3 For any set U, allits subsets form a Boolean algebra under the operations 
i fal ti and Cag 


1.1.2 Partially Order Set. Let © be a set. The Cartesian product = x = is defined by 


Ex & = {(x,y)Vx,y € S} 


and a subset R € = X & is called a binary relation on =. We usually write xRy to denote 
that V(x,y) € R. A partially order set is a set & with a binary relation < such that the 


following laws hold. 


O1 Reflective Law. For x € &, xRx. 
O2 Antisymmetry Law. For x,y € &, xRy and yRx > x=y. 
O3 Transitive Law. For x, y,z € =, xRy and yRz > xRz. 


Denote by (&, <) a partially order set = with a binary relation <. A partially ordered 
set with finite number of elements can be conveniently represented by a diagram in such 
a way that each element in the set = is represented by a point so placed on the plane that 
point a is above another point b if and only if b < a. This kind of diagram is essentially 
a directed graph. In fact, a directed graph is correspondent with a partially set and vice 
versa. For example, a few partially order sets are shown in Fig.1.1 where each diagram 


represents a finite partially order set. 


(a) (b) (c) (d) 


Fig.1.1 


An element a in a partially order set (&, <) is called maximal (or minimal) if for 
Wxe B,axx>x=a(orx<xa>x =a). The following result is obtained by the 


definition of partially order sets and the induction principle. 
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Theorem 1.1.4 Any finite non-empty partially order set (&, <) has maximal and minimal 


elements. 


A partially order set (=, <) is an order set if for any Vx, y € &, there must be x < y 
or y < x. For example, (b) in Fig.1.1 1s such a ordered set. Obviously, any partially order 
set contains an order subset, which is easily find in Fig.1.1. 

An equivalence relation R € = X & on a set & is defined by 

R1 Reflective Law. For x€ =, xRx. 

R2 Symmetry Law. For x,y € =, xRy => yRx 

R3 Transitive Law. For x,y,z € &, xRy and yRz => xRz. 


Let R be an equivalence relation on set =. We classify elements in & by R with 
R(x) = {yl y € Band yRx }. 


Then we get a useful result for the combinatorial enumeration following. 


Theorem 1.1.5 Let R be an equivalence relation on set 3. For ‘x,y € &, if there is an 


bijection ¢ between R(x) and R(y), then the number of equivalence classes under R is 


= 
=| 
iS 


IROL 


where x is a chosen element in =. 


Proof Notice that there is an bijection ¢ between R(x) and R(y) for Vx,y € &. 
Whence, |R(x)| = |R()|. By definition, for Vx, y € &, R(x) (\ RW) = O or R(x) = RG). Let 
T be a representation set of equivalence classes, i.e., choice one element in each class. 


Then we get that 


El = >) ROO) = ITIROOL. 


xeT 


Whence, we know that 


|T| = Oo 


1.1.3 Neutrosophic Set. Let [0, 1] be a closed interval. For three subsets 7,7, F ¢ [0, 1] 
and S C Q, define a relation of element x € Q with the subset S to be x(T,J/, F), i,e., 
the confidence set T, the indefinite set I and the fail set F for x € S. A set S with three 
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subsets 7, /, F is said to be a neutrosophic set. We clarify the conception of neutrosophic 
set by set theory following. 

Let & be a set and Aj, A>,---,Ay, © &. Define 3k functions f7, fF.:-:, ff by fF : 
A; > [0,1], 1 <i < k, where x = T,/, F. Denoted by (A;; f’, f/, f’) the subset A; with 
three functions f7, f/, f’, 1<i<k. Then 


is a union of neutrosophic sets. Some extremal cases for this union is in the following, 


which convince us that neutrosophic sets are a generalization of classical sets. 
Castel 7 1, 7 =F =0 fort 1,2, 


In this case, 
k k 
LJ (48.47. 047) = (JA 
i=l i=1 


Case? =f =0, 7 =] 1 foria 1,28, 


In this case, 


k k 
Ul Anh fi )-(Us } 


i= i=1 

Case 3 There is an integer s such that f7 = 1 f’ = f? =0,1<i< s but a = re = 

0, ff =1fors+1<j<k. 

In this case, 

Un Ua UU» } 

i=st+1 

Case 4 There is an integer / such that f7 # 1 or f/ #1. 
In this case, the union is a general neutrosophic set. It can not be represented by 


abstract sets. If A(|B = Q, define the function value of a function f on the union set 
Al Bto be 


f(A\_J8) = fA) + FB) 


and 


(Af )B) = fAS@). 
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Then if A() B # 0, we get that 
(AL JB) = fA) + FB) - (APB). 


Generally, we get the following formulae. 


k k j 
AU al = ep [| rao. 
i=l j=l s=l 


by applying the inclusion-exclusion principle to a union of sets. 


§1.2 GROUPS 


1.2.1 Group. A set G with a binary operation o, denoted by (G; °), is called a group if 
xoy €G for Vx, y € G with conditions following hold: 

(1) (xo y)oz=x0(yo2z) for Vx, y,z € G; 

(2) There is an element 1g, 1g € G such that xo lg = x; 

(3) For Vx € G, there is an element y, y € G, such that xo y = lg. 

A group G is Abelian if the following additional condition holds. 

(4) For Vx,y €G,xoy=yox. 

A set G with a binary operation o satisfying the condition (1) is called to be a semi- 


group. Similarly, if it satisfies the conditions (1) and (4), then it is called an Abelian 


semigroup. 


Example 1.2.1 The following sets with operations are groups: 


(1) GR; +) and (R;-), where R is the set of real numbers. 
(2) (U2;-), where U, = {1,—1} and generally, (U,,;-), where U, = fel, k = 1,2; 


-+ nh}. 


(3) For a finite set X, the set SymX of all permutations on X with respect to permu- 


tation composition. 


Clearly, the groups (1) and (2) are Abelian, but (3) is not in general. 
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Example 1.2.2 Let GL(n, R) be the set of all invertible n x n matrixes with coefficients 


in R and +, - the ordinary matrix addition and multiplication. Then 


(1) (GL(m, R); +) is an Abelian infinite group with identity 0,,,, the nxn zero matrix 


and inverse —A for A € GL(n, R), where —A is the matrix replacing each entry a by —a in 


matrix A. 


(2) (GL(n, R); -) is a non-Abelian infinite group if n > 2 with identity 1,,.,, then x n 


unit matrix and inverse A~! for A € GL(n, R), where A- A7! = 1,.,,. For its non-Abelian, 


let n = 2 for simplicity and 


Calculations show that 


plese hla. sea 


Whence, A-B# B.-A. 


1.2.2 Group Property. A few properties of groups are listed in the following. 
P1. There is only one unit |g ina group (GY;°). 


In fact, if there are two units ly and 1% in (Y; 0), then we get ly = lyo ly = ly, a 
contradiction. 

P2. There is only one inverse a' fora € G ina group (G;°). 

If a;',a;' both are the inverses of a € Y, then we get that aj! = a{!oaoa;' =a;', 
a contradiction. 

P3. (a!) !'=a,aceG. 

P4. Ifaob=aocorboa=coa, wherea,b,céG, thenb=c. 

Ifaob=aoc, thena!o(acb) =a! o(aoc). According to the associative law, we 
get that b = lyob=(a!oa)ob=a'!o(aoc)=(a! oa)oc= lgoc=c. Similarly, if 
boa=coa, wecanalso getb=c. 

P5. There is a unique solution for equations ao x = b and yoa = bina group (GY; 0) 
fora,beGY. 
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Denote by a" = aoao---oa. Then the following property is obvious. 
—$— 


n 
P6. For any integers n,m and a,b € GY, a" oa” = a", (a")" = a". Particularly, if 
(G; 0) is Abelian, then (ao b)" = a" ob". 


1.2.3 Subgroup. A subset H of a group G is a subgroup if H 1s also a group under the 


same operation in G, denoted by H < G. The following results are well-known. 


Theorem 1.2.1 Let H be a subset of a group (G;°). Then (H; 0°) is a subgroup of (G; 0) 
if and only if H #0 andaob" € H for\Va,b € H. 


Proof By definition if (H; 0) is a group itself, then H # 0, there is b-! € H andaob"! 
is closed in H, i.c.,a0b7! € H for Va,b € H. 
Now if H #@andaob"! €H for Va,b € H, then, 


(1) there exists anh ¢ Handlg=hoh'€H; 
(2) if x,y € H, theny!=1go0y! € Handhence xo (y'!)! =xoye A; 
(3) the associative law xo (yo z) = (xo y) 02 for x, y, z € A is hold in (G; 0). By (2), 


it is also hold in H. Thus, combining (1)-(3) enables us to know that (H; 0) is a group. 
Corollary 1.2.1 Let H, < Gand Hz < G. Then H, 0 Hz < G. 
Proof Obviously, 1g = ly, = 1”, € Hi) N Hy. SoH, 1 Hy # 0. Let x,y © Hy) N Ad. 
Applying Theorem 1.2.2, we get that 
Ce ie € Ay, 05° € Ap. 
Whence, 
xy’ €H, NAb. 


Thus, (H, M A>; 0) is a subgroup of (G; 0). CJ 


Theorem 1.2.2 (Lagrange) Let H < G. Then |G| = |A||G: Al. 


Proof Let 


G= LU to H. 
teG:H 


Notice that t} o HN t,0 H =Qif t, # tf) and |t o A| = |A|. We get that 


iGi= )) to = (HIG : HI. Oo 


teG:H 
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Let H < G be a subgroup of G. For Vx € G, denote the sets {xh | Vh € HA}, 
{hx | Vh € H} by xH and Hx, respectively. A subgroup H of a group (G ;°0) is called a 
normal subgroup if for Wx € G, xH = Hx. Such a subgroup H is denoted by H dG 

For two subsets A, B of group (G; 0), the product A o B is defined by 


AoB={aob|VaeA, Vbeb}. 
Furthermore, if H is normal, i.e., H <j G, it can be verified easily that 
(xH) 0 (yH) = (xo y)H and (Hx) 0 (Hy) = H(xoy) 


for Vx, y € G. Thus the operation ”o” is closed on the set {xH|x € G} = {Hx|x € G}. Such 
a set is usually denoted by G/H. Notice that 


(xH 0 yH) 0 ZH = xH 0 (yH 0 ZH), Vx,y,z€G 


and 
(xH) o H = xH, (xH) 0 (x'A) = H. 


Whence, G/H is also a group by definition, called a quotient group. Furthermore, we 


know the following result. 
Theorem 1.2.3 G/H is a group if and only if H is normal. 
Proof If H is anormal subgroup, then 


(aoH)(boH)=aco(Hob)joH=ao(boH)oH=(aob)oH 


by the definition of normal subgroup. This equality enables us to check laws of a group 


following. 


(1) Associative laws in G/H. 


[(a0 H)(bo H)\(c o H) [ac b)oc]oH=[ao(boc)]oH 


(ac H)[(bo Hyco H)). 


(2) Existence of identity element Igy in G/H. 
In fact, [gj = Lo =H, 


(3) Inverse element for Vx o H € G/H. 
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Because of (x7! 0 H)(xo H) = (x-!ox)oH = H = 1g/y, we know the inverse element 
of xoHe€G/Hisx'! od. 
Conversely, if G/H is a group, then for ao H,bo H € G/H, we have 


(ao HMj(6eH)=cod, 
Obviously, ao b € (ao H)(bo A). Therefore, 
(ao H\(bo H)=(acb)odk. 
Multiply both sides by a~!, we get that 
HoboH =podH, 
Notice that 1g € H, we know that 
boH CHoboH =boH, 


ic.,bo Hob! CH. Consequently, we also find b-! 0 Hob C H if replace b by b“, ice., 
HcboHob"". Whence, 
bloHob=H 


for Vb € G. Namely, H is a normal subgroup of G. L 


A normal series of a group (G; ©) is a sequence of normal subgroups 
{le} = Geo G; 4 Gp. d= 4G, =G, 


where the G;, | <i < s are the terms, the quotient groups G;,,/G;, 1 <i< s— 1 are the 
factors of the series and if all G; are distinct, and the integer s is called the length of the 
series. Particularly, if the length s = 2, 1.e., there are only normal subgroups {1g} and G 
in (G; 0), such a group (G; °) is said to be simple. 

1.2.4 Isomorphism Theorem. For two groups G,G’, let o be a mapping from G to G’. 
If 

a(x oy) = a(x) ° a(y) 
for Vx,y € G, then o is called a homomorphism from G to G’. Usually, a one to one 


homomorphism is called a monomorphism and an onto homomorphism an epimorphism. 


A homomorphism is a bijection if it is both one to one and onto. Two groups G,G’ are 
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said to be isomorphic if there exists a bijective homomorphism o between them, denoted 
byG=G’, 

Some properties of homomorphism are listed following. They are easily verified by 
definition. 

Hl. (x") = 6"(x) for all integers n, x € GY, whence, dy) = ly and ¢(x"!) = 
g(x). 

H2. 0(A(x))lo(x), x EG. 

H3. [fxoy=yox, then (x) - oY) = $)- OQ). 

H4. Im¢é < # and Ker < Y. 


Now let ¢ : G — G’ be a homomorphism. Its image Im@ and kernel Ker@ are 
respectively defined by 
Im¢ = G? = {(x) |Vx EG} 


and 
Kerg = { x | Vx eG, 6(x) = 1g }. 


The following result, usually called the homomorphism theorem is well-known. 
Theorem 1.2.4 Let 6: G — G’ be a homomorphism of group. Then 
(G, c)/Kerd =~ Im¢. 


Proof Notice that Im¢é < H and Ker¢ < G by definition. So G/Ker¢ is a group by 
Theorem 1.2.3. We only need to check that ¢ is a bijection. In fact, x o Keré € Ker¢ if 


and only if x € Kerdé. Thus ¢ is an isomorphism from G/Ker¢ to Im¢. 


Corollary 1.2.1(Fundamental Homomorphism Theorem) /f ¢ : G — H is an epimor- 


phism, then G/Kerd is isomorphic to H. 


§1.3 RINGS 


1.3.1 Ring. A set R with two binary operations “+” and “o” , denoted by (R; +, 9), is 
said to be a ring if x+y € R, xo y € R for Vx,y € R such that the following conditions 
hold. 


(1) (R; +) is an Abelian group with unit 0, and in; 
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(2) (R; 0°) is a semigroup; 
(3) For Vx,y,zER, xoQGvt+z)=xoyt+xozand(x+y)oz=xozt+yoz, 
Denote the unit by 0, the inverse of a by —a in the Abelian group (R; +). A ring 
(R; +, ©) 1s finite if |R| < +00. Otherwise, infinite. 
Example 1.3.1 Some examples of rings are as follows. 


(1) (Z;+,-), where Z is the set of integers. 
(2) (pZ;+,-), where p is a prime number and pZ = {pn|n € Z}. 
(3) (M,(Z); +,-), where M,,(Z) is the set of n x n matrices with each entry being an 


integer, n > 2. 
Some elementary properties of rings (R; +, 0) can be found in the following: 


R1. Oca=aco0=OforVae R. 

In fact, let b € R be an element in R. Byaob=ao(b+0)=aob+ao(0 and 
boa=(b+0)ca=boa+0oa, we are easily know thatao0=Oo0a=0. 

R1. (-—a) 0b = ao (-b) = -ao band (—a) 0 (—b) = aob for Va, be R. 

By definition, we are easily know that (-a)ob+aob=(-a+a)ob=00b=0 
in (R;+,°). Thus (-a) 0 b = -ao b. Similarly, we can get that ao (-b) = -ao b. 
Consequently, 

(—a) 0 (—b) = —ao (-b) = -(-aob)=aob,. 


R3. For any integern,m > 1 anda,be R, 


(n+ m)a = na+ma, 

n(ma) = (nm)a, 

n(at+ b) = na+nb, 
n+m 


a’ fe} qd” -a : 


ay = a”, 


where nad =a+at+-:-+aanda" =aoao-::-oa. 
——————+ —_—_—_—’ 
n n 


All these identities can be verified by induction on the integer m. We only prove the 
last identity. For m = 1, we are easily know that (a)! = (a") = a", ie., (a")" = a" holds 
for m = 1. If it is held form = k > 1, then 


jay" = ((a")‘) 4 (a") 
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= to[acae:n04 
a ane 
n 


—  giktn — qnlk+l). 
Thus (a")”" = a” is held for m = k + 1. By the induction principle, we know it is true for 
any integern, m> 1. 

If R contains an element 1p such that for Vx € R, xo lp = lpox =x, wecallRa 
ring with unit. All of these examples of rings in the above are rings with unit. For (1), the 
unit is 1, (2) is Z and (3) is Inxn. 

The unit of (R; +) in a ring (R; +, 0) is called zero, denoted by 0. For Va,b € R, if 


aob = 0, 


then a and D are called divisors of zero. In some rings, such as the (Z; +, -) and (pZ ; +, -), 
there must be a or b be 0. We call it only has a trivial divisor of zero. But in the ring 


(pqZ; +, +) with p, g both being prime, since 
pZ-qZ=0 


and pZ # 0, qZ # 0, we get non-zero divisors of zero, which is called to have non-trivial 


divisors of zero. The ring (M,(Z); +, -) also has non-trivial divisors of zero 


= Onxn- 


A division ring is a ring which has no non-trivial divisors of zero. The integer ring (Z; +, -) 
is a divisor ring, but the matrix ring (M,,(Z); +, -) is not. Furthermore, if (R \ {0}; 0) is a 
group, then the ring (R; +, ©) is called a skew field. Clearly, a skew field is a divisor ring 
by properties of groups. 


1.3.2 Subring. A non-empty subset R’ of a ring (R; +, ©) is called a subring if (R’; +, ©) is 


also a ring. The following result for subrings can be obtained immediately by definition. 


Theorem 1.3.1 Let R’ Cc R bea subset of a ring (R; +, 0°). If (R’; +) is a subgroup of (R; +) 


and R’ is closed under the operation “o” , then (R’; +, °) is a subring of (R, +.°). 
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Proof Because R’ C R and (R; +, ©) is aring, we know that (R’; 0) is also a semigroup 


and the distribute lows xo(y+z) = xoy+xoz, (x+y)oz = xoz+yozhold for Vx, y,z € R’. 


Thus ()R’; +, 0 is also a ring. L 


Combining Theorems 1.3.1 with 1.2.1, we know the following criterion for subrings 


of a ring. 


Theorem 1.3.2 Let R’ C R be a subset of a ring (R; +, °). Ifa—b, a-b € R’ forVa, be R’, 
then (R’; +, ©) is a subring of (R, +.°). 


Example 1.3.2 Let (M3(Z); +,-) be the ring determined in Example 1.3.1(3). Then all 


matrixes with following forms 


ab 0 
c d Of, a,b,c,déEZ 
0 0 0 


consist of a subring of (M3(Z); +, -). 


1.3.3 Commutative Ring. A commutative ring is such a ring (R;+,°) thataob=boa 
for Va,b € R. Furthermore, if (R \ {0}; 0) is an Abelian group, then (R; +, 0) is called a 
field. For example, the rational number ring (N; +, -) is a field. 

A commutative ring (R; +, °) is called an integral domain is there are no non-trivial 


divisors of zero in R. We know the following result for finite integral domains. 


Theorem 1.3.3 Any finite integral domain is a field. 


Proof Let (R; +0) be a finite integral domain with R = {a, = 1p, do,--:,an},b ER 
and a sequence 
boa,,boad),:::,bod,. 
Then for any integer i # j, 1 < i,j < m, boa; # boa;. Otherwise, we get bo (a;— aj) = 0 
with a # 0 and a; — a; # 0. Contradicts to the definition of integral domain. Therefore, 


R= {boa,,bo a,::+,b0 ay}. 


Consequently, there must be an integer k, 1 < k < nsuch that bo a = 1p. Thus db! = ay. 
This implies that (R \ {0}; 0) is a group, 1.e., (R; +0) is a field. OO 


Let D be an integral domain. Define the quotient field Q[D] by 


Q[D] = { (a,b) |a,be D, b#0} 
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with the convention that 
(a, b) = (a’,b’) if and only if ab’ =a b. 
Define operations of sums and products respectively by 
(a, b) + (a’,b’) = (ab’ + a’b, bb’) 


(a, b) - (a’, b’) = (aa’, bb’). 


Theorem 1.3.4 Q[D] is a field for any integral domain D. 


Proof It is easily to verify that Q[D] is also an integral domain with identity elements 
(0, 1) for addition and (1, 1) for multiplication. We prove that there exists an inverse for 
every element u # 0 in Q[D]. In fact, for (a, b) # (0, 1), 


(a, b) - (b, a) = (ab, ab) = (1, 1). 


Thus (a, b)"! = (b, a). Whence, Q[D] is a field by definition. 


For seeing D is actually a subdomain of Q[D], associate each element a € D with 
(a, 1) € Q[D]. Then it is easily to verify that 
(a, 1)+(b,1) =(a-1+b-1,1-1)=(a+b, 1), 
(a, 1)-(b, 1) = (ab, 1 - 1) = (ab, 1), 
(a,1)=(b,1) ifandonlyif a=b. 


Thus the 1-1 mapping a © (a, 1) is an isomorphism between the domain D and a subdo- 
main { (a, 1)|a¢€ D)} of Q[D]. We get a result following. 


Theorem 1.3.5 Any integral domain D can be embedded isomorphically in a field Q[D]. 
Particularly, let D = Z. Then the integral domain Z can be embedded in Q[Z] = Q. 


1.3.4 Ideal. An ideal I of a ring (R; +, 0°) is a non-void subset of R with properties: 


(1) Ud; +) is a subgroup of (R; +); 
(2) aoxe€lTandxoaelforVaEelVxeR. 
Let (R; +, °) be aring. A chain 


R>R,>--->R,= {10} 
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satisfying that R;,; is an ideal of R; for any integer i,1 < i < J, is called an ideal chain 
of (R, +, °). A ring whose every ideal chain only has finite terms is called an Artin ring. 
Similar to the case of normal subgroup, consider the set x + J in the group (R; +). Calcu- 
lation shows that R/I = {x + 1| x € R} is also a ring under these operations “+” and “o”, 
called a quotient ring of R to I. 

For two rings rings (R; +, 0), (R’; *, e), letc : R— R’ be a mapping from R to R’. If 


Ux + y) = Ux) * Ly), 
U(x oy) = U(x) @ u(y) 
for Vx, y € R, then z is called a homomorphism from (R; +, ©) to (R’; *, ¢). Furthermore, if 


Lis an objection, then ring (R; +, 0) is said to be isomorphic to ring (R’; *, ¢) and denoted 


by rings (R; +, 0) ~ (R’; *, ¢). Similar to Theorem 1.2.4, we know the following result. 
Theorem 1.3.6 Leti: R— R’ be a homomorphism from (R; +, ©) to (R’; *, ¢). Then 


(R; +,0°)/Kert ~ Im. 


§1.4 VECTOR SPACES 


1.4.1 Vector Space. A vector space or linear space consists of the following: 


(1) A field F of scalars; 
(2) A set V of objects, called vectors; 


(3) An operation, called vector addition, which associates with each pair of vectors 


a,b in V a vector a + b in V, called the sum of a and b, in such a way that 


(a) Addition is commutative, a+b =b+a; 

(b) Addition is associative, (a+b) +c =a+(b+c); 

(c) There is a unique vector 0 in V, called the zero vector, such that a + 0 = a for all 
ain V; 

(d) For each vector a in Vthere is a unique vector —a in V such that a + (—a) = 0; 

(4) An operation “-”, called scalar multiplication, which associates with each scalar 
kin F and a vector a in V a vector k- a in V, called the product of k with a, in such a way 
that 
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(a) 1-a=a for every ain V; 
(b) (kikz): a= ky(ko- a); 
(c) k-(a+b)=k-a+k-b; 
(d) (kj +ky)-a=k,-at+k-a. 
We say that V is a vector space over the field F, denoted by (V ; +, :). 


Example 1.4.1 Two vector spaces are listed in the following. 


(1) The n-tuple space Rk” over the real number field R. Let V be the set of all n- 
tuples (X1, X2, ame ye) with XE R, l<i<n.IfVa= (x1, Xa, eiiee Xn), b= (1525 “tT > Yn) € 
V, then the sum of a and b is defined by 


a+b = (x1 + yi, %2 + Y2,°++, Xn + Yn). 
The product of a real number k with a is defined by 
ka = (kx, kx2,--+, kx,). 


(2) The space Q”” of mxn matrices over the rational number field Q. Let Q”*" 
be the set of all m x n matrices over the natural number field Q. The sum of two vectors 
A and B in Q”" is defined by 


(A + B)ij = Aij + Bij, 
and the product of a rational number p with a matrix A is defined by 
(pA)ij = pass: 


1.4.2 Vector Subspace. Let V be a vector space over a field F. A subspace W of V isa 
subset W of V which is itself a vector space over F' with the operations of vector addition 
and scalar multiplication on V. The following result for subspaces of a vector space is 


easily obtained. 


Theorem 1.4.1 A non-empty subset W of a vector space (V;+,-) over the field F is a 
subspace of (V; +, -) if and only if for each pair of vectors a, b in W and each scalar a in 


F the vector a:-a+b is also in W. 


Proof Let W be anon-empty subset of V such that a-a+b belongs to W for Va, b € V 


and all scalars a in F. Notice that W # 0, there are a vector x € W. By assumption, we 
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get that (-1)x +x = 0 € W. Hence, ax + 0 = ax € W for x € W anda € F. Particularly, 

(—1)x = —-x € W. Finally, if x, y € W, thenx + y € W. Thus W is a subspace of V. 
Conversely, if W c V isasubspace of V, a, bin W and ais scalar F,, thena:-a+b « W 

by definition. L 


This theorem enables one to get the following result. 


Theorem 1.4.2 Let V be a vector space over a field F. Then the intersection of any 


collection of subspaces of V is a subspace of V. 


Proof Let W = a W;, where W; is a subspace of V for each i € J. First, we know 
that 0 € W; fori Ee J by deena: Whence, 0 € W. Now let a, b € W anda € F. Then 
a, b € W; for W c W; for Vi € J. According Theorem 1.4.1, we know that a-a+be W;. 
So@:-a+be a W; = W. Whence, W is a subspace of V by Theorem 1.4.1. 

Let U be ‘i 4 of some vectors in a vector space V over F. The subspace spanned by 
U is defined by 


(U) ={aq,-a,ta.-at--:-ta,-a|l>1a,€EF, anda; eS,1l<2< 71}. 


A subset S of V is said to be linearly dependent if there exist distinct vectors aj, @2,---, a) 


in S and scalars a), @2,---,a@, in F, not all of which are 0, such that 
Qa, +Q.°a.+---+Q,° a = 9. 


A set which is not linearly dependent is usually called linearly independent, 1.e., for dis- 


tinct vectors aj, @2,---,a, in S if there are scalars a@),@>,---,@, 1n F such that 
Q@,°at+Q2°a.+°+++ Qn: an = 9, 


then a; = 0 for integers | <i <n. 
Let V be a vector space over a field F’. A basis for V is a linearly independent set of 
vectors in V which spans the space V. Such a space V is called finite-dimensional if it has 


a finite basis. 


Theorem 1.4.3 Let V be a vector space spanned by a finite set of vectors a1, @2,°**,@p- 


then each independent set of vectors in V is finite, and contains no more than m elements. 


Proof Let S be a set of V containing more than m vectors. We only need to show 


that S is linearly dependent. Choose xj, X2,---,Xn € S with n > m. Since ay, a2,---, am 
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span V, there must exist scalars A;; € F such that 


m 
xj = >» Ajjaj. 
i=l 


Whence, for any n scalars a, @2,---,@,, we get that 


n m 
@1X, +QX.+°++-+Q,X, = da) Aisa 
j=l i=l 


m 


> y (Aija)a; = >) » svn) ay. 


j=l i=l i=1 


Notice that n > m. There exist scalars a1, @2,---,a@, not all 0 such that 
n 
> Ais; = 0, l<i<m 
j=l 


Thus a,x; + @X2 +--+ +@,X, = 0. Whence, S' is linearly dependent. 


Theorem 1.4.3 enables one knowing the following consequences. 


Corollary 1.4.1 Jf V is a finite-dimensional, then any two bases of V have the same 


number of vectors. 


Proof Let ay, a,---,am be a basis of V. according to Theorem 1.4.3, every basis of 


V is finite and contains no more than m vectors. Thus if b1, bz, ---, by, is a basis of V, then 


n <™m. Similarly, e also know that m < n. Whence, n = m. 


This consequence allows one to define the dimension dimV of a finite-dimensional 


vector space as the number of elements in a basis of V. 


Corollary 1.4.2 Let V be a finite-dimensional vector space with n = dimV. Then no 


subset of V containing fewer than n vectors can span V. 


Let dimV = n < +00. An ordered basis for V is a finite sequence {aj, a2,---,a,} of 
vectors which is linearly independent and spans V. Whence, for any vector x € V, there 


is an n-tuple (x), X2,--+,X,) such that 


n 
x= ) Xjaj. 
i=1 


The n-tuple is unique, because if there is another n-tuple (z, Z2,- ++, Z,) such that 


n 
x= » Zia, 
i=l 
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Then there must be , 
> (4 —-zZ) a; = 0. 
i=l 


We get z; = x; for 1 < i < n by the linear independence of {a;, a,---,a,}. Thus each 


ordered basis for V determines a 1-1 correspondence 
X © (X1, X2,°° +5 Xn) 


between the set of all vectors in V and the set of all n-tuples in F” = F X FX:-:-X F. 


n 
The following result shows that the dimensions of subspaces of a finite-dimensional 


vector space is finite. 


Theorem 1.4.4 Jf W is a subspace of a finite-dimensional vector space V, then every 


linearly independent subset of W is finite and is part of basis for W. 


Proof Let So = {a, a,---+,a,} be a linearly independent subset of W. By Theorem 
1.4.3, n < dimW. We extend So to a basis for W. If So spans W, then So is a basis of W. 
Otherwise, we can find a vector b; € W which can not be spanned by elements in So. Then 
So U {b,} is also linearly independent. Otherwise, there exist scalars ao, a;, 1 < i < |So| 


with a # 0 such that 


|Sol 

Qob; + >; a;a; = 0. 
i=1 

Whence 
|Sol 

1 

bj =-— ) ajai, 
a 


a contradiction. 
Let S; = So U {b;}. If S; spans W, we get a basis of W containing Si. Otherwise, 
we can similarly find a vector bz such that S, = So U {b;, b>} is linearly independent. 


Continue i this way, we can get a set 


ee = So U {bi, bo, ---, Dn} 


in at more than dimW — n < dimV — n step such that S,,, is a basis for W. i 


For two subspaces U, W of a space V, the sum of subspaces U, W is defined by 
U+W={u+wlucu, we Ww}. 


Then, we have results in the following result. 
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Theorem 1.4.5 Jf W; and W) are finite-dimensional subspaces of a vector space V, then 


W, + W3 is finite-dimensional and 
dimW, + dimW, = dim(W; (| W2) + dim(W, + W2). 


Proof According to Theorem 1.4.4, WW; has a finite basis {a;, a2, ---, a,} which is 
part of a basis {a;, a2,---, ax, b),---, by} for W, and part of a basis {a), a2,- ++, ag, C1, °°, Gn} 
for W,. Clearly, W,; + W is spanned by vectors aj, a,---, aj, Dy,---, bj, C1,°°°,n. If 


there are scalars a;, 8; andy,,1 <i<k,1< j<Jl,1<r<msuch that 


then 


which implies that v = >) y,c, belongs to W;. Because v also belongs to W> it follows 
r=1 
that v belongs to W; N W3. So there are scalars 6), 62, +--+, 6, such that 


m k 
v= 2 Vcr = >, 0;aj. 
r=! il 


Notice that {a;,a,---, a, Ci,°**,C»} is linearly independent. There must be y, = O for 

1 <r<m. We therefore get that 

k 1 
qjaj + B jb P= 0. 

=1 j=l 


1 


But {aj, a2,---, ax, b;,---, bj} is also linearly independent. We get also that a; = 0, 1 < 
i<kandf; =0, 1 < j</. Thus 


{a1, ao,° *, ak, bi, - : -, by, Ci,° : yin} 
is a basis for W, + W>. Counting numbers in this basis for W, + W2, we get that 


dimW, +dimW, = (k+)+k+m=k+(k+l+m) 
dim(W; ( ) W2) + dim (W; + Wo). 


This completes the proof. 
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1.4.3 Linear Transformation. Let V and W be vector spaces over a field F. A linear 


transformation from V to W is a mapping T from V to W such that 
T(aa + b) = a(T(a)) + T(b) 


for all a, b in V and all scalars a in F. If such a linear transformation is 1-1, the space V 


is called linear isomorphic to W, denoted by V z W. 


Theorem 1.4.6 Every finite-dimensional vector space V over a field F is isomorphic to 


, I ; 
space F", i.e., V =~ F", where n = dimV. 


Proof Let {a;, a2,---,a,} be an ordered basis for V. Then for any vector x in V, there 


exist scalars x), .%2,-*:,X, such that 
X= Xa, + XA. +++ + XyAp. 


Define a linear mapping from V to F” by 


T: xo (ae 2378? 24): 
Then such a mapping T is linear, 1-1 and mappings V onto F”. Thus V & FP", L 
Let {a), a2,---,a,} and {b,, bo, ---,b,,} be ordered bases for vectors V and W, respec- 


tively. Then a linear transformation T is determined by its action onaj;, 1 < j < n. In fact, 


each T(aj;) is a linear combination 


T(aj) = "Aub 


i=l 
of bj, the scalars Aj;,A>;,---,Amj; being the coordinates of T(a;) in the ordered basis 
{b;, by, ---,b,,}. Define an m x n matrix by A = [A;;] with entry Aj; in the position (/, /). 
Such a matrix is called a transformation matrix, denoted by A = [T ]a,a,,--.a,- 


Now let a = a) a; + Q2a +-::+a,4, be a vector in V. Then 


Tia) = T 3 aja ) = 3 «T (aj) 


ll 
Ms: 
R 
Ms 
> 
3 
ll 
Ms: 
Ss 
Ms: 
8 
> 
= 
—— 
i 


Whence, if X is the coordinate matrix of a in the ordered basis {b,, bo,---,b,,}, then AX 


is the coordinate matrix of T(a) in the same basis because the scalars >) Aj;a; is the entry 
j=l 
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in the ith row of the column matrix AX. On the other hand, if A is an m x n matrix over a 


field F, then 
r(>. ajaj)| = >, ») cer) 
j=l 


i=l \ j=l 
indeed defines a linear transformation T from V into W with a transformation matrix A. 


This enables one getting the following result. 


Theorem 1.4.7 Let {aj,a2,---,a,} and {b,, b2,---,b,,} be ordered bases for vectors V 
and W over a field F, respectively. Then for each linear transformation T from V into W, 


there is anm Xn matrix A with entries in F such that 


[T(a)]b,bo,-b» = A [alb,.b2,-.b, 
for every ain V. Furthermore, T — A is a 1-1 correspondence between the set of all 
linear transformations from V into W and the set of all m xX n matrix over F. 


Let V be a vector space over a field F. A linear operator of V is a linear transforma- 


tion from V to V. Calculation can show easily the following result. 


Theorem 1.4.8 Let V be a vector space over a field F with ordered bases {a,, a2, +++, An} 


and {a‘,,a5,---,a;,} and T a linear operator on V. If A = [A,,A2,-+-,An] is then xn 


aon 


matrix with columns A; = [8% Jay ar--.ay then 
=i 
[Ta a’,.--al, =A la aapeaas A. 


Generally, if T’ is an invertible operator on V determined by T'(a;) = a’, for j = 1,2, 
-++,n, then 


-1 
[T Ja’ at, = Baal kaon [T]ayao.-.a, ag Pere ae 


§1.5 METRIC SPACES 
1.5.1 Metric Space. A metric space (X;d) is a set X associated with a metric function 
d:MxM —- R* = {x|x € R, x = 0} with conditions following hold for Vx, y,z € M. 
(1)(definiteness) d(x, y) = 0 if and only if x = y; 
(2)(symmetry) d(x, y) = d(y, x); 


26 Chap. 1 Preliminaries 


(3)(triangle inequality) d(x, y) + d(y, z) = d(x, z). 
Example 1.5.1 Euclidean Space R”. 


Let R" = Goh ae | Xi € R, 1 <i<cn ts For Vx = (Xigotas hy %e) and 


Y = 01, Y2,°+*s Yn) € R", define 


p(x, y) = 4) ) Gi -y. 
i=l 


Clearly, conditions (1) and (2) are true. We only need to verify the condition (3). 


. b? + 2x)! ajb + x ye = xe + xb;)° > 0. 
i=l i=1 i=l i=l 


I 
i= 


Then d is a metric on R". 


Notice that 


Consequently, the discriminant 


Thus 


n 2 n n 
[> ab, < | al 7 
i=l 1 i=l 


Applying this inequality, we know that 


: (a;+b)" = a; +2) aj;b; + be 
» DBP) aby 


IA 
M 
+ 
N 
PA 
is 
M 
+ 
i 
SS 


i=1 i=1 i=l i=l 


2 
| Dat a) 8 


Let a; = x; — y;, b; = y; — z;. Then x; — z; = a; + b; for integers 1 < i < n. Substitute these 


numbers in the previous inequality, we get that 


2 
>», (x;- zi)" < | ye —yjy+ xe =Ziy 
i=l i=l i=l 


Thus d(x, z) < d(x, y) + d(y, z). 
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Example 1.5.2 If (X; d) is a metric space. Define 


d(x, y) 


di(x, y) = eee 


Then (X; d;) is also a metric space. In fact, by noting that the function g(x) = is an 


xX 
1+x 
increasing function for x > 0, it is easily to verify that conditions (1) — (3) hold. 
1.5.2 Convergent Sequence. Any x, x € X is called a point of (X;d). A sequence {x,} 
is said to be convergent to x if for any number € > 0 there is an integer N such that n > N 


implies d(x,, x) < €, denoted by lim x, = x. We have known the following results. 


Theorem 1.5.1 Any sequence {x,} in a metric space has at most one limit point. 


Proof Otherwise, if {x,} has two limit points lim x, — x and lim x, — x’, then 
n—- oo 


n-oo 


0 < d(x, x’) < d(x, x) + d(X, x’) 


for an integer n > 1. Let n — ov. then d(x, x’) = 0. Thus x = x’ by the condition (1). 


Theorem 1.5.2 Let (X;d) be a metric space. If X, — Xo and y, > yo, then d(X, Yn) > 


d(x, Yo) when n > ov, i.e., d(x, y) is continuous. 


Proof Applying the condition (3), we get inequalities 


Xs Yn) < dG Xo) + d(xo, Yo) eh dn, yo) 
and 
d(Xxo, yo) < d(Xo, Xn) +f DX Yn) e dn Yo). 


Whence, 
Id(Xn, Yn) — A(X, Yo) < A(X, X0) + dn, Yo) > O 


if n > oo, Thus d(x, y,) 2 d(Xo, Yo) when n > oo, 


For x9 € X and e€ > 0, an e-disk about x9 is defined by 
B(x, 6) = { x| x € X, d(x, x) < eé}. 


If A c X and there is an e-disk B(xo, €) D A, we say A is a bounded point set of X. 


Theorem 1.5.3 Any convergent sequence {x,} in a metric space (X; d) is bounded. 
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Proof Let x, — x9 when n — oo and € = 1. Then there exists an integer N such that 
for any integer n > N, d(X%,, Xo) < 1. Denote c = max{d(%1, Xo), d(%2, Xo), ° ++, d(Xn, X0)}- 
We get that 


d(X%n,X%0)<1l+c, n=1,2,---k,--- 


Let R = 1 +c. Then {x,} C B(%, R). Oo 


1.5.3 Completed Space. Let (X; d) be a metric space and {x,} a sequence in X. If for any 
number € > 0,¢ € R, there is an integer N such that n,m > N implies p(%, Xm) < €, then 
we call {x,} a Cauchy sequence. A metric space (X; d) is completed if its every Cauchy 


sequence converges. 


Theorem 1.5.3 For a completed metric space (X; d), if an €-disk sequence {B,} satisfies 


(1) B, DB,D---DB,D-+ 
(2) lime, = 0, 
where €, > 0 and B, = { x| x € X, d(x, Xn) S$ €n} for any integern,n = 1,2,---, then ()\ By 


n=1 
only has one point. 


Proof First, we prove the sequence {x,} consisting of centers of ¢-disk B, is an 
Cauchy sequence. In fact, by the condition (1), if m > n, then x, € B, C B,. Thus 
A(Xm, Xn) < En. According to the condition (2), for any positive number ¢ > 0, there 
exists an integer N such that ¢, < ¢ ifn > N. Whence, if m, n > N, there must be that 
A(Xms Xn) < €, 1.€., {X,} 18 a Cauchy sequence. 

By assumption, (X; d) is completed. We know that {x,} convergent to a point xp € X. 
Let m — oo in the inequality d(x, Xn) < &,. We get that d(x.x,) < €, for alln = 1,2,--:. 


Whence, xo € B,, for all integers n > 1. Thus x9 € () By. 
i=1 


If there exists another point y € () B,, there must be d(y, x,) < €, forn = 1,2,--:. 
i=1 


By Theorem 1.5.2, we have that 
0< d(y,x%o) = im < lime, = 0. 


Thus d(y,.%) = 0,.1.8., ¥ = 20. O 


For a metric space (X; d) and a mapping T : X — X on (X; d), if there exists a point 
x* € X such that 


* 


Tx =x, 
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then x* is called a fixed point of T. If there exists a constant 7, 0 < 7 < 1 such that 
p(T x, Ty) < nd(x, y) 
for Vx, y € X, then T is called a contraction. 


Theorem 1.5.4 (Banach) Let (X;d) be a completed metric space and let T : X — X bea 


contraction. Then T only has one fixed point. 


Proof Choose xo € X. Let 
x1 = T (Xo), X2. = T(X1), +++, Xne1 = T(Xn),***- 


We prove first such a sequence {x,} is a Cauchy sequence. In fact, for integers m, n, 


m <n, by 


6 come 5) Xn) = GT in) A Sn-i)) < Nd(Xms Knut) 


1 d(Xm-1> Xm-2) S +++ Sf" d(x, Xo). 


lA 


we know that 


A 


dS Xn) = (Sis Kei) + Ol Masts Xm+2) ae ee d(Xn-1, Xr) 


m—1 


lA 


ete n”') dix, Xo) 


_ yi-m 


(n” Hay 


m 1 
7 xX 


d(X1, Xo) 
l= 
1" d(x, Xo) 


>0 Gfm, n—- 0). 
Lh 


Because (X; d) is completed, there must exists a point x* € X such that x, — x* when 


n — oo. Such a x* is in fact a fixed point of T by 


0 2 det) sede .&) + dnl) 
= d@ dn) dT Oa), TO)) 
< d(xX*,%)+d(%m1,x) 20 Gfn—- 0). 


Whence, T(x") = x*. Now if there is another point x; € X such that T(x;}) = x), by 
1<n< land 
a(x", x) = dG"), Tq) < nde’, x7) 


There must be d(x", x}) = 0, 1.e., x" = x}. Thus such a fixed point x* is unique. 
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§1.6 SMARANDACHE MULTI-SPACES 


1.6.1 Smarandache Multi-Space. Let be a finite or infinite set. A rule or a law ona 


set X is a mapping » X X--- x X — X for some integers n. Then a mathematical space is 
— 


nothing but a pair (2; R), where R consists those of rules on X by logic providing all these 


resultants are still in &. 


Definition 1.6.1 Let (2,;R,) and (25;R2) be two mathematical spaces. If &, # X2 or 
Xx, = Xo but R, # Rare said to be different, otherwise, identical. 


The Smarandache multi-space is a qualitative notion defined following. 


Definition 1.6.2 Let (21;R1), (22;R2), +++, Can; Rm) be m mathematical spaces, different 


m m 


two by two. A Smarandache multi-space = is a union \) &; with rules R= L) R; on ye 
i=l i=l 


the rule R; on y; for integers 1 < i < m, denoted by (2; R). 

1.6.2 Multi-Space Type. By Definition 1.6.2, a Smarandache multi-space (=; R) is 
dependent on spaces X), X2,---, XZ, and rulers Rj, R2,---,Rm. There are many types of 
Smarandache multi-spaces. 

Definition 1.6.3. A Smarandache multi-space (3 R) with = = |) x; and R= LJ); is a 


fat i=l 
finite if each X;, 1 < i < mis finite, otherwise, infinite. 


Definition 1.6.4 A Smarandache multi-space (E;R) with = = (JX; and R = UR; is a 
i=l i=l 
metric space if each (X;;;) is a metric space, otherwise, a non-metric space. 
Definition 1.6.5 A Smarandache multi-space (=; R) with & = |) x; and R= L) R; is 
i=l i=l 


countable if each (%;;R;) is countable, otherwise, uncountable. 


1.6.3 Example. As we known, there are many kinds of spaces such as those of topolog- 
ical spaces, Euclidean spaces, metric spaces, - -- in classical mathematics and spacetimes 
in physics. All of them can be combined into a Smarandache multi-space (=;R). We list 


some of these Smarandache multi-spaces following. 


Example 1.6.1 Let S;,52,---,5,, be m finite or infinite sets. By Definition 1.6.2, we get 


a multi-space S = |) S;. In fact, it is still a finite or infinite set. 
i=l 
Example 1.6.2 Let 7), 72,---,7,, be m partially order sets. By Definition 1.6.2, we get a 
partially order multi-space T = UT;. In fact, it is also a partially order set. 
i=l 
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Example 1.6.3 Let (Aj; 01), (A2; 92), ++, (Am3 Om) be m finite or infinite algebraic systems 

such as those of groups, rings or fields. By Definition 1.6.2, we get an algebraic multi- 

space (A; 0) with A = |) A; and O = {0;; | < i < m}. It maybe with different m closed 
i=l 


operations. 


Example 1.6.4 Let M,, M2,---,M,, be m vector spaces. By Definition 1.6.2, we get a 


vector multi-space M=UM,.It may be a linear space or not. 
i=] 
Example 1.6.5 Let 4%, %,---,%, be m metric spaces. By Definition 1.6.2, we get a 


m 


metric multi-space T= ) %. It maybe with m different metrics. 
i=l 


Example 1.6.6 Let 2), 2:,:--,2, be m spacetimes. By Definition 1.6.2, we get a 
multi-spacetime TF = U J; It maybe used to characterize particles in a parallel universe. 
Example 1.6.7 Let B..Ry, ---,Z,, be m gravitational, electrostatic or electromagnetic 
field. By Definition 1.6.2, we get a multi-field R = U &;. \t contains partially gravita- 


i=] 
tional or electrostatic fields, or partially electromagnetic fields. 


§1.7 REMARKS 


1.7.1 The multi-space and neutrosophic set were introduced by Smarandache in [Sma2] 
and then discussed himself in [Sma2]-[Sma5]. Indeed, the neutrosophic set is a simple 
way for measuring different degrees of spaces in a multi-space. Generally, we can define 
a function py : U S; — [0,1] with w(S;) # w(S ;) if i # 7 for distinguishing each space 
Sip lL SUA M. Mote conceptions appeared in Smarandache mathematics can be found in 
[Del1]. 


1.7.2 There are many standard textbooks on groups, rings, vector or metric spaces, such 
as those of [BiM1] and [NiD1] for modern algebra, [HoK1] for linear algebra, [Wan1], 
[Xum1] and [Rob1] for groups, [Xon1] for rings and [LiQ1] for metric spaces. The 
reference [BiM1] is an excellent textbook on modern algebra with first edition in 1941. 
The reader is inferred to these references [BiM1] and [NiD1] for topics discussed in this 
chapter, and then understand conceptions such as those of multi-group, multi-ring, multi- 
field, vector multi-space, metric multi-space, pseudo-Euclidean space and Smarandache 


geometry appeared in this book. 


CHAPTER 2. 


Graph Multi-Spaces 


A graph G consisting of vertices and edges is itself a Smarandache multi- 
space, i.e., Smarandache multi-set if it is not an isolated vertex graph and 
vertices, edges distinct two by two, 1.e., they are not equal in status in consid- 
eration. Whence, we are easily get two kinds of Smarandache multi-spaces by 
graphs. One consists of those of labeled graphs with order> 2 or bouquets B,, 
withn > 1. Another consists of those of graphs G possessing a graphical prop- 
erty Y validated and invalided, or only invalided but in multiple distinct ways 
on G. For introducing such Smarandache multi-space, graphs and graph fam- 
ilies, such as those of regular graphs, planar graphs and hamiltonian graphs 
are discussed in the first sections, including graphical sequences, eccentricity 
value sequences of graphs. Operations, i.e., these union, join and Cartesian 
product on graphs are introduced in Section 2.3 for finding multi-space rep- 
resentations of graphs. Then in Section 2.4, we show how to decompose 
a complete graph or a Cayley graph to typical graphs, i.e., a Smarandache 
multi-space consisting of these typical graphs. Section 2.5 concentrates on 
labeling symmetric graphs by Smarandache digital, Smarandache symmet- 
ric sequences and find symmetries both on graph structures and digits, i.e., 


beautiful geometrical figures with digits. 
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§2.1 GRAPHS 


2.1.1 Graph. A graph G is an ordered 3-tuple (V, E; J), where V, E are finite sets, V # 0 
and I: E — V x V, where each element in V or E is a label on G. The sets V and E are 
called respectively the vertex set and edge set of G, denoted by V(G) and E(G). 

An elements v € V(G) is incident with an element e € E(G) if I(e) = (v, x) or (x, v) 
for an x € V(G). Usually, if (u, v) = (v, u), denoted by uv or vu € E(G) for V(u, v) € E(G), 
then G is called to be a graph without orientation and abbreviated to graph for simplicity. 
Otherwise, it is called to be a directed graph with an orientation u — v on each edge 
(u,v). The cardinal numbers of |V(G)| and |E(G)| are called its order and size of a graph 
G, denoted by |G| and e(G), respectively. 

Let G be a graph. We can represent a graph G by locating each vertex u in G by a 
point p(u), p(u) # p(v) if u # v and an edge (u, v) by a curve connecting points p(u) and 
p(v) on a plane R’, where p : G > p(G) is a mapping from the G to R’. For example, 
a graph G = (V,E;J) with V = {v1, v2, v3, va}, FE = {e1, 2, €3, C4, C5, C6, €7, €8, C9, C10} and 
I(e;) = (vi,vi),1 S i S 4; 1(es) = (Vi, V2) = (2, v1), Hes) = (3,4) = (Va, v3), Hee) = 


I(e7) = (V2, V3) = (V3, v2), Leg) = [(é9) = (v4, V1) = (V1, v4) can be drawn on a plane as 


e1 2 
&5 
C6 


eg 


€8 
e4 3 


Fig. 2.1.1 


shown in Fig.2.1.1. 


Ina graph G = (V, E; 1), for Ve € E, if I(e) = (u,u),u € V, then e is called a loop. For 
Ve,,@ € E, if [(e,) = I(e2) and they are not loops, then e; and e2 are called multiple edges 
of G. A graph is simple if it is loopless and without multiple edges, i.e., Ve;,e. € E(1), 
I(e,) # I(ez) if e; # ep and for Ve ¢€ E, if I(e) = (u,v), then u # v. In a simple graph, an 
edge (u, v) can be abbreviated to uv. 

An edge e € E(G) can be divided into two semi-arcs e,, e, if [(e) = (u, v). Call u the 


root vertex of the semi-arc e,. Two semi-arc e,, f, are said to be v-incident or e—incident 
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ifu =v ore = f. The set of all semi-arcs of a graph G is denoted by X 1(G). 

A walk in a graph T is an alternating sequence of vertices and edges uy, é), U2, eo, 
+, @n,Un, With e; = (uj, Uis1) for 1 < i < n. The number n is the length of the walk. If 
Uy; = Uny1, the walk is said to be closed, and open otherwise. For example, the sequence 
V1 €1V1 05 V2€6V3E3V3E7V2€2V2 IS a Walk in Fig.2.1.1. A walk is a trail if all its edges are 
distinct and a path if all the vertices are distinct also. A closed path is usually called a 
circuit or cycle. For example, v;v2v3v4 and v1 v2v3v4V, are respective path and circuit in 
Fig.2.1.1), 

A graph G = (V, E;J) is connected if there is a path connecting any two vertices in 
this graph. In a graph, a maximal connected subgraph is called a component. A graph G 
is k-connected if removing vertices less than k from G remains a connected graph. 

A graph G is n-partite for an integer n > 1, if it is possible to partition V(G) into n 
subsets V;, V2,---, V, such that every edge joints a vertex of V;to a vertex of V;, 7 #1, 1 < 
i, j <n. Acomplete n-partite graph G is such an n-partite graph with edges uv € E(G) for 
Vu € V; and v € V; for 1 < i, j < n, denoted by K(p,, p2,---, pn) if |Vil = p; for integers 
1 <i<ni. Particularly, if |V;| = 1 for integers 1 < i < n, such a complete n-partite graph 
is called complete graph and denoted by K,,. In Fig.2.1.2, we can find the bipartite graph 
K(4, 4) and the complete graph Kg. Usually, a complete subgraph of a graph is called a 


clique, and its a k-regular vertex-spanning subgraph also called a k-factor. 


K(4,4) Kg 
Fig.2.1.2 


2.1.2 Isomorphic Graph. Let G; = (V,, £;;/,) and Gy = (V2, E2; 1) be two graphs. 
They are identical, denoted by G; = G» if V; = V2, EF; = FE, and l; = hy. If there exists 
a 1—1 mapping ¢: FE; — FE, and ¢@: V; — V> such that éf\(e) = hd(e) for Ve € E; 
with the convention that ¢(u, v) = (d(u), d(v)), then we say that G; is isomorphic to Go, 
denoted by G; ~ G) and ¢ an isomorphism between G, and G>. For simple graphs H,, A>, 
this definition can be simplified by (u,v) € ,(£;) if and only if (¢(u), d(v)) € h(E) for 
Vu,ve Vj. 
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For example, let G; = (V;, Fi; /;) and G2 = (V2, E2; 1) be two graphs with 
Vi = {¥1, V2, V3}, Ey = {e1, €2, €3, eq}, 
T(e1) = 1, v2), Li(e2) = (v2, v3), L1(e3) = (V3, v1), Li(ea) = (1, V1) 
and 
V2 = {1, U2, U3}, Eo = {fi, fr. fay fat, 


h(fi) = U1, U2), b(f2) = (U2, us), hfs) = (Us, U1), (fa) = (a, ua), 
i.e., the graphs shown in Fig.2.1.3. 


4 4 
e3 e} fi 2 
V3 @ V2 U3 rs U2 
G, G 
Fig. 2.1.3 


Define a mapping ¢ : Ei; UVi > Ey U V2 by g(e1) = fa, Ger) = fr, Ole3) = fi, Ples) = fa 
and (v;) = u; for 1 < i < 3. It can be verified immediately that ¢/,(e) = Lhd(e) for Ve € 
E,. Therefore, ¢ is an isomorphism between G, and Gp, 1.e., G; and G, are isomorphic. 

If G; = Gy = G, an isomorphism between G, and G; is said to be an automorphism 
of G. All automorphisms of a graph G form a group under the composition operation, 1.e., 
b0(x) = 6(@(x)) for x € E(G) U V(G), denoted by AutG. 


2.1.3 Subgraph. A graph H = (V,, E);/;) is a subgraph of a graph G = (V,E;J) if 
V, CV, E,; ¢ Eand/, : EF, — V; x V;. We use H < G to denote that H is a subgraph of 
G. For example, graphs G;, G2, G3 are subgraphs of the graph G in Fig.2.1.4. 


uj uz uj; uy Uy uz 
ug U3 Uz Ug U3 U4 
G G,; G G3 
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For a nonempty subset U of the vertex set V(G) of a graph G, the subgraph (U) of G 
induced by U is a graph having vertex set U and whose edge set consists of these edges 
of G incident with elements of U. A subgraph H of G is called vertex-induced if H =~ (U) 
for some subset U of V(G). Similarly, for a nonempty subset F of E(G), the subgraph (F’) 
induced by F in G is a graph having edge set F and whose vertex set consists of vertices 
of G incident with at least one edge of F. A subgraph H of G is edge-induced if H ~ (F) 
for some subset F of E(G). In Fig.2.1.4, subgraphs G; and G2 are both vertex-induced 
subgraphs ({u;, u4}), ({u2,u3}) and edge-induced subgraphs ({(u1, u4)}), ({(u2, u3)}). For 
a subgraph H of G, if |V(H)| = |V(G)|, then A is called a spanning subgraph of G. In 
Fig.2.1.4, the subgraph G; is a spanning subgraph of the graph G. 

A spanning subgraph without circuits is called a spanning forest. It is called a span- 
ning tree if itis connected. A path is also a tree in which each vertex has valency 2 unless 
the two pendent vertices valency |. We define the length of P,, to be n — 1. The following 


characteristic for spanning trees of a connected graph is well-known. 


Theorem 2.1.1 A subgraph T of a connected graph G is a spanning tree if and only if T 
is connected and E(T) = |V(G)| - 1. 


Proof The necessity is obvious. For its sufficiency, since T is connected and E(T) = 


|V(G)| — 1, there are no circuits in T. Whence, T is a spanning tree. O 


2.1.4 Graphical Sequence. Let G be a graph. For Vu € V(G), the neighborhood Ng(u) 
of vertex u in G is defined by Ng(u) = {v|V(u, v) € E(G)}. The cardinal number |Ng¢(u)| 
is called the valency of vertex u in the graph G and denoted by pg(u). A vertex v with 
Pc(v) = 0 is called an isolated vertex and pg(v) = | a pendent vertex. Now we arrange all 
vertices valency of G as a sequence pg(u) = pc(v) = --: = pg(w). Call this sequence the 


valency sequence of G. By enumerating edges in E(G), the following result 


>) palu) = 21E@) 


ueV(G) 
holds. Let p;,2,--+-,, be a sequence of non-negative integers. If there exists a graph 
whose valency sequence is pj > p2 = -+: = Pp, we say that p1,P2,--+, Pp, iS a graphical 


sequence. We know results following for graphical sequences. 


Theorem 2.1.2(Havel,1955 and Hakimi, 1962) A sequence p1, p2,°++, Pp of non-negative 
integers with p, => p2 = +++ = Pp, Pp = 2,p1 = 1 is graphical if and only if the sequence 
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po lpg lys**s Poa 1 paws? Pas Bropiical 
Theorem 2.1.3(Erdés and Gallai, 1960) A sequence p1,p2,--++,P), of non-negative inte- 


P 
gers with p, = p2 = +++ = pp is graphical if and only if >) p; is even and for each integer 
i=l 


ye <n(n-1)+ 3 min{n, p;}. 
i=l 


i=nt+1 


nl<n<p-l, 


A graph G with vertex set V(G) = {v1, v2,---, Vp} and edge set E(G) = {e1, €2,-++, @g} 
can be also described by that of matrixes. One such a matrix is a p X g adjacency matrix 
A(G) = [djj]pxq, where a;; = I'v, v,)I- Thus, the adjacency matrix of a graph G is 
symmetric and is a 0, 1-matrix having 0 entries on its main diagonal if G is simple. For 


example, the adjacency matrix A(G) of the graph in Fig.2.1.1 is 


A(G) = 


Ny Oo RF Fe 
oN RF Re 
=a ee NY © 
ee PF Oo WN 


2.1.5 Eccentricity Value Sequence. For a connected graph G, let x,y € V(G). The 
distance d(x, y) from x to y in G is defined by 


dg(x, y) = min{ |V(P(x, y))| — 1 | P(x, y) is a path connecting x and y } 
and the eccentricity eg(u) of for u € V(G) is defined by 
eg(u) = max{ dg(u, x) | x € V(G)}. 


A vertex u* is called an ultimate vertex of vertex u if d(u,u*) = eg(u). Not loss of 
generality, arrange these eccentricities of vertices in G in order eg(v1), eg(V2),°+ +, eG(Vn) 
with eg(v1) < ecg(v2) < ++: < eg(v,), where {v1,v2,---,v¥,} = V(G). The sequence 
{eg(v;)}1<i<s is called the eccentricity sequence of G. If {e1, e2,---, es} = {eg(V1), eg(V2),°°*, 
ec(v,)} and e; < ey <--: < es, the sequence {e;},<;<, is called the eccentricity value se- 
quence of G. For convenience, we abbreviate an integer sequence {r — | + i})<j<541 to 
[nrt+s]. 

The radius r(G) and diameter D(G) of graph G are respectively defined by r(G) = 
min{eg(u)|u € V(G)} and D(G) = max{eg(u)|u € V(G)}. Particularly, if r(G) = D(G), 
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such a graph G is called to be a self-centered graph, 1.e., its eccentricity value sequence is 
nothing but [7(G), r(G)]. 
For Vx € V(G), define a distance decomposition {V;i(X)} 1<i<eg( Of G in root x by 


G = VAD V9 BD Veo, 


where V;(x) = { u |d(x,u) = i, u € V(G)} for any integer i, 0 < i < eg(x). Thena 


necessary and sufficient condition for the eccentricity value sequence of simple graph is 


obtained in the following. 


Theorem 2.1.4 A non-decreasing integer sequence {r;}\<j<s is a graphical eccentricity 


value sequence if and only if 


) n<r; <2n; 


(2) A(Ti+1,7)) = I7i41 — ri] = 1 for any integeri, 1 <i< s-1. 


Proof If there is a graph G whose eccentricity value sequence is {7;}1<i<;, then 7) < rs 
is trivial. Now we choose three different vertices u,,u2,u3 in G such that eg(u,) = r; 
and dg(u2,u3) = r;. By definition, we know that d(u;,u2) < r, and d(uj,u3) < 1. 
According to the triangle inequality on distance, we know that r, = d(u2, u3) < dg(u2, u)+ 
dg(uy, U3) = dg(uy, u2) + dg(uy, u3) < 2r;. Thus 7, <r, < 2r;. 

Now if {e;},<j<; is the eccentricity value sequence of a graph G, define A(i) = e;,; —e;, 
1<i<n-1. Weassert that 0 < A(i) < 1. If this assertion is not true, then there must 
exists a positive integer J, 1 < J < n— 1 such that AV) = e;4; — e; = 2. Choose a vertex 
x € V(G) such that eg(x) = e; and consider the distance decomposition {Vi(x)}o<iceg(x) Of 
G in root x. 

Clearly, eg(x) — 1 < eg(u;) < eg(x) + 1 for any vertex u; € V\(G). Since A() = 2, 
there does not exist a vertex with the eccentricity eg(x)+1. Whence, we get eg(u1) < eg(x) 
for Vu, € V\(x). Now if we have proved that eg(u;) < eg(x) for Vu; € V(x), 1 < j < 
€c(x), we consider these eccentricity values of vertices in Vj,)(x). Let uj.) € Vjs1(x). 
According to the definition of {V;(x)}o<i<e,(x), there must exists a vertex u; € Vj(x) such 
that (uj, uj41) € E(G). Consider the distance decomposition {Vj(uj)}o<j<eg(u) Of G in root 


uj. Notice that uj; € Vi(u;). Thereby we get that 
€G(Uj+1) < eg(uj) +1<eg(x) +1. 


Because we have assumed that there are no vertices with the eccentricity eg(x) + 1, 


SO €g(Uj+1) < @g(x) for any vertex uj; € Vj41(x). Continuing this process, we know that 
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ec(y) < eg(x) = e, for any vertex y € V(G). But then there are no vertices with the 
eccentricity e; + 1, contradicts to the assumption that A(/) > 2. Therefore 0 < A(i) < 1 
and A(rjin1,7;) = 1,1 <i<s-1. 

For any integer sequence {rj}1<j<; with conditions (7) and (ii) hold, it can be simply 
written as {7,7 +1,---,r+s5—1} =[r,r+ 5-1, where s < r. We construct a graph with 


the eccentricity value sequence [r, r + s — 1] in the following. 
Case l. s=1. 


In this case, {r;}1<j<s = [7,7]. We can choose any self-centered graph with r(G) = r, 


for example, the circuit C2,. Clearly, the eccentricity value sequence of C>, is [7, r]. 
Case 2. s>2. 


Choose a self-centered graph H with r(H) = r, x € V(A) anda path P, = upuy -- + Us_1. 
Define a new graph G = P, (-) H as follows: 


VG) =V(P.)|_J VCH) \ {uo}, EG) = ECP.) (_ Jb} |) ED \ {urio} 


such as the graph G shown in Fig.2.1.5. 


Us—jUs_2_ +--- UQ Uy 


G=P,QH 


Fig 2.1.5 


Then we know that eg(x) = r, eg(uy_1}) = r+s—1 andr < eg(x) < r+s-—1 for all other 


vertices x € V(G). Therefore, the eccentricity value sequence of G is [7,7 + s — 1]. This 


completes the proof. 


For a given eccentricity value /, the multiplicity set Ng(I) 1s defined by Ng(l) = 
{ x | x € V(G), e(x) = 1}. Jordan proved that the (Ng(r(G))) in a tree is a vertex or two 
adjacent vertices in 1869. For a general graph, maybe a tree, we get the following result 


which generalizes Jordan’s result on trees. 
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Theorem 2.1.5 Let {r;},<j<; be a graphical eccentricity value sequence. If |Ng(r7)| = 1, 


then there must be I = 1, i.e., |Ng(7;)| = 2 for any integer i,2 <i<-s. 


Proof Let G be a graph with the eccentricity value sequence {7;},<j<; and Ng(r7) = 
{xo}, €g(xXo) = r7. We prove that eg(x) > eg(xo) for any vertex x € V(G) \ {xo}. Consider 
the distance decomposition {V;(x0)}o<i<eg(xy) Of G in root Xo. First, we prove that eg(v;) = 
€g(xo)+ 1 for any vertex v; € Vi (xo). Since eg(xo) — 1 < eg(v1) < eg(%o) + 1 for any vertex 
v; € V,(X%), we only need to prove that eg(v,) > eg(xo) for any vertex v,; € V; (xo). In fact, 
since for any ultimate vertex x} of xo, we have dg(Xo, x) = eg(Xo). So eg(xp) = eG (Xo). 
Notice that Ng (eg(%o0)) = {xo}, x) ¢ Ne(ec(%o)). Consequently, eg(x9) > ec(xo). Choose 
v, € V;(%o). Assume the shortest path from v; to xj is Py = vjv2-++Vsx9 and x9 ¢ V(P}). 
Otherwise, we already have eg(v,) > eg(%). Now consider the distance decomposition 


LV, Nosiseg(xt) of G in root x). We know that v, € V;(xj). Thus we get that 
€o(xj) — 1 < ec(vs) S$ eg(%p) + I. 


Therefore, eg(v;) = eg(xp) — 1 = eg(xXo). Because Ng(eg(Xo)) = {xo}, 80 vs € Ng(€g(%o)). 
This fact enables us finally getting that eg(v,) > eg(Xo). 
Similarly, choose v,, vs-1,:++, V2 to be root vertices respectively and consider these 


distance decompositions of G in roots v,, Vs_1,°--, V2, we find that 


eg(vs) > eg(xo), 


€g(Vs-1) > eg (Xo), 


€g(1) > eg(Xo). 


Therefore, eg(v1) = eg(xo) + 1 for any vertex v; € Vi(xo). Now consider these vertices 
in V>(x9). For Vv € V(x%9), assume that v2 is adjacent to u;,u, € V\(xo). We know that 
€g(v2) = eg(u,)—1 = eg (xo). Since |Ng(eg(%o))| = INe(r))| = 1, we get eg(v2) = eg(xo) +1. 

Now if we have proved eg(v%,) = eg (xo) + 1 for any vertex v; € Vi (xo) U V2(x0) U--: 
L) Vi(xo) for 1 < k < eg(xo). Let vei1 € Vie+i (Xo) and assume that v;,,; is adjacent to u, in 
V(x). Then we know that eg(vy41) = eg(uz) — 1 = eg(x). Since |Ng(ec(%))| = 1, we get 
that eg(vk+1) = eg(%) + 1. Therefore, eg(x) > eg(xo) for any vertex x,x € V(G) \ {xo}. 
Thus, if |Ng(7)| = 1, then there must be J = 1. LJ 


Theorem 2.1.5 is the best possible in some cases of trees. For example, the eccentric- 


ity value sequence of a path P>,,; is [7,2r] and we have that |Ng(r)| = 1 and |Ng(k)| = 2 


Sec.2.2 Graph Examples 41 


forr+1<k < 2r. But for graphs not being trees, we only found some examples satisfying 
\Ng(r1)| = 1 and |Ng(7;)| > 2. A non-tree graph with the eccentricity value sequence [2, 3] 
and |NG(2)| = 1 can be found in Fig.2 in the reference [MaL2]. 


§2.2 GRAPH EXAMPLES 


Some important classes of graphs are introduced in the following. 


2.2.1 Bouquet and Dipole. In graphs, two simple cases is these graphs with one or two 


vertices, which are just bouquets or dipoles. A graph B, = (Vp, F,;1,) with V, = { O }, 


Ey, = {e1,e2,°+:,e,} and [,(e;) = (O, O) for any integer i, 1 < i < nis called a bouquet 
of n edges. Similarly, a graph Dy; = (Wa, Ea; Ja) is called a dipole if Va = {O1, Oo}, 
Eq = {e, 025° Os, Cstiy 5 Cstls Cstltly *' > Cecies} and 


(Oj;;0)),. T1Siss, 
Tj(@;) =4 (01,02), ifs+1<i<s+l, 
(02,02), ifs+l+1l<i<s+l+t. 


For example, B; and D235 are shown in Fig.2.2.1. 


me—= 


Fig. 2.2.1 


In the past two decades, the behavior of bouquets on surfaces fascinated many mathemati- 
cians on topological graphs. Indeed, its behaviors on surfaces simplify the conception of 
surface. For such a contribution, a typical example is the classification theorem of sur- 
faces. Thus by a combinatorial view, these connected sums of tori, or these connected 


sums of projective planes are nothing but a bouquet on surfaces. 


2.2.2 Complete Graph. A complete graph K,, = (V,, E,; 1.) is a simple graph with V, = 
{V1,V2,°°*, Vn}, Eo = {eijj, 1 < i,j <n,i# j} and [.(e;) = (vj, vj). Since K,, is simple, it can 
be also defined by a pair (V, E) with V = {vj, v2,---,v,} and E = {vyvj,1 <i, j <n,iF j}. 
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The one edge graph K> and the triangle graph K3 are both complete graphs. 
A complete subgraph in a graph is called a clique. Obviously, every graph is a union 


of its cliques. 


2.2.3 r-Partite Graph. A simple graph G = (V, E; J) is r-partite for an integer r > 1 if it 
is possible to partition V into r subsets Vi, V2,---, V, such that for Ve € E, I(e) = (vj, v;) 
for v; € V;, v; € V; andi # j,1 < i,j < r. Notice that by definition, there are no edges 
between vertices of V;, 1 < i < r. A vertex subset of this kind in a graph is called an 
independent vertex subset. 

For n = 2, a 2-partite graph is also called a bipartite. It can be shown that a graph is 
bipartite if and only if there are no odd circuits in this graph. As a consequence, a tree or 
a forest is a bipartite graph since they are circuit-free. 

Let G = (V,E;J) be an r-partite graph and let V,, V2,---, V, be its r-partite vertex 
subsets. If there is an edge e;; € E for Vv; € V; and Vv; € V;, where 1 < i,j < ri # J 
such that /(e) = (v;,v,), then we call G a complete r-partite graph, denoted by G = 
K(|Vi|,|V2l,---,/V-l). Whence, a complete graph is just a complete 1-partite graph. For 
an integer n, the complete bipartite graph K(n, 1) is called a star. For a graph G, we 
have an obvious formula shown in the following, which corresponds to the neighborhood 


decomposition in topology. 


E(G)= |_) Eo(% Ne). 
xeV(G) 
2.2.4 Regular Graph. A graph G is regular of valency k if pg(u) = k for Vu € V(G). 
These graphs are also called k-regular. There 3-regular graphs are referred to as cubic 
graphs. A k-regular vertex-spanning subgraph of a graph G is also called a k-factor of G. 

For a k-regular graph G, by k|V(G)| = 2|E(G)|, thereby one of k and |V(G)| must be 
an even number, i.e., there are no k-regular graphs of odd order with k = l(mod2). A 
complete graph K,, is (n — 1)-regular and a complete s-partite graph K(p, p2,---, ps) of 
order n with pj = p2 =--: = Ps = pis (n — p)-regular. 

In regular graphs, those of simple graphs with high symmetry are particularly im- 
portant to mathematics. They are related combinatorics with group theory and crystal 
geometry. We briefly introduce them in the following. 

Let G be a simple graph and H a subgroup of AutG. G is said to be H-vertex tran- 


sitive, H-edge transitive or H-symmetric if H acts transitively on the vertex set V(G), 
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the edge set E(G) or the set of ordered adjacent pairs of vertex of G. If H = AutG, an 
H-vertex transitive, an H-edge transitive or an H-symmetric graph is abbreviated to a 
vertex-transitive, an edge-transitive or a symmetric graph. 

Now let I be a finite generated group and S CT such that 1p ¢ § and $7! = {x"!|xe€ 
S}= S.A Cayley graph Cay(T : S) is a simple graph with vertex set V(G) = I’ and edge 
set E(G) = {(g, h)|g'h € S}. By the definition of Cayley graphs, we know that a Cayley 
graph Cay(T : S) is complete if and only if S = T \ {1p} and connected if and only if 
T= (S$). 

Theorem 2.2.1 A Cayley graph Cay(I : S) is vertex-transitive. 

Proof For Vg € I, define a permutation ¢, on V(Cay(I : S)) =I by ¢,(h) = gh, he 
I. Then @, is an automorphism of Cay(I°: S) for (h,k) « E(Cay(T: S)) => htkeS = 
(gh) '(gk) € S > (L,(h), £_(k)) € E(Cay(l : S)). 

Now we know that fj,-1(h) = (kh"')h = k for Vh,k € T. Whence, Cay( : S) is 


vertex-transitive. 


It should be noted that not every vertex-transitive graph is a Cayley graph of a fi- 
nite group. For example, the Petersen graph is vertex-transitive but not a Cayley graph 
(see[CaM1], [GoR1 and [Yap1] for details). However, every vertex-transitive graph can 
be constructed almost like a Cayley graph. This result is due to Sabidussi in 1964. The 


readers can see [Yap1] for a complete proof of this result. 


Theorem 2.2.2 Let G be a vertex-transitive graph whose automorphism group is A. Let 
H = A, be the stabilizer of b © V(G). Then G is isomorphic with the group-coset graph 
C(A/H,S), where S is the set of all automorphisms x of G such that (b, x(b)) € E(G), 
V(C(A/H, S)) = A/H and E(C(A/H,S)) = {(xH, yH)|x"!y € HS H}. 


tetrahedron cube 
Fig. 2.2.2 


2.2.5 Planar Graph. Every graph is drawn on the plane. A graph is planar if it can be 
drawn on the plane in such a way that edges are disjoint expect possibly for endpoints. 


When we remove vertices and edges of a planar graph G from the plane, each remained 
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connected region is called a face of G. The length of the boundary of a face is called its 
valency. Two planar graphs are shown in Fig.2.2.2. 
For a planar graph G, its order, size and number of faces are related by a well-known 


formula discovered by Euler. 
Theorem 2.2.3 let G be a planar graph with $(G) faces. Then 
|G| — e(G) + 6G) = 2. 


Proof This result can be proved by induction on e(G). See [GrT1] or [MoT1] for a 


complete proof. 


For an integer s,s > 3, an s-regular planar graph with the same length r for all faces 


is often called an (s, r)-polyhedron, which are completely classified by the ancient Greeks. 


(3,3) (3,4) (4,3) 
tetrahedron hexahedron octahedron 
(3,5) (3,3) 
dodecahedron icosahedron 
Fig 2.2.3 


Theorem 2.2.4 There are exactly five polyhedrons, two of them are shown in Fig.2.2.3. 


Proof Let G be a k-regular planar graph with / faces. By definition, we know that 


G 2e(G 
|G|k = d(G)l = 2e(G). Whence, we get that |G| = ) and ¢(G) = “ ) According 
to Theorem 2.2.3, we get that 
2 2 
A Ga, 
k l 
1.e., 
G) = 2 
Lo 2 


=o oe 
Eo 
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2.2 
Whence, " + 77 1 > 0. Since k, / are both integers and k > 3, 1 > 3, if k = 6, we get 


a 2 
contradicts to that Z + faa 1 > 0. Therefore, k < 5. Similarly, / < 5. So we have 
3 < k <5 and3 </< 5. Calculation shows that all possibilities for (k,/) are (k, 1) = 
(3, 3), (3, 4), (3, 5), (4, 3) and (5,3). The (3, 3), (3, 4), (3,5), (4, 3) and (5, 3) polyhedrons 


are shown in Fig.2.2.3. 


An elementary subdivision on a graph G is a graph obtained from G replacing an edge 
e = wv by a path uwy, where, w ¢ V(G). A subdivision of G is a graph obtained from G 
by a succession of elementary subdivision. A graph H is defined to be a homeomorphism 
of G if either H ~ G or H is isomorphic to a subdivision of G. Kuratowski found the 
following characterization for planar graphs in 1930. For its a complete proof, see [BoM1] 
or [ChL1] for details. 


Theorem 2.2.5 A graph is planar if and only if it contains no subgraph homeomorphic 
with Ks; or K(3, 3). 


2.2.6 Hamiltonian Graph. A graph G is hamiltonian if it has a circuit containing all 
vertices of G. Such a circuit is called a hamiltonian circuit. Similarly, if a path containing 
all vertices of a graph G, such a path is called a hamiltonian path. 

For a given graph G and V,, V2, € V(G), define an edge cut Eg(V,, V2) by 


EG(V,, V2) = { (u,v) € E(G) | u € Vi,v € Vo}. 


Then we have the following result for characterizing hamiltonian circuits. 


Theorem 2.2.6 A circuit C of a graph G without isolated vertices is a hamiltonian circuit 
if and only if for any edge cut C, |E(C) () E(C)| = O(mod2) and |E(C) (\ E(C)| = 2. 


Proof For any circuit C and an edge cut C, the times crossing C as we travel along 
C must be even. Otherwise, we can not come back to the initial vertex. Whence, if C isa 
hamiltonian circuit, then |E(C) () E(C)| # 0. So |JE(C) () E(C)| = 2 and |E(C) (1) E(C)| = 
O(mod2) for any edge cut C. 

Conversely, if a circuit C satisfies |E(C) (\ E(C)| = 2 and |E(C) (\ E(C)| = O(mod2) 
for any edge cut C, we prove that C is a hamiltonian circuit of G. In fact, if V(G)\ V(C) # 
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0, choose x € V(G) \ V(C). Consider an edge cut Eg({x}, V(G) \ {x}). Since pg(x) # 0, 
we know that |Eg({x}, V(G) \ {x})| = 1. But since V(C) (\(V(G) \ V(C)) = @, there must 
be |Eg({x}, VG) \ {x}) () E(C)| = 0, contradicts to the fact that |E(C) () E(C)| = 2 for any 
edge cut C. Therefore V(C) = V(G) and C is a hamiltonian circuit of G. CO 


Let G be a simple graph. The closure of G, denoted by C(G) is defined to be a graph 
obtained from G by recursively joining pairs of non-adjacent vertices whose valency sum 
is at least |G| until no such pair remains. In 1976, Bondy and Chvdtal proved a very useful 


theorem for hamiltonian graphs in [BoC1], seeing also [BoM1] following. 


Theorem 2.2.7 A simple graph is hamiltonian if and only if its closure is hamiltonian. 
This theorem generalizes Dirac’s and Ore’s theorems simultaneously following: 


Dirac (1952): Every connected simple graph G of order n > 3 with the minimum 


valency= 5 is hamiltonian. 


Ore (1960): If G is a simple graph of order n > 3 such that pg(u) + pg) = n for all 


distinct non-adjacent vertices u and v, then G is hamiltonian. 


In 1984, Fan generalized Dirac’s theorem to a localized form and proved that: 


Let G be a 2-connected simple graph of order n. If the condition 


max{pg(u), Pc(v)} = 


NI Ss 


holds for Vu, v € V(G) provided dg(u, v) = 2, then G is hamiltonian. 


After Fan’s paper [Fan1], many researches concentrated on weakening Fan’s condi- 
tion and found new localized conditions for hamiltonian graphs. For example, the next 


result on hamiltonian graphs obtained by Shi in 1992 is such a result. 


Theorem 2.2.8(Shi, 1992) Let G be a 2-connected simple graph of order n. Then G 


F ; ; : : n 
contains a circuit passing through all vertices of valency= 7 


Proof Assume the assertion is false. Let C = v;v2---v,v; be a circuit containing as 
many vertices of valency> 5 as possible and with an orientation on it. For Vv € V(C), 
v* denotes the successor and v- the predecessor of v on C. Set R = V(G) \ V(C). Since 
G is 2-connected, there exists a path length than 2 connecting two vertices of C that is 
internally disjoint from C and containing one internal vertex x of valency> at least. 


Assume C and P are chosen in such a way that the length of P as small as possible. Let 
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Nr(x) = Ne(x) 1) R, Ne(x) = Ne(X) (VC, NEC) = {vlv> © Ne(x)} and Ne(x) = {vlv* € 
Nc(x)}. 

Not loss of generality, we assume v; € V(P)(\ V(C). Let v, be the other vertex in 
V(P)() V(C). By the way C was chosen, there exists a vertex v, with 1 < s < ¢ such that 
Pcs) = . and p(vi) < 5 forl<i<-s. 

If s > 3, by the choice of C and P the sets 


No(s) \ {vi}, Nc), Nr(vs), Na), {%5 Vs-1} 


are pairwise disjoint, which implies that 


3 
IV 


No(s) \ vill + Ne OO + Ne (vs) + Ne (x)] + Lx, vs—1} 


palv;) + pela) + len+, 
a contradiction. If s = 2, then the sets 


No(s), Nc(x), Nr vs), Na), {x} 


are pairwise disjoint, which yields a similar contradiction. 


There are three induced subgraphs shown in Fig.2.2.4, which are usually used for 


finding local conditions for hamiltonian graphs. 


Ky3 Z| Ly 


Fig 2.2.4 


For an induced subgraph L of a simple graph G, a condition is called a localized 
: — G 
condition D, (I) 1f d,(x, y) = limplies that max{pg(x), pg(y)} = a for Vx, y € V(L). Then 


we get the following result. 


Theorem 2.2.9 Let G be a 2-connected simple graph. If the localized condition D,(2) 
holds for induced subgraphs L ~ K,3 or Zz in G, then G is hamiltonian. 
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Proof By Theorem 2.2.8, we denote by cz(G) the maximum length of circuits pass- 


ing through all vertices> 5 Similar to the proof of Theorem 2.2.7, we know that for 


xy € VG), if pola) > 5, pad) = 5 and xy € E(G), then c4(G Ul) = c4(G). 
Otherwise, if c2(G U{xy}) > cx(G), ee exists a circuit of length cz(G U{xy}) and pass- 
ing through all vertices> = Let Cz be such a circuit and Cy = xXxXQ+ ++ Xsyx with 


s = c2(G U{xy}) — 2. Notice that 


Noto |(W@rv(Cs(6LJeni))) =0 
and 

NeW) |(V@\ V(C3(G|_Joo)))) = 0. 
If there exists an integer i, 1 <i < s, xx; € E(G), then x;,_,;y ¢ E(G). Otherwise, there is 
a circuit C’ = xx;Xji41 +++ XsVXj-1Xi-2 - ++ X in G passing through all vertices> 7 with length 
c2(G U{xy}), contradicts to the assumption that cz(G U{xy}) > cx(G). Whence, 

pal) + paly) < [VG \ VIC(Cg))| + |[VIC(Cg))| - l= 1, 

also contradicts to that pg(x) > 5 and pg(y) = Therefore, cx(G L){xy}) = cx(G) and 
generally, cx(C(G)) = cx(G). 

Now let C be a maximal circuit passing through all vertices> 5 in the closure C(G) 
of G with an orientation C. According to Theorem 2.2.7, if C(G) is non-hamiltonian, 
we can choose H be a component in C(G) \ C. Define Nc(H) = ( U New (x) (1) V(C). 
Since C(G) is 2-connected, we get that |N-(H)| > 2. This enables one ote choose vertices 
X1,X2 € Nc(A), x; # x2 and x; can arrive at x, along C. Denote by Cx the path from 


a < A 
xX, to X. on C and x2C x; the reverse. Let P be a shortest path connecting x,, x2 in C(G) 


and 
m1 € Nea (ai) { | V)( \V(P), u € New (a2) (|) VD (| VP). 
Then 
E(C(G))( (64535. 2133} _J Bowe Cur, wa}. 07, 1, 99, 3))) = 0 

and (Ce este u:}) # K,3 or (Cees un}) + K,3. Otherwise, there exists a circuit 
longer than C, a contradiction. We need to consider two cases following. 
Case 1. (cn eae ui}) % K,3 and (GG. Mayes un}) ¢ Ki3. 

In this case, x; x7 € E(C(G)) and x; x; € E(C(G)). By the maximality of C in C(G), 


we have two claims. 
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Claim 1.1) uw, =u =u. 
Otherwise, let P = x, uy, -++ yz. By the choice of P, there must be 
({x7,%1,%7,U1,y1}) = Zy and ({x7, X, x}, U2, y}) & Zp 


Since C(G) also has the D;(2) property, we get that 


NIS 


n 
> max{0c@)(x12" ), Pc@(Uu2)} = 


max{pc@)(% ), Pca} = 
Whence, pc) (x; ) = PcoG)(x;) = > and x; x, € E(C(G)), a contradiction. 
Claim 1.2) x,x. € E(C(G)). 
If xx. ¢ E(C(G)), then (i Sif ie) ~ Z,. Otherwise, x2x; € E(C(G)) or 
X)xj € E(C(G)). But then there is a circuit 


C, = xt Cx xpux;Cx5xt or C) = xt Cxuxyxt Crp xt, 
contradicts the maximality of C. Therefore, we know that 
({x] 41, X],U, X2}) ~ Zp. 


By the property D,(2), we get that pcj@(x;) = , 

Similarly, consider the induced subgraph (OG Mates u, X2}), we get that pcq(xz) 
> 7 Whence, x; x, € E(C(G)), also a contradiction. Thereby we know the structure of 
G as shown in Fig.2.2.5. 


ae 


tay 
i) 


X2 


Fig 2.2.5 


By the maximality of C in C(G), it is obvious that x, # xj. We construct an 
induced subgraph sequence {Gj} 1 <j<m,m = |V(x, Cx )|-2 and prove there exists an integer 


r, 1 <r<msuch that G, ~ Z. 
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First, we consider the induced subgraph G; = (to, its May Mes a |) If G; ~ Z), take 


r = 1. Otherwise, there must be 


{x Mek, My By xi} ) E(C(G)) #0. 


If x; x2 € E(C(G)), or x;"x. € E(C(G)), or x, -u € E(C(G)), there is a circuit C3 = 


x, Cxtx; Cxuxpx,, or C4 = x; Cxix Cxt x7 xuxrx, ,or Cs = x; Cxtx, X;ux,. Each 
of these circuits contradicts the maximality of C. Therefore, x;~ x; € E(C(G)). 

Now let Ce = X)1V2°**YmX>, Where yo = X;,y1 = X, and y, = x5". If we have 
defined an induced subgraph G,; for any integer k and have gotten y;x, € E(C(G)) for any 


integer i,1 <i<k and y;,,, # x5*, then we define 


Gri = Ve+1s Veo X15 X2, U}) . 


If Gyi1 = Z, then r = k + 1. Otherwise, there must be 


{atts Yer, Yerill Yer ¥o, Yer 21} { )E(C(G)) # 0. 


If yu € E(C(G)), or yx. € E(C(G)), or Yesiu € E(C(G)), or Yerix2 € E(C(G)), 
there is a circuit Cs = eC xt x, CY X1UYks or C7 = ye xt xs Cxtx, C Vp-1XUX2Vz, OF 
Cg = Ve C a3, Cyexi Weds or Cy = Ver Oxt x5 Cxt xy Cypxyu X2¥z41. Each of these 
circuits contradicts the maximality of C. Thereby, y;,,x, € E(C(G)). 

Continue this process. If there are no subgraphs in {G;}1<j<m isomorphic to Z), we 
finally get x;x;* € E(C(G)). But then there is a circuit Cio = x Oxt xyuxpxt Cxtx, in 
C(G). Also contradicts the maximality of C in C(G). Therefore, there must be an integer 
r,1 <r <msuch that G, ~ Z). 

Similarly, let x5 Cxt = X52122°+* ZX], where ¢ = IVs Cxt)| —2,% = X77 = 
X2, 2; = x7*. We can also construct an induced subgraph sequence {G'} <<; and know that 
there exists an integer h, 1 < h < t such that G” ~ Z, and xyz; € E(C(G)) for0 < i< h—-1. 

Since the localized condition D;(2) holds for an induced subgraph Z, in C(G), 


n n 
we get that max{pcq)(U), Pciqyr-1)} = 5 and max{pcj)(U), Pciay(Zn-1)} = a Whence 


n n . ce 
Pc@Or-1) = =. Pc@(Zn-1) = = and y,-1Z,-1 € E(C(G)). But then there is a circuit 
2 2 
ao, _& = 
Ca =yn1C wi C2y-2%2UX1yp2CX] Mi Caiiina 


in C(G), where if h = 1, or r = 1, x Cth-2 = 0, or y-2CX, = (@. Also contradicts the 
maximality of C in C(G). 
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Case 2. (tay. a1,27,m1}) # Ki3, ({x3, 2, x3, ua} ~ K,3 or (ay, o1,x7, u1}) ~ K,3, but 
(ie ax, un}) # Ki 3 


Not loss of generality, we assume that 
(1X seis lt) S Ba 95. Cty 29595 t)) > Kis: 


Since each induced subgraph K,3 in C(G) possesses D;(2), we get that max{pc@(u), 

n n n n 
PcG (x5 )} = 5 and max{pc(q)(U), Pca) (5 )} = 5 Whence pcay)(xz) = 5 Pc@ (xz) = 5 
and x,x,; € E(C(G)). Therefore, the discussion of Case 1 also holds in this case and yields 


similar contradictions. 


Combining Case 1 with Case 2, the proof is complete. 

Let G, F), F2,---, Fx be k + 1 graphs. If there are no induced subgraphs of G iso- 
morphic to F;,1 < i < k, then G is called {F, F2,---, F;}-free. We immediately get a 
consequence by Theorem 2.2.9. 


Corollary 2.2.1 Every 2-connected {K3, Z2}-free graph is hamiltonian. 


For a graph G, u € V(G) with pg(u) = I, let H be a graph with / pendent vertices 


V1, V2,°+*, Vy. Define a splitting operator 7: G— G"™ on u by 
VG) = (VG) \ tu) VED \ tv, v2, ws 
E(G") = (EG) \ {ux; € EG), 1 <i < I) 
JE \ wi € ED, 1 sis )|_ Joy. 1 sis 0. 


Such number / is called the degree of the splitting operator 3 and N(O(u)) = HA \ {x;y;, 1 < 
i < J} the nucleus of 3 . A splitting operator is shown in Fig.2.2.6. 


X1 x} 


xX] X2 
x] X2 fa) y1 


x3 ~ hs 


Fig 2.2.6 


Erdés and Rényi raised a question in 1961: in what model of random graphs is it true 


that almost every graph is hamiltonian? Pésa and Korshuuov proved independently that 
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for some constant c almost every labeled graph with n vertices and at least n logn edges 
is hamiltonian in 1974. Contrasting this probabilistic result, there is another property for 
hamiltonian graphs, i.e., there is a splitting operator % such that G’ is non-hamiltonian 
for Vu € V(G) of a graph G. 


Theorem 2.2.10 Let G be a graph. For Yu € V(G), pg(u) = d, there exists a splitting 


operator & of degree d on u such that G’™ is non-hamiltonian. 


Proof For any positive integer i, define a simple graph ©; by V(©,) = {%;, yj, z;, ui} 
and E(O;) = {Xi¥i, XiZi. ViZi, Vili, ZiUj}. For integers i, j => 1, the point product ©; © ©; of 0; 
and ©; is defined by 


V@;o ®)) = VO)(_} VO) \ {u)}, 
E(@; 0 ©;) = E@)|_) E@,)|_Joay, xzjt\ (x9), 272))- 
Now let Hz be a simple graph with 


V(Ha) = V(@1 © @2 O-+-Ogs1)(_Jiv1, v2,-++ vab, 
E(Hqg) = E(Q; © @2 ©: ++ Ogs1) Olt V2U2,°**, Vala}. 


Then ? : G > G is a splitting operator of degree d as shown in Fig.2.2.7. 


V1 v2 Va 


x) Xd+1 
uy uy ug 


Fig 2.2.7 


For any graph G and w € V(G), p(w) = d, we prove that G®” is non-hamiltonian. 
In fact, If G®™ is a hamiltonian graph, then there must be a hamiltonian path P(u;, u ” 
connecting two vertices u;,u; for some integers i, j,1 < i,j < d in the graph H, \ 


{v1,V2,°+*, Va}. However, there are no hamiltonian path connecting vertices u;, u; in the 


graph Hy \ {v1,v2,--*, va} for any integer i, j,1 < i,j < d. Therefore, G is non- 


hamiltonian. O 
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§2.3 GRAPH OPERATIONS WITH SEMI-ARC AUTOMORPHISMS 


For two given graphs G; = (V\.E);1,) and Gz = (V2, Ez; I), there are a number of ways 


to produce new graphs from G; and G2. Some of them are introduced in the following. 


2.3.1 Union. A union G, |) G2 of graphs G; with Gz is defined by 


VGi| JG)=VilJ Vv, Gi |_)G@) = Fi) Be, WE (_) Bs) = nEd|_) be). 


A graph consists of k disjoint copies of a graph H, k = 1 is denoted by G = kH. As an 


5 
Ko =|JSii 
i=l 


for graphs shown in Fig.2.3.1 following 


ZAZA 


S12 ae 


example, we find that 


Fig. 2.3.1 


n-1 


and generally, K, ie S,;. Notice that kG is a multigraph with edge multiple & for any 
integer k,k > 2 anda caiple graph G. 


A Ll 


C34+C4 


Fig 2.3.2 


2.3.2 Complement and Join. A complement G of a graph G is a graph with vertex set 
V(G) such that vertices are adjacent in G if and only if these are not adjacent in G. A join 
G, + G» of G; with G> is defined by 


V(G, + G2) = ViG,) U V(G2), 
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E(G, + G2) = E(Gi) U E(G2) Ut, v)|u € V(Gi), v € ViG2)} 

IG, + G2) = (G1) UMG2) UU, v) = (u, v)lu € V(Gi), v € V(Ga)}. 
Applying the join operation, we know that K(m,n) ~ K,, + K,. The join graph of circuits 
C3 and C4 is given in Fig.2.3.2. 


2.3.3 Cartesian Product. A Cartesian product G, X G2 of graphs G,; with G; is defined 
by V(G; X G2) = V(G,) X V(G2) and two vertices (u;, U2) and (v1, v2) of G; xX G2 are 
adjacent if and only if either uw, = v; and (U2, v2) € E(G2) or uz = v2 and (uw), v;) € E(G)). 


For example, K, X P¢ is shown in Fig.2.3.3 following. 


u 
, 1-23 4 5 6 
2 
Vv Pe 
uy 7) U3 U4 Us U6 
al V2 V3 V4 V5 V6 
K> Xx Po 
Fig.2.3.3 


2.3.4 Semi-Arc Automorphism. For a simple graph G with n vertices, it is easy to 


verify that AutG < S,,, the symmetry group action on these n vertices of G. 


Py, 
C, 


Ky, 
Kinn(m # n) 
Kien S 2LS il 


Table 2.3.1 


But in general, the situation is more complex. In Table 2.3.1, we present automorphism 
groups of some graphs. For generalizing the conception of automorphism, the semi-arc 


automorphism of a graph is introduced in the following. 
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Definition 2.3.1 A one-to-one mapping € on X1(G) is called a semi-arc automorphism of 
a graph G if &(e,) and E(f,) are v—incident or e—incident if e, and f, are v—incident or 
e-incident for Ve,, f, € x1 (G). 


All semi-are automorphisms of a graph also form a group, denoted by Aut:G.The 


Table 2.3.2 following lists semi-arc automorphism groups of a few well-known graphs. 


Sn 
So[Sn] 2n!? 


S[S2] Zn! 
SoXS, 2n! 
2 nll! 


22k+ lati? 


Table 2.3.2 


In this table, Dono is a dipole graph with 2 vertices, n multiple edges and D,,;,; is a 
generalized dipole graph with 2 vertices, n multiple edges, and one vertex with k bouquets 
and another, / bouquets. This table also enables us to find some useful information for 
semi-arc automorphism groups. For example, Aut: K, = Autk, = S,, Aut 1 B, = S,[S2] 
but AutB, = S,, 1.e., Aut B, # AutB,, for any integer n > 1. 

For Vg € AutG, there is an induced action gl? 1X \ (G) > X \ (G) defined by 


Ve, € Xi (G), g(ey) = BC) a(u)- 


All such induced actions on X1(G) by elements in AutG are denoted by AutG|?. 
The graph B, shows that Aut:G may be not the same as AutG|?. However, we geta 


result in the following. 


Theorem 2.3.1 Fora graph G without loops, 
AutsG = AutG]?. 


Proof By the definition, we only need to prove that for Vé 1€ AutiG, eS € l Ic € 
AutG and ei = él, In fact, Let 2), 7, € X1(G) with o,e € {+,—}, where e = uv € E(G), 
f = xy € EG). Now if 

file) =f 
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by definition, we know that é1 (= Le Whence, é1(e) = f. That is, € 1 lc € AutG. 
By assumption, there are no loops in G. Whence, we know that é1l6 = laug if and 
only if 1 = laut, g- SO é1 is induced by é1\¢ on X1(G). Thus, 


Aut,G = AutG|?. 
We have know that Aut ! B, # AutB,, for any integer n > 1. Combining this fact with 


Theorem 2.1.3, we know the following. 


Theorem 2.3.2 Aut 1G= AutG|? if and only if G is a loopless graph. 


§2.4 DECOMPOSITIONS 


2.4.1 Decomposition. A graph G can be really represented as a graph multi-space 
by decomposing it into subgraphs. for example, the complete graph Ke with vertex set 
{1,2, 3,4, 5,6} has two families of subgraphs {C¢,C}3,C3, P, P5, Ps} and {S15,S14,513, 
S 12,5 1,1}, such as those shown in Fig.2.4.1 and Fig.2.4.2. 


1 ,) 1 2 3 1 2 
6 3 »3 6 
5 4 4 5 6 5 4 
Co Pp P Pe C3 CG 
Fig 2.4.1 
3 4 2 4 4 : 5 6 
3 
; 6 7 3 6 4 6 3 
S15 Sia S13 Sio Sia 


Fig 2.4.2 
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Whence, we know that 


E(Ke) = E(Cs)|_J E(C3)|_) EC) |_J Ey J ED (J Be. 
E(Ko) = E(S1s)(_) E814) (JES 13) (J S12) |) ES 12). 
These formulae imply the conception of decomposition of graphs. 
Generally, let G be a graph. A decomposition of G is a collection {H;},<<; of sub- 


graphs of G such that for any integer i, 1 < i < s, H; = (E;) for some subsets E; of E(G) 
and {F;},<j<s is a partition of E(G), denoted by 


G=HDmO--O4.. 


By definition, we easily get decompositions for some well-known graphs such as 


n k m n 
By =| JB), Denn = ({_J BOD) |_J_J k) (JJ 8:1», 
i=l i=l i=l i=l 


where V(B,)(O;) = {O,}, V(B,)(O2) = {Oz} and V(K2) = {O;, Oz}. The following result 


is obvious. 


Theorem 2.4.1 Any graph G can be decomposed to bouquets and dipoles, in where K) is 
seen as a dipole Do. 0. 
Theorem 2.4.2 For every positive integer n, the complete graph K2,,, can be decomposed 
to n hamiltonian circuits. 

Proof For n = 1, K3 is just a hamiltonian circuit. Now let n > 2 and V(Kon41) = 
{Vo, V1, V2,°**, Van}. Arrange these vertices vj, V2,---, V2, on vertices of a regular 2n-gon 
and place vo in a convenient position not in the 2n-gon. For i = 1, 2,---,n, we define the 
edge set of H; to be consisted of vov;, VoVn4; and edges parallel to v;v;,; or edges parallel 


to vj-1Vi+1, Where the subscripts are expressed modulo 2n. Then we get that 


Kn = Dib D-- Ds, 


with each H;, 1 < i < n being a hamiltonian circuit 


VoViVi41Vi-1 Vi41 Vi-2 ** * Vn+i-1 Vn+i+1 VntiVo- O 


Theorem 2.4.2 implies that K2,,; = ) A; with 
i=l 


Hj = VoViVi+1 Vi-1Vi+1Vi-2 ** * Vn4i-1Vn+i+1Vn+iV0- 
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2.4.2 Factorization of Cayley Graph. Generally, every Cayley graph of a finite group 


I’ can be decomposed into 1-factors or 2-factors in a natural way shown in the following. 


Theorem 2.4.3 Let G be a vertex-transitive graph and let H be a regular subgroup of 


AutG. Then for any chosen vertex x,x € V(G), there is a factorization 


BD wy" @| aQ crt} 


yeNG(x),|A(xy)|=1 yENG(x),|A(x)|=2 


C= 


for G such that (x, y)" is a 2-factor if \H(.y)| = 1 and a 1-factor if |Hj)| = 2. 

Proof We prove the following claims. 

Claim 1. Vx € V(G), x” = V(G) and H, = 14. 
Claim 2. For V(x, y),(u,w) € E(G), (x, y)” (\(u, w)” = 0 or (x, y)" = (u, w)". 

Claims 1 and 2 are holden by definition. 

Claim 3. For ¥(x,y) € E(G),|Hayl=1 or 2. 

Assume that |H.,)| # 1. Since we know that (x, y)" = (x,y), ie., x", y") = (x, y) for 
any element h € H(,,). Thereby we get that x" = x and y" = y or x" = yand y" = x. For 
the first case we know h = 1, by Claim 1. For the second, we get that x” = x. Therefore, 
geal ae 

Now if there exists an element g € A(,,)\{lq,h}, then we get x8 = y = x" and 
y’ = x = y". Thereby we get g = h by Claim 1, a contradiction. So we get that |Hj,,)| = 2. 
Claim 4. For any (x,y) € E(G), if |Hj.y)| = 1, then (x, y)" is a 2-factor. 

Because x! = V(G) c V(((x,y)")) c VG), so V(((x,y)")) = V(G). Therefore, 
(x, y)# is a spanning subgraph of G. 

Since H acting on V(G) is transitive, there exists an element h € H such that x’ = y. It 
is obvious that o(/h) is finite and o(h) # 2. Otherwise, we have |H(,,)| => 2, a contradiction. 
Now (x,y) = xxtxl .- +x 
decomposition of H on (h). Suppose H = U (h) aj, (hy aj(\(h) a; = 0, if i # j, and 

i=l 
ay= 1 H- 

Now let X = {dj,q),...,ds}. We know that for any a,b € X,({h)a)(\(h)b) = 0 
ifa # b. Since (x,y)* = ((x, y))* and (x,y)? = (x,y) are also circuits, if 
V(Cx,*)) 1 V(x.) # O for some a,b € X,a # b, then there must be two 


Ws is a circuit in the graph G. Consider the right coset 
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elements f,g € <h) such that x/“ = x8’ . According to Claim 1, we get that fa = gb, that 
is ab"! € <h). So (h) a = (h) b and a = b, contradicts to the assumption that a # b. 
Thereafter we know that (x,y)? = (x,y) is a disjoint union of circuits. So 


ae 


(x, y)” is a 2-factor of the graph G. 
Claim 5. For any (x,y) € E(G), (x,y) is an 1-factor if |H(.y)| = 2. 

Similar to the proof of Claim 4, we know that V(x, yt )) = V(G) and (x, y)” isa 
spanning subgraph of the graph G. 

Let Ho.) = {lx,h}, where x" = y and y" = x. Notice that (x,y)* = (x,y) for 
Va € Hi,y). Consider the coset decomposition of H on A(x), we know that H = U Axyybi 
, where Hizb; () Hoyb; = Oifi 4 7,1 < i,j < t. Now let L = {Hy yb, 1 < iz t}. We 


get a decomposition 


(xy) = | Ja.» 


beL 


for (x, y)”. Notice that if b = Hep Dee T(x, y)’ is an edge of G. Now if there exist two 
elements c,d € L,c = Hiy.y f andd = Hyg, f # g such that V(((x, y)°)) 7 V(x, y)")) # 
0, there must be x/ = x* or xf = y’. If x/ = x®, we get f = g by Claim 1, contradicts to the 
assumption that f # g. If x/ = y® = x"8, where h € Hi»), we get f = hg and fg"! € Hy»), 
so A(.y) f = Hyg. According to the definition of L, we get f = g, also contradicts to the 
assumption that f # g. Therefore, (x, y)” is an 1-factor of the graph G. 

Now we can prove the assertion in this theorem. According to Claim 1- Claim 4, we 
get that 


C= 


(2, o @| DP «@ vt 


yeNG(x),|A(xy|=1 yENGg(x),|A(.y)|=2 


for any chosen vertex x, x € V(G). By Claims 5 and 6, we know that (x, y)” is a 2-factor 


if |H(.y)| = 1 and is a 1-factor if |H(.,)| = 2. Whence, the desired factorization for G is 


obtained. 


For a Cayley graph Cay(I : S'), by Theorem 2.2.2 we can always choose the vertex 
x = ly and H the right regular transformation group on I’. After then, Theorem 2.4.3 can 


be restated as follows. 


Theorem 2.4.4 LetT be a finite group with a subset S,S~' = S, 1p ¢ S and H is the 


right transformation group on. Then there is a factorization 
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G =( BG Cr, sy") Bo BD (1p, s)”) 


seS,s2#1p sé€S,s2=1p 


for the Cayley graph Cay(I : S) such that (Ay, s)" is a 2-factor if s? # \p and \-factor if 
s? = ly. 
Proof For any h € Ha,.s), if h # lp, then we get that lph = s and sh = |r, that 


is s* = lp. According to Theorem 2.4.3, we get the factorization for the Cayley graph 
Cay([: S). O 


§2.5 SMARANDACHE SEQUENCES ON SYMMETRIC GRAPHS 


2.5.1 Smarandache Sequence with Symmetry. Let Z* be the set of non-negative 
integers and I. a group. We consider sequences {i(n)|n € Z*} and {g, € I|n € Z*} in 
this paper. There are many interesting sequences appeared in literature. For example, the 
sequences presented by Prof.Smarandache in references [Dell] and [Sma6] following: 

(1) Consecutive sequence 

1, 12, 123, 1234, 12345, 123456, 1234567, 12345678, - - +; 

(2) Digital sequence 

1,11, 111, 1111, 11111, 11111,1111111,11111111,--- 

(3) Circular sequence 


1, 12,21, 123,231,312, 1234, 2341, 3412, 4123,---; 


(4) Symmetric sequence 


1,11, 121, 1221, 12321, 123321, 1234321, 12344321, 123454321, 1234554321, ---; 


(5) Divisor product sequence 


1, 2,3, 8,9, 36, 7,64,27, 100, 11,1728, 13, 196,225, 1024, 17,5832, 19, «>; 


(6) Cube-free sieve 


2, 3,4, 5, 6, 7,9, 10, 11, 12, 13, 14, 15, 17, 18, 19, 20, 21, 22, 23, 25, 26, 28, 29, 30, --- 


Smarandache found the following nice symmetries for these integer sequences. 
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Lx1l=1 

fi«it=121 

111 x 111 = 12321 

1111 x 1111 = 1234321 

11111 x 11111 = 12345431 

111111 x 111111 = 12345654321 

1111111 x 1111111 = 1234567654321 
11111111 x 11111111 = 13456787654321 
111111111 x 111111111 = 12345678987654321 


2.5.2 Smarandache Sequence on Symmetric Graph. Let oe : VG) > {1,11,111, 
1111, 11111, 111111, 1111111, 11111111, 111111111} be a vertex labeling of a graph G 
with edge labeling /(u, v) induced by /2.(u)I&(v) for (u,v) € E(G) such that 2. (E(G)) = 
{1, 121, 12321, 1234321, 123454321, 12345654321, 1234567654321, 123456787654321, 
12345678987654321}, i.e., I. (V(G)UE (G)) contains all numbers appeared in the Smaran- 
dache’s symmetry. Denote all graphs with E labeling by Y*. Then it is easily find a graph 
with a labeling io in Fig.2.5.1 following. 


1 


i— I 


yy-—___121_ 4) 
lll 12321 “1 


lill- 1234321 1111 
11111» 123454321 - 11111 
111111> 12345654321 ©111111 
1111111 ° 1234567654321 - 1111111 
11111111 - 123456787654321 ~ 11111111 
111111111 - 12345678987654321 - 111111111 


Fig.2.5.1 
We know the following result. 
Theorem 2.5.1 Let G € %°*. Then G = \)H,; for an integer n > 9, where each H; is 
i=l 


a connected graph. Furthermore, if G is vertex-transitive graph, then G = nH for an 


integer n > 9, where H is a vertex-transitive graph. 


Proof Let C(i) be the connected component with a label i for a vertex u, where 
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fe {1,117,111 7111, 10111, 101111, 11217111, 11211111, 17111111}, Then all vertices 
v in C(i) must be with label /&(v) = i. Otherwise, if there is a vertex v with /3(v) = 
J € {1, 11,111, 1111, 11111, 111111, 1111111, 11111111, 111111111} \ {i}, let Pq, v) be 
a path connecting vertices u and v. Then there must be an edge (x, y) on P(u, v) such that 
I? (x) = i, (y) = j. By definition, ix j ¢ 18(E(G)), a contradiction. So there are at least 
9 components in G. 


Now if G is vertex-transitive, we are easily know that each connected component 


C(i) must be vertex-transitive and all components are isomorphic. L 
The smallest graph in 4° is the graph 9K shown in Fig.2.5.1. It should be noted 
that each graph in #° is not connected. For finding a connected one, we construct a graph 


Or following on the digital sequence 


badd eth eas 
—{—" 
k 


by 
V(Ox) = 1, 11,-+ J), 
k 


k 


E(Q,) = {0 11---1), (x, x), (% y)lx, y € V(Q) differ in precisely one 1}. 
k 


Now label x € V(Q) by Ig(x) = Ig(x’) = x and (u, v) € E(Q) by Ig(u)lg(v). Then we have 
the following result for the graph Oy. 


Theorem 2.5.2 For any integer m > 3, the graph On is a connected vertex-transitive 


graph of order 2m with edge labels 
Ig(E(Q)) = {1, 11, 121, 1221, 12321, 123321, 1234321, 12344321, 12345431, --+}, 
i.e., the Smarandache symmetric sequence. 


Proof Clearly, on is connected. We prove it is a vertex-transitive graph. For sim- 
plicity, denote 11---1, 11---1’ by i andi, respectively. Then V(Q,,) = {1,2,---,m}. We 


i i 


define an operation + on V(Ox) by 


k+l=11---1 and k+l =k+l, k =k 
—_—_— 
k+l(modk) 


for integers 1 < k,/ < m. Then an element i naturally induces a mapping 


ii: X23 x+i, for XE V(Q,). 
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It should be noted that i* is an automorphism of On because tuples x and y differ in 
precisely one 1 if and only if x + i and y + i differ in precisely one 1 by definition. On the 


other hand, the mapping t : X > X’ for YX € is clearly an automorphism of On. Whence, 
G =(7,i"|1<i<m) < AutQ,, 


which acts transitively on V(O) because (y — x)*(x) = y for x, y € V(Om) andt:x— x’. 


Calculation shows easily that 


Ig(E(Om)) = {1, 11, 121, 1221, 12321, 123321, 1234321, 12344321, 12345431, --+}, 


i.e., the Smarandache symmetric sequence. This completes the proof. 
By the definition of graph On, W consequently get the following result by Theorem 

2oSede 

Corollary 2.5.1 For any integer m > 3, Om = Cn X Po. 


The smallest graph containing the third symmetry is Qy shown in Fig.2.5.2 follow- 


ing, 


Co 12321 Cay 
C3 1234321 
4 123454321 
12345654321 
1234567654321 
123456787654321 
12345678987654321 


C9 


Fig.2.5.2 


where c; = 11, c& = 1221, cz = 123321, cg = 12344321, cs = 12344321, cs = 
1234554321, cp = 123456654321, c7 = 12345677654321, cg = 1234567887654321, 
co = 123456789987654321. 


2.5.3 Group on Symmetric Graph. In fact, the Smarandache digital or symmetric se- 
quences are subsequences of Z, a special infinite Abelian group. We consider generalized 


labelings on vertex-transitive graphs following. 
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Problem 2.5.1 Let (1; 0°) be an Abelian group generated by x,+++, Xn. Thus T = (x1, x2, 
+, X,|W1,-°--). Find connected vertex-transitive graphs G with a labeling lg : V(G) > 
{lp, x1, X2,°++, X,} and induced edge labeling Ig(u, v) = Ilg(u) °lg(v) for (u, v) € E(G) such 
that 
IG(E(G)) = {lr, oe X1 OX, x; XO XZ,°¢ + Xp] O Xp, ak 


Similar to that of Theorem 2.5.2, we know the following result. 


Theorem 2.5.3 Let ((;0) be an Abelian group generated by x, X2,°++,Xn for an inte- 
gern => 1. Then there are vertex-transitive graphs G with a labeling lg : V(G) > 


{lp, x1, X2,°++,X,} such that the induced edge labeling by Ig(u, v) = Ig(u) ° Ig(v) with 


Ds 2 2 
IgUE(G)) = Lip, 275.21 © Way Xo, Xz © XB, +45 Mad © Xp Ah 


Proof For any integer m > 1, define a graph One by 


m-1 


wet m-1 
V(Onnt) = [U yo ] oS (U 0] @ biend oS (U i) 
ie i=0 i=0 
where |{U [x], v[y], ---, W[z]}| = k and 


OT) = ey 


VO Ly] = (670), 9, yO, 9), 


for integers 0 <i < m— 1, and 


E(Qnp) = Es|_) Eo |_) Bs. 


a a ea a n-1,0<i<m-1}, Ey ={G8,x®), 
Oa) pet 2) lO<l<n-1,0<i< m-1, where! +1 = (modn)} and 
E3 = (x, xP), (yy), P,P )0 < 1 n-1,0<i< m-—1, whereit+1= 


(modm)}. Then is clear that One is connected. We prove this graph is vertex-transitive. 


lA 


In fact, by defining three mappings 


> 4 (i) (i) (i) (i) (i) 
O2X > Xe VP Va th lap 


rap Poona oa 
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2) (+1) \@ (i+1) (i) (i+1) 
Oo. Xx, > Xx; > J —y, ry ky > Z) > 
where 1 </ <n, 1 <i<m,i+1(modm), /+ 1(modn). Then it is easily to check that 6, t 
and o are automorphisms of the graph Q,,,,,, and the subgroup (6,7, 0) acts transitively 


on V(Omnk)- 
Now we define a labeling Ig on vertices of Owrsci by 


ia, = 10, == 1g) = 
IgG; yeigo, eee ams. Liem, Pelen 


Then we know that /g(E(G)) = {1p, x1, %2,°--, x,} and 


2 2 2 
Ig(E(G)) = {1r, Xj, XO XQ, Xz, XZ O X3,°°°, Xn-1 O ne aa 


Particularly, let [ be a subgroup of (Z11111111, X) generated by 
{1, 11,111, 1111, 11111, 111111, 1111111, 11111111, 111111111} 


and m = 1. We get the symmetric sequence on a symmetric graph shown in Fig.2.5.2 
again. Let m = 5,n = 3 andk = 2, 1.e., the graph one with a labeling /g : V(Os93) = 


{1p, 1, X2, x3, X4} is shown in Fig.2.5.3 following. 


Ss 
: 


a 
SHEN 
ae 
| aN 
SESE 


: 
a 


S 


Ss 


ae 


aa 


YO 
\\ 


Sat 
FE 
N 


; 


X4 


Fig.4.1 


Denote by No[x] all vertices in a graph G labeled by an element x ¢ I’. Then we 
immediately get results following by the proof of Theorem 2.5.3. 


Corollary 2.5.2 For integers m,n > 1, Onn = Cn X Cn X Cre 


Corollary 2.5.3 ING [x]| = mk for Vx € {lp, X1,°++, X,} and integers m,n,k > 1. 
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§2.6 RESEARCH PROBLEMS 


2.6.1 For catering to the need of computer science, graphs were out of games and turned 
into a theory for dealing with objects with relations in last century. There are many 
excellent monographs for its theoretical results with applications, such as these references 
[BoM1], [ChL1], [GoR1] and [Whil] for graphs with structures and [GrT1], [MoT1] and 
[Liu1]-[Liu3] for graphs on surfaces. 


2.6.2 A graph property P is Smarandachely if it behaves in at least two different ways on 
a graph, 1.e., validated and invalided, or only invalided but in multiple distinct ways. Such 
a graph with at least one Smarandachely graph property is called a Smarandachely graph. 
Whence, one can generalizes conceptions in graphs by this Smarandache notion. We list 


such conceptions with open problems following. 


Smarandachely k-Constrained Labeling. A Smarandachely k-constrained label- 
ing of a graph G(V, £) is a bijective mapping f : VUE — {1,2,..,|V| + |E|} with the 
additional conditions that |f(u) — f(v)| => k whenever uv € E, |f(u) — f(uv)| = k and 
|f(uv) — f(vw)| = k whenever u # w, for an integer k > 2. A graph G which admits a such 
labeling is called a Smarandachely k-constrained total graph, abbreviated as k—CTG. An 


example for k = 5 on P7 is shown in Fig.2.6.1. 


6. 7 yl2 Ny 2 Fe 8 N14 75-4 a 10 
OO) 2) 9) 5-8) 


Fig.2.6.1 


The minimum positive integer n such that the graph G U K,, is ak — CTG is called 
k-constrained number of the graph G and denoted by £,(G). 


Problem 2.6.1 Determine t,(G) for a graph G. 


Smarandachely Super m-Mean Labeling. Let G be a graph and f : V(G) > 
{1,2,3,---,|V| + |E(G)|} be an injection. For each edge e = uv and an integer m > 2, the 
induced Smarandachely edge m-labeling f; is defined by 


file = eer), 
m 


Then f is called a Smarandachely super m-mean labeling if f(V(G)) U {f*(e) : e € 
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E(G)} = {1,2,3,---,|V| + |E(G)|}. A graph that admits a Smarandachely super mean m- 
labeling is called Smarandachely super m-mean graph. Particularly, if m = 2, we know 
that 


rr hoe) if f( ) fv) 3 even: 
ej= u) + 
hore if flu) fv) jeodd: 


A Smarandache super 2-mean labeling on P2 is shown in Fig.2.6.2. 


4 6 12 


Fig.2.6.2 


Problem 2.6.2 Determine which graph G possesses a Smarandachely super m-mean 


labeling. 


Smarandachely A-Coloring. Let A be a subgraph of a graph G. A Smarandachely 
A-coloring of a graph G by colors in @ is a mapping y, : @ — V(G)U E(G) such that 
y(u) # y(v) if u and v are elements of a subgraph isomorphic to A in G. Similarly, a 
Smarandachely A-coloring yalyq) : © — V(G) or Yale : © — E(G) is called a vertex 


Smarandachely A-coloring or an edge Smarandachely A-coloring. 


Problem 2.6.3 For a graph G and A < G, determine the numbers y\(G) and y}\(G). 


Smarandachely (“,, “ )-Decomposition. Let “4, and “, be graphical prop- 
erties. A Smarandachely (Y\, A2)-decomposition of a graph G is a decomposition of G 
into subgraphs G;, Gz,---,G; € A such that G; € Y, or G; ¢ Y» for integers 1 <i < /. If 
PY, or P2 = {all graphs}, a Smarandachely (Y,, Y,)-decomposition of a graph G is said 
to be a Smarandachely Y-decomposition. The minimum cardinality of Smarandachely 


(Y\, P2)-decomposition are denoted by IL y,,7,(G). 


Problem 2.6.4 For a graph G and properties Y, FY’, determine 1a(G) and Ig,g(G). 
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2.6.3, Smarandache also found the following two symmetries on digits: 


1x8+1=9 1x94+2=11 
12x8+2=98 12x94+3=111 

123 x 8+ 3 = 987 123x9+4=1111 

1234 x 8+ 4 = 9876 1234x9+5=11111 

12345 x 8+ 5 = 98765 12345 x9+6= 111111 
123456 x 8 + 6 = 987654 123456x9+7= 1111111 
1234567 x 8+ 7 = 9876543 1234567 x9+8= 11111111 
12345678 x 8 + 8 = 98765432 12345678 x 9+9 = 111111111 


123456789 x 8 + 9 = 987654321 123456789 xX 9+ 10 = 1111111111 


Thus we can also label vertices ly) : V(G) — @ of a graph by consecutive sequence @ 
with an induced edge labeling /zg)(uv) = clyq(u) + Igy) for Vuv € E(G), where c is a 
chosen digit. For example, let /yg) = {1, 2,3, 4,5, 6, 7, 8,9, 12, 123, 1234, 12345, 123456, 
1234567, 12345678, 123456789}, c = 8 or lyq = {1, 2, 3, 4,5, 6, 7, 8, 9, 10, 12, 123, 1234, 
12345, 123456, 1234567, 12345678, 123456789}, c = 9, we can extend these previous 
digital symmetries on symmetric graphs with digits. Generally, there is an open problem 


following. 


Problem 2.6.5 Let (./;+,-) be an algebraic system with operations +, -. Find graphs G 
with vertex labeling lyg) : V(G) — & and edge labeling Igq (uv) = c1 - lyq(u) + C2 - 
ly@(v) (or lagq(uv) = (c1 +ly@W)): (C2 tly@))) for ci, co € &, Wuv € E(G) such that 
they are both symmetric in graph and element. 

Particularly, let Z be a set of symmetric elements in &. For example, F = { a- 
b,b-a|\a,b € & }. Find symmetric graphs with vertex labeling lyg : V(G) > 7 
and edge labeling lig (uv) = ly@(u) + lw@ ) (or leq (uv) = ly (u) « ly@(v)) such that 
lyq(u) + lya@ (v) (or leq@(uv) = ly (u) - lyq@v)) is itself a symmetric element in & for 


Vuv € E(G), for example, the labeled graph shown in Fig.2.5.2. 


CHAPTER 3. 


Algebraic Multi-Spaces 


Accompanied with humanity into the 21st century, a highlight trend for de- 
veloping a science is its overlap and hybrid, and harmoniously with other sci- 
ences. Algebraic systems, such as those of operation systems, groups, rings, 
fields, vector spaces and modules characterize algebraic structures on sets, 
which are discrete representations for phenomena in the natural world. The 
notion of multi-space enables one to construct algebraic multi-structures and 
discusses multi-systems, multi-groups, multi-rings, multi-fields, vector multi- 
spaces and multi-modules in this chapter, maybe completed or not in cases. 
These algebraic multi-spaces also show us that a theorem in mathematics is 
truth under conditions, i.e., a lateral feature on mathematical systems. Cer- 
tainly, more consideration should be done on these algebraic multi-spaces, 
especially, by an analogous thinking as those in classical algebra. For this 
objective, a few open problems on algebraic multi-spaces ca be found in final 


section of this chapter. 
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§3.1 ALGEBRAIC MULTI-STRUCTURES 


3.1.1 Algebraic Multi-Structure. Algebraic systems, such as those of group, ring, 
field, linear algebra, etc. enable one to construct algebraic multi-structures and raise the 


following definition by Smarandache’s notion. 


Definition 3.1.1 An algebraic multi-system is a pair (A; 0) with a set A = (J A; and an 
i=l 


operation set 
O={0,|1<i<n} 
on A such that each pair (Aj; 9;) is an algebraic system. 


A multi-system (A; 0) is associative if for Va, b,c € A, Yo, € O, there is 
(a0, b)ogpc =a, (boQ Cc). 


Such a system is called an associative multi-system. 
Let (A; 0) be a multi-system and Bc A, O 0.1 (B: Q) is itself a multi-system, 
we call (B; O) a multi-subsystem of (A; 0), denoted by (B: Q) < (A; 0). 
Assume (B; 0) < < (A; 0). For Va € A and 0; € O, where | < i < J, define a coset 
ao; B by 
ao; B={ao;b| for Vb € B}, 


and let 
A= So ao B. 
a€R,oePCO 
Then the set 
Q={acBlaeRoePc o} 


is called a quotient set of Bin A witha representation pair (R, P), denoted by A/B | (RP): 
Two multi-systems (41; 01) and (Ao; 02) are called homomorphic if there is a map- 
ping w: A > Ay with w: 0; > Os such that for a), b; € A and 0; € Or, there exists an 


operation 07 = w(0;) € Os enables that 
wa, 1 bj) = w(a)) 2 wD). 


Similarly, if w is a bijection, (Ai: 01) an d (Ap; 0) are called isomorphic, and if A = As = 


A, w is called an automorphism on A. 
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For a binary operation “o” , if there exists an element 1! (or 12) such that 
lboa=a or aol’=a 


for Va € A;,1 < i <n, then 1! (1%) is called a left (right) unit. If 1! and 1% exist 


simultaneously, then there must be 
Csi ol a1 =, 


Call 1, a unit of Aj. 


Remark 3.1.1 In Definition 3.1.1, the following three cases are permitted: 
(1) A; = Az =-:: = Ay, 1.e., n Operations on one set. 


(2) 0, =o) =---=0,, 1Le., n set with one law. 
3.1.2 Example. Some examples for multi-system are present in the following. 


Example 3.1.1 Take 7 disjoint two by two cyclic groups C), C2,---,Ch, n = 2 with 
Cy = (a); +1), Co = (CB) 5 +2), +++ Cr = (KC) 5 +n), 


jas n 
where “+,,+2,:--,+,” are n binary operations. Then their union C = \) C; is a multi- 
i=l 
space. In this multi-space, for Vx, y € C, if x,y € C, for some integer k, then we know 
x+,y € Cy. But if x € C,, y € C, and s # t, then we do not know which binary operation 


between them and what is the resulting element corresponding to them. 


Example 3.1.2 Let (G; 0) be a group with a binary operation “o” . Choose n different 
elements h,, h2,--+,h,, n = 2 and make the extension of the group (G; 0) by 4, h2,---, hy, 


respectively as follows: 
(G U{hi}; X1), where the binary operation x; = o for elements in G, otherwise, new 
operation; 
(G {ho}; X2), where the binary operation Xz = o for elements in G, otherwise, new 
operation; 


(G Uf{An}; Xn), where the binary operation x, = o for elements in G, otherwise, new 


operation. 
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Define 


i=l 


Then G isa multi-space with binary operations “x,, X2,---,X,”. In this multi-space, for 
Vx,y € G, we know the binary operation between x, y and the resulting element unless 
the exception cases x = h;,y = h; with i # /. 

For n = 3, such a multi-space is shown in Fig.3.1.1, in where the central circle 
represents the group G and each angle field the extension of G. Whence, this kind of 


multi-space is called a fan multi-space. 


Fig.3.1.1 


Similarly, we can also use a ring R to get fan multi-spaces. For example, let (R; +, 0) 
be a ring and let 7), 72,---,7; be two by two different elements. Make these extensions of 


(R; +, 0°) by 1, 72,°°-, 7s respectively as follows: 

(R Utri}; +1, X1), where binary operations +; = +, x, = o for elements in R, other- 
wise, new operation; 

(R Ut{ra}; +2, X2), where binary operations +2 = +, X2 = o for elements in R, 
otherwise, new operation; 


(R Ut{rs}; +s, Xs), where binary operations +, = +, X, = o for elements in R, other- 


wise, new operation. 


Define 
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Then R is a fan multi-space with ring-like structure. Also we can define a fan multi-space 


with field-like, vector-like, semigroup-like,: - -, etc. multi-structures. 


These multi-spaces constructed in Examples 3.1.1 and 3.1.2 are not completed, i.e., 
there exist some elements in this space have not binary operation between them. In alge- 
bra, we wish to construct a completed multi-space, 1.e., there 1s a binary operation between 
any two elements at least and their resulting is still in this space. The following examples 


constructed by applying Latin squares are such multi-spaces. 


Example 3.1.3 Let S be a finite set with |S| = n > 2. Construct an n x n Latin square 

by elements in S, i.e., every element just appears one time on its each row and column. 
n 

Choose k Latin squares M,, M>,---, My, k < [] s!. 


s=l 
n 
By a result in reference [Rys1], there are at least [] s! distinct n x n Latin squares. 
s=l 
Whence, we can always choose M,, M,---, M;, distinct two by two. For a Latin square 


M;,1 <i<k, define an operation “x;” by 
MI es RS HU) 


For example, if nm = 3, then S = {1,2,3} and there are 2 Latin squares L, Ly with 


i 
Ly = 2 
2 


eS WwW NY 


3 
Li I, = 
2 


NO BW eR 


2. 3 
2 
3 1 


Therefore, we get operations “x,” and “x,” in Table 3.1.1 by Latin squares L,, L, 


following. 


Table 1.3.1 


Generally, for Vx, y,z € S and two operations “x;” and “x;”, 1 <i, j < k define 


XXiVXjZ= (XX Y) Xj Z 
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For example, if m = 3, then 
1x, 2.3 = (1X2) xX.3=2x,3=2 
and 
2X,3X%.2=(2x, 3)x.2=1%x,3 =3. 
Thus S$ is a completed multi-space with k operations. 


Notice that AutZ, ~ Z* 


nN? 


where Z; is the group of reduced residue class modn under 
the multiply operation. It is known that |AutZ,,| = y(n), where y(n) is the Euler function. 


Thus the automorphism group of the multi-space Cin Example 3.1.1 is 
AutC = S,[Z*]. 


Whence, |AutC| = y(n)"n!. For determining the automorphism groups of multi-spaces in 
Example 3.1.3 is an interesting problem for combinatorial design. The following example 


also constructs completed multi-spaces by algebraic systems. 


Example 3.1.4 For constructing a completed multi-space, let (S_;0) be an algebraic 


system, 1.e.,aobe€S for Va,b €¢ S. Whence, we can take C,C C S being a cyclic group. 


s= Ua 


with m > 2 such that G; (|G, = C for Vi, j,1 <i, j<m. 


Now consider a partition of S 


For an integer k,1 < k < m, assume Gy = (8x1, 812,°°*, 8x}. Define an operation 


“x,” on G; as follows, which enables (G;; x;) to be a cyclic group. 
8kl Xk 8k = 8k2s 


8k2 Xk 8k1 = 8k3> 


8k(l-1) Xk 8k = Ski, 
and 


Skt) Xk 8k = Ski- 
m 


Then S = (J G; is a completed multi-space with m + 1 operations. The approach enables 
k=1 


sas n 
one to construct complete multi-spaces A = |) with k operations fork >n+ 1. 
i=] 


Sec.3.1 Algebraic Multi-Structures 75 


3.1.3 Elementary Property. First, we introduce the following definition. 


Definition 3.1.2 A mapping f ona set X is called faithful if f(x) = x for Vx € X, then 
f = ly, the unit mapping on X fixing each element in X. 
Notice that if f is faithful and f;(x) = f(x) for Vx € X, then ies = 19,16, 4 = 7. 
For each operation “x” and a chosen element g in a subspace A;, A; C A= ) Ai, 


i=1 
there is a left-mapping f; : A; > A; defined by 


fi:a gxa, acAj. 
Similarly, we can define the right-mapping fy. 


Convention 3.1.1 Each operation “x” in a subset A;, A; C A with A = ) A; is faithful, 
i=l 
i.e, forvg € Ai, 6:8 fi ( ort: g — ff ) is faithful. 


Define the kernel Ker¢ of a mapping ¢ by 
Kerg = {glg € Aj and ¢(g) = 14)}. 
Then Convention 3.1.1 is equivalent to the following. 


Convention 3.1.2 For eachs¢ :g > es (org: g > fy ) induced by an operation “x” has 
kernel 
Kerg = {1}} 


if 1). exists. Otherwise, Kerg = 0. 
We get results following on multi-spaces A. 


Theorem 3.1.1 For a multi-space (A; 0) with A = |) A; and an operation “x”, the left 
i=l 
unit 1). and right unit 1", are unique if they exist. 


Proof If there are two left units 14, 7! in a subset A; of a multi-space A, then for 
l 
Ix 


Vx € Aj, their induced left-mappings i and f', satisfy 


fi) = ae, fx) = KX x= x. 
1 
Ky 
faithful, we know that 1). = J! . Similarly, we can also prove that the right unit 1%, is also 


Therefore, we get that Fic = a . Since the mappings ¢, : 14 > fe and ¢, : IL — f", are 


unique. 
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For two elements a, b in multi-space A, ifaxb= i; then b is called a left-inverse 
of a. Ifax b = 1{, then ais called a right-inverse of b. Certainly, if a x b = 1x, then a is 


called an inverse of b and b an inverse of a. 

Theorem 3.1.2 For a multi-space (A; 0) with A = L) Aj, a € #, the left-inverse and 
i=l 

right-inverse of a are unique if they exist. 


Proof Notice that x, : x — ax is faithful, i.e., Kerk = 115) for ike existing now. 
If there exist two left-inverses b,, by in # such that a x b; = 1), andax by = 11, 


then we know that b, = b> = i. Similarly, we can also prove that the right-inverse of a 


is also unique. O 


Corollary 3.1.1 If “x” is an operation of a multi-space # with unit 1, then the equation 


aX x = b has at most one solution for the indeterminate x. 


Proof According to Theorem 3.1.2, there is at most one left-inverse a; of a such that 


a, Xa=1,. Whence, we know that x =a; XaXx=a,xXb. O 
We also get a consequence for solutions of an equation in a multi-space by this result. 


Corollary 3.1.2 Let (A; 0) be a multi-space. Then the equationa 0 x = b has at most \O| 


solutions, where o € O. 


§3.2 MULTI-GROUPS 


3.2.1 Multi-Group. Let G be a set with binary operations O. By definition (G; 0) is an 
algebraic multi-system if for Va,b € Gando € O,aobeG provided a o b existing. 
Definition 3.2.1 For an integer n > 1, an algebraic multi-system (G: 0) is an n-multi- 
group for an integer n > | if there are G,,G2,---,G, C G,O= {o;, |< i<n} with 

()G= UG; 

i=l 

(2) (Gj; 9;) is a group for 1 <i<n. 

For Vo € O, denoted by G, the group (G; 0) and G™"* the maximal group (G; °), i.e., 
(G™*; 0) is a group but (G™* U {x}; 0) is not for Vx € G \ G™* in (G: O). 


A distributed multi-group is such a multi-group with distributive laws hold for some 
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operations, formally defined in the following. 


Definition 3.2.2 Let G = U G; be a complete multi-space with an operation set O (G) = = 
i=] 

{x;, 1 < i < n}. If (G;; x;) is a group for any integer i,1 < i < n and for Vx, y,z € G and 

YXxX,0 € O(G), x # 0, there is one operation, for example the operation “x” satisfying the 


distribution law to the operation “o” provided all of these operating results exist , i.e., 


XX (yo z) = (xX y)o (xX 2), 


(yoz)xXx=(yX x)° (ZX x), 


then G is called a distributed multi-group. 


Remark 3.2.1 The following special cases for n = 2 convince us that distributed multi- 
groups are a generalization of groups, skew fields, fields, - - -, etc.. 

(1) If G; = G, = G are groups, then G is askew field. 

(2) If (G,; X;) and (G2; X2) are commutative groups, then G isa field. 


Definition 3.2.3 Let (A: 01) and (A: Or) be multi-groups. Then (A: 01) is isomorphic 
to (A: O2), denoted by (3,1) : (A: 01) > > (#6 On) if there are bijections 3 : G => G, 
andt: 0; > O> such that for a,b € G ando € Or, B(ao b) = Ha)u(o)Hb) provided ac b 
existing in (A: O}). Such isomorphic multi-groups are denoted by (A: 01) ~ (4: 0») 
Clearly, if (A : O i) is an n-multi-group with (i, 1) an isomorphism, the image of (7, v) 


is also an n-multi-group. Now let (3,1) : (A: 01) => (4: O>) with G, = (JG Gz = 
i=l 

L) Gj, Di = {01;, | <i<n}and O> = {o;, 1 <i < n}, then foro € O, g™* is isomorphic 

i=l 

to HG)" by definition. The following result shows that its converse is also true. 


(0) 


Theorem 3.2.1 Let (A: 01) and (A: 0) be n-multi-groups with 


G=|Jo, AF-S 
i=l i=1 


O; = {o1, 1 <i <n}, Oo = {on, 1 <i <n}. If 6: Gi 2 G is an isomorphism for each 
integer 1, 1 < i <n with DrlAeG1 = b1lgyun4 for integers 1 < k,l s n, then (A: 01) is 
isomorphic to (4: 02). 


Proof Define mappings ? : GY >G,andi:0, > 0, by 
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Ha) = ofayifaeY Cc G and U(01;) = 09; for each integer 1 <i <n. 


Notice that dilg,ngy, = Pily,ng, for integers 1 < k,l < n. We know that %, ¢ both are 


bijections. Let a,b € Y, for an integer s, 1 < s <n. Then 


Ha Cls b) = ds(a Cls b) a os(a) O2s f(b) = H(a)u(o15)9(D). 


Whence, (0): (A: 01) => (A: 01). i 


3.2.2 Multi-Subgroup. Let (9: 0) be a multi-group, KH oGumd0c 0. If (4: :O) is 
multi-group itself, then (#@; O) is called a multi-subgroup, denoted by (#: O)< (9: 0). 


Then the following criterion is clear for multi-subgroups. 


Theorem 3.2.2 An multi-subsystem (#: 0) of a multi-group (%: 0) is a multi-subgroup 
if and only if F0 G< G™™ foro EO. 


Proof By definition, if (H: O) is a multi-group, then for Vo € O, HG, isa group. 
Whence, FEM 5, 2g. 

Conversely, if KHVG, < gm™* for Vo € O, then KE NG, isa group. Therefore, 
(#: 0) is a multi-group by definition. L 


Applying Theorem 3.2.2, we get conclusions following. 


Corollary 3.2.1 An multi-subsystem (#: 0) of a multi-group p(4: 0) is a multi-subgroup 
if and only ifaob"' € FEO Gm* forYo € Oanda,b € SE provided a o b existing in 
(#: : O). 


Particularly, if O = {o}, we get a conclusion following. 


Corollary 3.2.2 Leto € O. Then (#;0) is multi-subgroup of a multi-group (9: O) for 

KE C G if and only if (2; 0) is a group, i.e, aob"! € # fora,be #. 

Corollary 3.2.3 For a distributed multi-group G= |) G; with an operation set O (G) = 
i=l 

{xi]] < i < n}, a subset G, C G is a distributed multi-subgroup of G if and only if 

(Gi (\ Gk; xi) is a subgroup of (Gx; Xx) or G ()\G, = 0 for any integerk, 1 <k <n. 


Proof Clearly, G isa multi-subgroup of G by Theorem 3.2.2. Furthermore, the 
distribute laws are true for Gi because Gi Cc Gand O (G,) cO (G). O 


For finite multi-subgroups, we get a criterion following. 


Theorem 3.2.3 Let G be a finite multi-group with an operation set O (G) = {x;,|1 <i <n}. 
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A subset G, of G isa multi-subgroup under an operation subset 0(G,) ca 0(G) if and 
only if (Gi; x) is closed for each operation “x” in O (Gi). 

Proof Notice that for a multi-group G, its each multi-subgroup G1 is complete. Now 
if Gy is a complete set under each operation “x;” in O (G, i. we know that (G ()\ Gis x;) 
is a group or an empty set. Whence, we get that 


n 


Gi=| (Gf \ai). 


i=l 


Therefore, Ci is a multi-subgroup of G under the operation set OG; ). 


For a multi-subgroup H of multi-group G, ge G. define 
gH ={gxhlhe H,x € O(A)}. 


Then for Vx, y € Gc. 
xH( \yH =0 or xH = yH. 


In fact, if xH () yH # QO, letze€ xH () yH, then there exist elements /1;,h. € H and 


operations “x;” and “x,” such that 
Za 4% 1h =yX;h. 


Since H is a multi-subgroup, (H () Gi; x;) isa subgroup. Whence, there exists an inverse 
element hj! in (H () Gi; x;). We get that 


X Xj hy Xj ie =yX; hy Xj ie. 


1.€., 
x= yx;hy Xj hi 
Whence, 
xH C yH 
Similarly, we can also get that 
xH D yH 


Therefore, 
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Denote the union of two set A and B by A @ Bif A() B = 9. The following result is 


implied in the previous discussion. 


Theorem 3.2.4 For any multi-subgroup H of a multi-group G, there is a representation 


set T, T CG, such that 
G- Qi 
xeT 
For the case of finite group, since there is only one binary operation “x” and |xH| = 


|yH| for any x,y € G, We get a consequence following, which is just the Lagrange theorem 


for finite groups. 


Corollary 3.2.4(Lagrange theorem) For any finite group G, if H is a subgroup of G, then 
|| is a divisor of |G]. 


A multi-group (F: O) is said to be a symmetric n-multi-group if there are 


Fi Page Pie &, 


(2) (YH; 9;) is a symmetric group So, for 1 < i < n. We call the n-tuple ({Qy|, |Qal, 
-++,|Q,,|)) the degree of the symmetric n-multi-group (G; O). 


Now let multi-group (G0) bea n-multi-group with Y,,H,---,G, C G,O ={0;, 1< 


i < nj. For any integer i, 1 <i <n, letY, = {ay = ly, ,@i2,°+*,@Qm,,}. For Vax € cae 


define 
ail aj2 = in a 
Oar = = ? 
Aj, 0 Gig Giz ix *** Gin, ° Gk a © Aix 
ait aj2 a in,, a 
Tio, = ' — 
ik -1 -1 -1 -1 
ay Odi Ay OA +++ Ay © Ging, ay, Oa 
= = 1 
Denote by Ry = {Gays Fags***+Fay,,} ANA Ly = {TaysTag>***>Tay,,,} and x; or x; the 


induced multiplication in Ry, or Ly,. Then we get two sets of permutations 


n n 


Rg = Mr ses Oajs'* "> Fang, } and Lg = tra, Tap. * > Taino; I: 
i=1 i=1 
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We say Rg, Lz the right or left regular representation of G, respectively. Similar to the 


Cayley theorem, we get the following representation result for multi-groups. 


Theorem 3.2.5 Every multi-group is isomorphic to a multi-subgroup of symmetric multi- 
group. 

Proof Let multi=group (9: 0) be a n-multi=group with Y,@%,---,Y, C G, O= 
{o;, | < i < n}. For any integer i, 1 < i <n. Then Ry and Ly both are subgroups of the 
symmetric group Sy, for any integer 1 < i < n. Whence, (Rg; O’) and (Lg; O') both are 
multi-subgroup of symmetric multi-group by definition, where O" = {x‘|1 < i < n} and 
Os {xilLart=<a}. 

We only need to prove that (9: 0) is isomorphic to (Rg; O"). For this objective, 
define a mapping (f, 1) : (Y; O) — (Rg; O") by 


S (Git) = Fay and 1(9;) = X 
for integers 1 < i <n. Such a mapping is one-to-one by definition. It is easily to see that 
Tae Oj ik) = O aj jojaiz = Oa; ~ Cay = Ff (aij) f (ix) 


Similarly, we can also prove that (%: 0) (gO): 


for integers 1 < i,k,l < n. Whence, (f,0) is an isomorphism from (G: O) to (Rg; O"). 


3.2.3 Normal Multi-Subgroup. A multi-subgroup (H: 0) of (4: O)i is normal, denoted 
by (#: o)< (9: 0) if for Vg € G andYo € O, go = H 08, where go. # = {goh|he 
KE provided g oh existing} and Ho g is similarly defined. We get a criterion for normal 
multi-subgroups of a multi-group following. 
Theorem 3.2.6 Let (4: a) < (9: O). Then (4: a) <J (9: 0) if and only if 
WI age 

forYo€O. 

Proof If FEO GMX < GMX for Vo € O, then go He = Ho g for Vg « G™™ by 
definition, i., all such g € Y andh € H with goh and hog defined. So (#7; 0) <(¥; 0). 

Now if (H: 0) <J (9: 0), it is clear that. # A es GM for Yo € 0. 


Corollary 3.2.5 Let G = U G; be a multi-group with an operation set O (G) = {x;|l < 
i=] 


i < n}. Then a multi-subgroup H of G is normal if and only if (A (\ Gi; xi) is a normal 
subgroup of (G;; Xi) or Hn G; = 0 for any integer i,1 <i<n. 
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For a normal multi-subgroup (#; 0) of (%: 0), we know that 
(ac #)( \(b- #) =O0oracH =b-H. 
In fact, if c € (a fo) H) () (> . H), then there exists 1, ho € ZC such that 
aoh,=c=b-Wn. 
So a! and b"! exist in Y™* and Y™*, respectively. Thus, 
b}-aoh,=b'-b-h=h. 


Whence, 
b!-a=mohte #H. 


We find that 
ao KH =b-(moh)o H =b-H. 


This fact enables one to find a partition of G following 
F= |) 9H 
geG,06O 


Choose an element / from each g 0 H and denoted by H all such elements, called 


the representation of a partition of G, hes, 
G = eS ho #. 
heH,ocO 


Define the quotient set of G by H to be 
GI HC = tho Hh € H,o € O}. 
Notice that # is normal. We find that 
(ac H#)-(be H)=Hoa-beH =(a-b)oH eH =(a-b)oH 


inY, / I for 0,e@,:-e€ O, 1.€., (G, / KH: O) is an algebraic system. It is easily to check that 
(7 / KH: 0) is a multi-group by definition, called the quotient multi-group of G by KH. 
Now let (A : 01) and (A: 0) be multi-groups. A mapping pair (¢, c) with ¢ : G> 


G, and t : O,; — QO, is a homomorphism if ¢(a o b) = d(a)i(o)P(b) for Va,b € Y and 
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o€ Oi provided a o b existing in (4A : 01). Define the image Im(q@, 1) and kernel Ker(4, t) 
respectively by 


Im.) = { os) |ge% }, 
Ker(g,) = { g1 (g) = ly, EA .0 € On}. 


Then we get the following isomorphism theorem for multi-groups. 
Theorem 3.2.7 Let (¢, 1): (A: 01) > (A: O2) be a homomorphism. Then 
G [Ker(,0) = Imo, 0. 


Proof Notice that Ker(@, 4) is anormal multi-subgroup of (A : 01). We prove that the 
induced mapping (co, w) determined by (co, w) : x o Ker(¢,1) — (x) is an isomorphism 
from G, /Ker(@, ) to Im(¢, ¢). 

Now if (7, w)(x1) = (0, w)(x2), then we get that (7, w)(x;0x;') = ly, provided x;0.x;' 
existing in (G; O}), ie., x; 0x! € Ker(d,v). Thus x, o Ker(@, 1) = x2 0 Ker(¢, 1), i.e., the 
mapping (co, w) is one-to-one. Whence it is a bijection from G, /Ker(@, t) to Im(@, 0). 

For Va o Ker(@, 1), b o Ker(@, 4) € G, /Ker(@, 1) and - € O1, we get that 


(a, w)[a o Ker(@, t) - b @ Ker(¢, 1)] 
= (7, w)[(a- b) o Ker(¢, 4)] = (a: b) = g(a) O(d) 
= (o, w)[a © Ker(¢, t)|u(-)(o, w)[b @ Ker(@, 1)]. 


Whence, (a, w) is an isomorphism from GY, /Ker(@, 4) to Im(@, ¢). 


Particularly, let (% : O) be a group in Theorem 3.2.7, we get a generalization of the 


fundamental homomorphism theorem following. 


Corollary 3.2.6 Let (4: 0) be a multi-group and (w,t) : (9: 0) — (&;0) an epimor- 
phism from (9: 0) to a group (&;0). Then 


G [Ker(w,t) ~ (0). 


3.2.4 Multi-Subgroup Series. For a multi-group G with an operation set 0(G) = 
{x;| 1 < i < n}, an order of operations in 0(G) is said to be an oriented operation 


sequence, denoted by O (G). For example, if 0(a) = {X\, X2X3}, then X; > X2 > X3 iS 


an oriented operation sequence and X2 > X; > X3 is also an oriented operation sequence. 
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For a given oriented operation sequence O (G), we construct a series of normal multi- 


subgroups 


Gr G1> Gp>---> Gm = {1x} 


by the following programming. 


STEP 1: Construct a series G> Ga > Gis bree D Gi, under the operation “Xx,” . 


STEP 2: [fa series Go1)1,>Gr>Gi2>: - > Gx, has be constructed under the operation 
“x,” and Gu, # {1,,}, then construct a series Gui, > Cisshi > Gea? DeeeD Geet under 


the operation “X41”. 


This programming is terminated until the series Ga-vh > Ga > Ga DeeeD Gui, = {1,} 


has be constructed under the operation “X,” . 


The number m is called the length of the series of normal multi-subgroups. Call a 
series of normal multi-subgroups Ge G, > G> Deed CG. = {lx,} maximal if there exists 
a normal multi-subgroup H for any integer k,s,1 < k < n,1 < s < i such that Gis 
H> Grist, then H = CG. or H = Gust): For a maximal series of finite normal multi- 
subgroup, we get a result in the following. 


Theorem 3.2.8 For a finite multi-group G = |) G; and an oriented operation sequence 
i=1 


l= 


OG (G), the length of the maximal series of normal multi-subgroup in G is a constant, only 
dependent on G itself. 


Proof The proof is by the induction principle on the integer n. For n = 1, the 
maximal series of normal multi-subgroups of G is just a composition series of a finite 
group. By Jordan-Hélder theorem (see [NiD1] for details), we know the length of a 
composition series is a constant, only dependent on G. Whence, the assertion is true in 
the case of n = 1. 

Assume that the assertion is true for all cases of n < k. We prove it is also true in the 
case of n = k + 1. Not loss of generality, assume the order of those binary operations in 


OG) being X,; > X2 >--: > X, and the composition series of the group (G;, x;) being 
G,>Gy>--->G, = {1,,}. 


By Jordan-H6lder theorem, we know the length of this composition series is a constant, 


dependent only on (G;; X;). According to Corollary 3.2.5, we know a maximal series of 
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normal multi-subgroups of G gotten by STEP 1 under the operation “x,” is 
Gr G\ (Gi \ G2)> G\ (Gi \ G3) +++ G\ G \ {1x)}). 


Notice that G \ (G, \ {1x,}) is still a multi-group with less or equal to k operations. By 
the induction assumption, we know the length of the maximal series of normal multi- 
subgroups in G \(G, \ {1x,}) is a constant only dependent on G \(G, \ {1x,}). Therefore, the 
length of a maximal series of normal multi-subgroups is also a constant, only dependent 
on G. 

Applying the induction principle, we know that the length of a maximal series of 


normal multi-subgroups of G is a constant under an oriented operations OG), only de- 


pendent on G itself. 


As a special case of Theorem 3.2.8, we get a consequence following. 


Corollary 3.2.7(Jordan-Holder theorem) For a finite group G, the length of its composi- 


tion series is a constant, only dependent on G. 


§3.3, MULTI-RINGS 


3.3.1 Multi-Ring. It should be noted that these multi-spaces constructed groups, 1.e., 
distributed multi-groups (G; 0(G)) generalize rings. Similarly, we can also construct 


multi-spaces by rings or fields. 


m 


Definition 3.3.1 Let R = ) R; be a complete multi-space with a double operation set 
i=l 

O(R) = O; Oo, where O, = { -;,1 < i < m}, Oo = {4+;,1 < i < m}. If for any integers 

i,1 <i < m, (R;; +4;,-;) is a ring, then R is called a multi-ring, denoted by (R; Oi, On) 

and (+;,°;) a double operation for any integer i. If (R; +i,:;) is a skew field or a field for 

integers 1 <i<™m, then (R; Oi, On) is called a skew multi-field or a multi-field. 


For a multi-ring (R:O; — On) with R = U R;, let S C Rand OQ, (S) c O; (R), 
Op (S) CO, (R), ifS isa multi-ring with a double operation set O (5) a0) (5) JO, (5), 
such a S$ is called a multi-subring of R. 
Theorem 3.3.1 For a multi-ring (R:0; = On) with R = U R,, a subset S C R with 
0(s) = O(R) is a multi-subring of R if and only if (SR: +k, +s) is a subring of 
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(Rk; +k, *%) OF wal R, = Q for any integer k, 1 <k <m. 


Proof For any integer k,1 < k < m, if (a Ry +k, +s) is a subring of (Rx; +4, °¢) OF 
cs (| R, = 0, then S= U (s () Ri) is a multi-subring by definition. 


i=1 
Now if § = U Sj, is a multi-subring of (R:O; tS On) with a double operation set 
jal 
O; (S) ={+i,1< j < s} and O2(S) = {+;,1 < j < s}, then (Sj); +i,. +, 
(Ri, +i;,+i;). Therefore, S;, = Ri, any for any integer 7,1 < j < s. But csi = @ for 


other integer / € {i,1 <i<m}\{ij;1<j< 5}. O 


) is a subring of 


Applying the criterions for subrings of a ring, we get a result for multi-subrings by 


Theorem 3.3.1 following. 


Theorem 3.3.2 For a multi-ring (R:0; 4 On) with R = L) Ri, a subset S Cc Rwith 
i=l 

(Ss) = O(R) is a multi-subring of R if and only if(ST) Rj; +;) < (Rj; +;) and (S; i) is 

complete for any double operation (+ ;,-;) € 0(s). 


Proof According to Theorem 3.3.1, we know that S is a multi-subring if and only 
if (S Ris +i, ‘) is a subring of (Rj; +;,-;) or SOR; = @ for any integer i,1 < i < m. 
By a well known criterion for subrings of a ring (see [NiD1] for details), we know that 
‘ia Rj; +;, ‘/) is a subring of (R;; +;, -;) if and only if (a Ke +;) < (Rj; +;) and (5; i) is 
a complete set for any double operation (+;,-;) € O (5). L 


A multi-ring (R:O; — On) with O, ={-j|1 <i < }, O2 = {+1 < i < J} is integral if 
for Va,b € # and an integeri, 1 <i<l,a-;b=b-+a,1, #04; anda-; b = 0,, implies 
that a = 0,, or b = 0,,. If / = 1, an integral /-ring is the integral ring by definition. For the 
case of multi-rings with finite elements, an integral multi-ring is nothing but a multi-field, 


such as those shown in the next result. 


Theorem 3.3.3 A finitely integral multi-ring is a multi-field. 


Proof Let (R:O; tS Or) be a finitely integral multi-ring with R= {a}, d2°**,Qn}, 
where O, = {-|l < i < J}, O2 = {4,|1 < i < J}. For any integer i, 1 < i < /, choose an 


element a € R and a # 0,,. Then 
Aja), Aj A2,°**, Ai Ay 


are n elements. If a-; dy = a+; Gd, 1.€., A+; (ds +; a) = 0,,. By definition, we know that 


dy +i a = 0+;, namely, a, = a,. That is, these a+; a), a+; dz,--+, a+; d, are different two 
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by two. Whence, 


R= {44 Qjy. G37 ly, Beds |. 


1 


Now assume a -; ds; = 1.,, then a" = ds, 1.e., each element of R has an inverse in 


(R; -;), which implies it is a commutative group. Therefore, (R:; +i, ‘/) is a field for any 


integeri,1 <i<l. 


Corollary 3.3.1 Any finitely integral domain is a field. 


3.3.2, Multi-Ideal. A multi-ideal I of multi-ring (R:O; ny On) is such a multi-subring 
of (R; O12 On) satisfying conditions following: 
(1) Tisa multi-subgroup with an operation set {+/+ € Op (7); 


(2) For any r € R,aélandxe O; (7), rxaélandaxre T provided all of these 


operating results exist. 


Theorem 3.3.4 A subset I with O, (7) cO; (R), O> (D Cc 02(R) of a multi-ring (R:O; = On) 
with R = L) Ri, O1 (R) = {x;| 1 < i < m} and O, (R) = {+,| 1 < i < m} is a multi-ideal 
i=l 
if and only if (TO R,, +; x;) is an ideal of ring (R;, +;, X;) Or Ti) R; = 0 for any integer 
iil<i<m. 
Proof By the definition of multi-ideal, the necessity of these conditions is obvious. 
For the sufficiency, denote by R(+, X) the set of elements in R with binary operations 
“+” and “x” . If there exists an integer i such that 70 R; # 0 and (ia R;, +:, x;) is an 
ideal of (R;, +;, X;), then for Va € ™1 R,, Vr; € R;, we know that 


1 Xj a eT )Ri: aX Vi eT )Ri. 
Notice that R(+i, X;) = R;. Therefore, we get that 


rxaeT( )\R and ax:reT{ )R;, 


forVréER provided all of these operating results exist. Whence, Tis a multi-ideal of R. 


3.3.3 Multi-Ideal Chain. A multi-ideal of a multi-ring (R;O, — Oz) is said to be 
maximal if for any multi-ideal /’, R 2 I’ D J implies that J’ = R or J’ = J. For an order 
of the double operations in O(R) of a multi-ring (R:O; a Or), not loss of generality, 
let it to be (44,1) > (49, X2) > +++ > (4m, Xm), we can define a multi-ideal chain of 


(R; Oi> On) by the following programming. 
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(1) Construct a multi-ideal chain R > Ri D Re Dee D Ris, under the double 
operation (+1, X;), where Ri is a maximal multi-ideal of R and in general, Ricci isa 


maximal multi-ideal of Rj; for any integeri, 1<i<m-1. 


(2) If a multi-ideal chain R D> Ry, > Ri D -*: D Ris, Des D Ra D+: D Ris, 
has been constructed for (+,, x ,) > (+2, X2) > +++ > (4;,x;), 1 < i < m-—1, then 
construct a multi-ideal chain of Ry by Aig D Resin =) Res Dee D Resirs; under 


the double operation (+;,;, X;4;), where Revit is a maximal multi-ideal of Ris, and in 
general, Rosine) is a maximal multi-ideal of Rear) ; for any integer j,1 < j < s;— 1. 
Define a multi-ideal chain of R under (44,1) > (40,X2) > +++ > (H+in1, X41) to be 
ROR 5 Rig Seay a Res Rea St SR patieass 

We get a result on multi-ideal chains of multi-rings following. 
Theorem 3.3.5 For a multi-ring (R: OO; On) with R = U R,, its multi-ideal chain has 


finite terms if and only if the ideal chain of ring (Rj; +i, X;) ae finite terms, i.e., each ring 


(Ri; +i, X;) is an Artin ring for any integer i, 1 <i<m. 


Proof Let 


(+1, X1) > (42, X2) > ++ > Aims Xm) 
be the order of these double operations in O (R) and let 
R, > Ry > o> Ris 


be a maximal ideal chain in ring (Rj; +), X;). Calculation shows that 


Ru =R\{Ri\ Ru} =Ru lJ JR. 
i=2 


Rin = Ri, \ (Ria. \ Rint = Rin LJ R- 
According to Theorem 3.3.4, we know that 
ROR S Rip Doo TR 


is a maximal multi-ideal chain of R under the double operation (+;, X;). In general, for 


any integer i, 1 < i < m— 1, we assume that 


Ree Ky oo > Re 
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is a maximal ideal chain in ring (Ry-1),_,3 +i, Xi). Calculation shows that 


Ry = Ral JL) Ba) Rd. 


j=itl 
Then we know that 


Kip 2 Ka DK Se he 


is a maximal multi-ideal chain of Reniyn, under the double operation (+;, x;) by Theorem 
3.3.4. Whence, if the ideal chain of ring (R;; +;, X;) has finite terms for any integer i, 1 < 
i < m, then the multi-ideal chain of multi-ring R only has finite terms. Now if there exists 


an integer ip such that the ideal chain of ring (R;,, +i), X;)) has infinite terms, then there 


ig? 


must also be infinite terms in a multi-ideal chain of multi-ring (R: Or On). 


A multi-ring is called an Artin multi-ring if its each multi-ideal chain only has finite 
terms. We get a consequence following by Theorem 3.3.5. 
Corollary 3.3.2 A multi-ring (R:O; > On) with R = |) R; and a double operation set 
i=l 
O(R) = {(+;, X)| 1 < i < m} is an Artin multi-ring if and only if each ring (R;; +, X;) is 
an Artin ring for integers i, 1 <i < m. 
For a multi-ring (R:O; cs On) with R = |) R; and double operation set O(R) = 
i=l 
{(+;, X;)| 1 < i < m}, an element e is an idempotent element if e2 = e x e = e for a double 


binary operation (+, x) € O (R). Define the directed sum I of two multi-ideals ii b by 
()T=hUb; 
(2) i () i = {0,}, or a () i = 0, where 0, denotes the unit under the operation +. 


Such a directed sum of 1), / is usually denote by 


7-7 DE. 


Now if J = ii Oh for any iy, implies that i = Tor L = 1, then / is called 


non-reducible. We get the following result for Artin multi-rings. 


Theorem 3.3.6 Every Artin multi-ring (R:; Oi, Or) with R = U R; and a double opera- 
i=1 


tion set O (R) = {(4+,, X;)| 1 < i < m} is a directed sum of finite non-reducible multi-ideals, 


and if (Ri; +i, Xi) has unit 1y, for any integer i, 1 < i < m, then 


R= Hoa x; €;;) ei x; Ri)), 
i= j= 
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where e;;, 1 < j < s; are orthogonal idempotent elements of ring (Rj; +i, Xi). 
j J § Pp & 


Proof Denote by M the set of multi-ideals which can not be represented by a directed 
sum of finite multi-ideals in R. According to Theorem 3..3.5, there is a minimal multi- 
ideal is in M. It is obvious that Ty is reducible. 

Assume that i — fa + b. Then vA ¢ M and iG ¢ M. Therefore, i and b can be 
represented by a directed sum of finite multi-ideals. Thereby Tp can be also represented 


by a directed sum of finite multi-ideals, contradicts to that i eM. 


Now let . 
R-@i. 
i=1 


where each i. 1 <i < sis non-reducible. Notice that for a double operation (+, x), each 


non-reducible multi-ideal of R has the form 
(e x R(Xx)) eco xe), e€ R(x). 


Whence, there is a set T C R such that 


R= BG (e x R(x)) Roo xe). 


e€T, x€O(R) 
Now let 1, be the unit for an operation x € O(R). Assume that 
l.=e,0@@::-@e,e€T, l<i<s. 


Then 
e; X ly = (e; X e;) ® (e; X 0) ®--- @ (Ee; X e)). 


Therefore, we get that 
e; =e; Xe; =e; and e;Xe,=0; for iF j. 


That is, e;, 1 < i < / are orthogonal idempotent elements of R(x). Notice that R(x) = R, 
for some integer h. We know that e;, 1 < i < / are orthogonal idempotent elements of the 


ring (Rj, +n, Xn). Denote by e;; for e;, 1 < i < /. Consider all units in R, we get that 


R = Hoe Xi eij) ei x; Rj). 
=1 jz 


This completes the proof. L 
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Corollary 3.3.3. Every Artin ring (R;+, xX) is a directed sum of finite ideals, and if 


R= ® Rié;, 


where e;, 1 < i < s are orthogonal idempotent elements of ring (R; +, X). 


(R 3+, X) has unit 1, then 


§3.4 VECTOR MULTI-SPACES 
~ &k 
3.4.1 Vector Multi-Space. Let V = LU V; be a complete multi-space with an operation 
i=l 


set 0(V) = {(4;,-;) | | < i < m} and let F= U F; be a multi-filed with a double operation 
set O(F) = {(+;, X;)| 1 < i < k}. If for any integers 7, 1 <i < k, (V;; F;) is a vector space 
on F; with vector additive “+,” and scalar multiplication “-;” , then V is called a vector 
multi-space on the multi-filed F. , denoted by (V; F). 

For subsets V, Cc Vand F. 1c F. , if (Vis F 1) is also a vector multi-space, then we 
call (Vi: F :) a vector multi-subspace of (V; F). Similar to the linear spaces, we get the 


following criterion for vector multi-subspaces. 


Theorem 3.4.1 For a vector multi-space (V; F), V; Cc Vand F, CF, (Vi; F\) is a vector 
multi-subspace of (V; F) if and only if for any vector additive “+”, scalar multiplication 
“." in (Vi; Fi) and Va,b € V, Vae F, 


a-atbe V; 


provided these operating results exist. 
~ ok ~ &k ee ee 
Proof Denote by V = U V;, F = U F;. Notice that V; = U (V, () Vi). By definition, 
i=l i=l i=l 

we know that (Vi; F 1) is a vector multi-subspace of (V; F) if and only if for any integer 
il <i< k, (V, (\ Vi; +:, ‘/) is a vector subspace of (V;, +;,-;) and F, is a multi-filed 
subspace of ForVi QV; =9. 

By Theorem 1.4.1, we know that (V, () Viz +: ‘) is a vector subspace of (V;, +;, -;) for 


any integer i, 1 <i < kif and only if for Va, b € Vi ()\V;, a € Fi, 
a; a+;b € V, () V;. 


That is, for any vector additive “+” , scalar multiplication “-” in Vi: F 1) and Va,b € V, 
y p 


Va € F, if a-atb exists, then a- atbe V). 
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Corollary 3.4.1 Let (U : F 1) : (Ww: F. 2) be two vector multi-subspaces of a vector multi- 
space (V; F). Then (U () WwW: Fi () F,) is a vector multi-space. 


3.4.2 Basis. For a vector multi-space (V: F), vectors @),@,°'',a, € V,z if there are 


scalars @1,Q2,°:+,@, € F such that 
Gy +1 B41 +2 AQt2 +++ $y-1n *n An = O, 


where 0 € V is the unit under an operation “+” in V and +;,-;€ O (V). then these vectors 
a), @,---+,@, are Said to be linearly dependent. Otherwise, vectors a), a),---, a, are said 
to be linearly independent. 

Notice that there are two cases for linearly independent vectors a), a,---,a, ina 


vector multi-space: 


(1) For scalars a@),Q@2,---,a@, € F, if 
Gy +) AY +12 +2 AQ42°+* t-1An *n An = O, 


where 0 is the unit of V under an operation “+”in O (Vv). thena; = 0;,,0% =04.°°") a= 
0,,. where 0,, is the unit under the operation “+;” in F for integer i, 1 <i <n. 


(2) The operating result of a; +; a) +)@2-2a+2- ++ +,-1@n*n Ay does not exist in (V; F). 


Now for a subset Sc V, define its linearly spanning set (S) by 
(S) ={ala=q, 1 aj+1a *y Aoto-:: EV,a; e S,a; e F,i> 1}. 


For a vector multi-space (V; F), if there exists a subset cS c V such that V = (S}, 
then we say S is a linearly spanning set of the vector multi-space V. If these vectors in a 
linearly spanning set S of vector multi-space V are linearly independent, then S is said to 
be a basis of (V; F). 


= ~ ok ~~ &k 
Theorem 3.4.2 A vector multi-space (V; F) with V = -) V;, F = U F; has a basis if each 
i=l i=l 


vector space (V;; F;) has a basis for integers 1 <i<n. 


Proof Let A; = {aj1,ai2,°+*, Ajin,} be a basis of vector space (V;; F;) for 1 < i < k. 
Define : 
A = Jai. 
i=1 


Then A is a linearly spanning set for V by definition. 
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If these vectors in A are linearly independent, then A is a basis of V. Otherwise, 
choose a vector b; € A and define Ai = A\ {by}. 

If we have obtained a set A., s > 1 and it is not a basis, choose a vector b,,) € A, 
and define Aya a A, \ {Doar}. 

If these vectors in Ay are linearly independent, then Reg is a basis of V. Otherwise, 


we can define a set A,,2 again. Continue this process. Notice that all vectors in A; are 


linearly independent for any integer i, 1 < i < k. Thus we finally get a basis of V. 


A multi-vector space V is finite-dimensional if it has a finite basis. By Theorem 3.4.2, 
if the vector space (V;; F;) is finite-dimensional for any integer i, 1 < i < k, then (V; F) 


is finite-dimensional. On the other hand, if there is an integer ip, 1 < ig < k such that the 


; F;,) is infinite-dimensional, then (V; F) must be infinite-dimensional. 


vector space (V;,; 


This fact enables one to get a consequence following. 


_ es k - k 

Corollary 3.4.2 Let (V; F) be a vector multi-space with V = \) V;,F = UU F;. Then 
i=l i=l 

(V; F) is finite-dimensional if and only if (V;; +;,+;) is finite-dimensional for any integer 


LLStek 
Furthermore, we know the following result on finite-dimensional multi-spaces. 


Theorem 3.4.3 For a finite-dimensional multi-vector space (V: F), any two bases have 


the same number of vectors. 


Proof Let V = U V; and F = U F;. The proof is by the induction on k. For k = 1, 
the assertion is true by Corollary LAL. 

If k = 2, let W,, W2 be two subspaces of a finite-dimensional vector space. By 
Theorem 1.4.5 if the basis of W, (\ W2 is {a;, a2,---,a;}, then the basis of W, ) W> is 


{a1, a2,°°*, a, Dist, Dis0, oar Daimw, 9 Cr41,CrH2,°°", CaimWy}> 


where {a, a,°-+, a, Di, Dy+2,°-+, Daimw,} is a basis of W; and {aj, a2,---, ay, Cr41, Cr42, 
++, Caimw,} a basis of Wp. 
Whence, if V = W; J W2 and F = F \ Fo, then the basis of V is 


(81, A2,°°+, A, Dest, Dyza,° °°, Daimw, 9 Cro 15 C2577 7, Caan ts 


Now assume the assertion is true for k = /,/ > 2. We consider the case of k = /+ 1. 
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Notice that 
v= U “JU Views F= U Fil JF 
i=] i=] 
By the induction assumption, we know that any two bases of the multi-vector space 


1 I I 
(U VisU F have the same number p of vectors. If the basis of (U vi () Vie1 iS {€1, 2, 


i=1 i=l i=l 
---,e,}, then the basis of V is 


{e,, Co,°°° en, Lets £4; a 39 f,,, Bnt+1>Bn42.°° "> SdimV. Js 


i i 
where {€1, €2,-++, €n, fn41, f42,-°-,£,} is a basis of (U Val F and {e1,€2,°-+,€n, n+1, 


i=1 i=1 
Sn425°°*» Sdimv,,,} iS a basis of Vj,;. Whence, the number of vectors in a basis of V is 


pt+dimV,,, —n for the casen =/+ 1. 


Therefore, the assertion is true for any integer k by the induction principle. L] 


3.4.3 Dimension. By Theorem 3.4.3, the cardinal number in a basis of a finite dimen- 


sional vector multi-space V is defined to be its dimension and denoted by dimV. 
i ee 
Theorem 3.4.4(dimensional formula) For a vector multi-space (V; F) with V = ) V; and 
i=l 


= » ee aes 
F = U F;, the dimension dimV of (V: F) is 


i! 
dimV = yep" Dy dim (Vin () V2 () es () Vii) : 
i=1 {i1,i2,---,ti} C{1,2,---,k} 


Proof The proof is by induction on k. If k = 1, the formula is turn to a trivial case 
dimV = dimV,. If k = 2, the formula is 


dimV = dimV, + dimV, - dim(V; [| dimV2), 


which is true by Theorem 1.4.5. 
Now assume that the formula is true for k = n. Consider the case of k = n+ 1. 


According to Theorem 3.4.3, we know that 


dimV = tin{ v| + dimV,,.; — dim ( v| () vn 


i=l 


tin{ J v| +dimV,.1— tim 


i=1 


n 


i=l 
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= dimV,,1 + yep"! > dim(Via (Vi ()---() Via) 
i=] n} 


{i1,i2,---,i}C{1,2,---, 
+ Yen"! YY dim (Vi 1} Vin) Vi) Viet) 
i=l {i1,72,---,i7}C{1,2,---,n} 
= > ep! 
i=l 


; dim(Va( \Vo{ )---( Vii). 


By the induction principle, the formula is true for any integer k. 


{i1,i2,---,}C{1,2,---, 


As a consequence, we get the following formula. 


Corollary 3.4.3(additive formula) For any two vector multi-spaces Vig Vas 


dim(V, LU V2) = dimV, + dimV, — dim(V, ( V2). 


§3.5 MULTI-MODULES 


3.5.1 Multi-Module. The multi-modules are generalization of vector multi-spaces. Let 
O={+;|1<i< m}, O; = {-|l < i < m} and QO» = {4,1 < i < m} be operation sets, 
(@;O) a commutative m-group with units 0,, and (@;O, — O>2) a multi-ring with a unit 
1. for V- € O,. For any integer i, 1 <i < m, define a binary operation x;: 4x W > @ 
by ax; x fora € &, x € @ such that for Va,b € Z, Vx,y € , conditions following 
hold: 

(1) ax; (xt; y) = ax, x +; aX; y; 

(2) (at+;b) X; x = aX; x +; bX; x; 

(3) (a+; b) x; x = ax; (bX; x); 

(4) Lx;x = x. 
Then (.@; O) is said an algebraic multi-module over (#;O, — O2) abbreviated to an m- 
module and denoted by Mod(.@(O) : Z(O, — O>)). In the case of m = 1, It is obvious 
that Mod(.4@(O) : Z(O, — O2)) is a module, particularly, if (@;O, — O>2) is a field, 
then Mod(.4@(O) : Z(O; — O2)) is a linear space in classical algebra. 

For any integer k, a; € & and x; € -@, where | < i, k < s, equalities following are 


hold by induction on the definition of m-modules. 
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aX (x1 +4 X2 +h +E Xs) = AXE XY +, A XE Xa tee +e As XE X, 
(ay +pdotp- ++ +pds) Xp X = Ay Xp X AK Ad Xe KAR +E As XE, 
(Ay +k G2 e+ As) Xp X = Ay XK (G2 Xeo + X (As XE -X) ++) 
and 


1 Xi; am Xin see Xin Ch Xi, x) ee -) =x 
for integers i,,12,---, i, € {1,2,---,m}. 
Notice that for Va,x €.@,1<i<m, 
ax; x£=aX%; @+;0,) = ax; x4; 0 %; 03, 

we find that a x; 0,, = 0,,. Similarly, 0;, x; a = 0,,. Applying this fact, we know that 

aX; Xt) a, Xj)X= (at+ia; ) SaaS 0e Xi rH Oy, 
and 

AX; X +; AX; X, = aX; (x +; X,,) = ax;0,, = 0,,. 
We know that 

(4 Xi X),, = Ay, XiX = AX; X,,. 

Notice that a x; x = 04, does not always mean a = 0;, or x = 0,, in an m-module 
Mod(.4(O) : Z(O; — O2)) unless a,_ is existing in (&; +:, +;) if x # 04,. 

Now choose Mod(.4%(O) : #\(O; — O})) an m-module with operation sets O; = 
{+Hi|1<ism},O} ={jll <i<m},O,= {4)|1 < i< m} and Mod(.4@%(O;) : RIO, 
O2)) an n-module with operation sets O, = { #//| 1 < i < n}, OF = {3|1 < i < nh, 
O2 = {4:|1 < i < n}. They are said homomorphic if there is a mapping 6: M > M 
such that for any integer 7,1 <i<m, 

(1) (x +) y) = e(x) +” uy) for Vx, y € 4, where (+1) = +” € Op; 

(2) Wax; x) = aX; Ux) for Vx E.G. 

If c is a bijection, these modules Mod(.4%(O)) : Z\(O; — O3)) and Mod(.4(O2) : 
(0; — O5)) are said to be isomorphic, denoted by 


Mod(.4(O;) : &O; —= O5)) > Mod(.4(O>2) 4 Ky(O* = O3)). 


Let Mod(.4(O) : Z(O, — Oz)) be an m-module. For a multi-subgroup (-V ; O) of 
(@;O), if for any integer i, 1 <i < m,ax;x € W for Va € & and x € YW, then by 
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definition it is itself an m-module, called a multi-submodule of Mod(.4(O) : Z(O, — 
O>)). 

Now if Mod(.V (O) : 2(O; — O2)) is a multi-submodule of Mod(.4(O) : ZO; 
O2)), by Theorem 2.3.2, we can get a quotient multi-group sates with a representation 


pair (R, P) under operations 


(at+;V)+ (b+; %V)=(atd)+;4% 


for Va, b € R,+ € O. For convenience, we denote elements x +; 4 in Rp) by x, For 


an integer i, 1 <i< mand Vae &, define 
ax; x9 = (ax; x). 

Then it can be shown immediately that 

(1) ax; @® +; y®) = ax; x 44x; y9; 

(2) (a+;b) Xi xo =ax; xo +e b Xj xO; 

(3) (aj b) x x0 = ax; (bx; x); 

(4) 1, x; xO = xO, 
i.e.,(4| (rb): #) is also an m-module, called a quotient module of Mod(./@(O) : 2O1 > 
O2)) to Mod(.V (O) : B(O; — O2)). Denoted by Mod. 4/1). 


The result on homomorphisms of m-modules following is an immediately conse- 


quence of Theorem 3.2.7. 


Theorem 3.5.1 Let Mod(.4(O,) : Z\(O; — O})), Mod(.4(O2) : Z(O; — O35)) be 
multi-modules with O, = { +,|1<i< mj, 0, ={+/|1<i<nj,O} ={j|l<is< mi, 
O} = {4)|1 <i < m}, OF = {21 <i < n}, OF = {47|1 <i < n} andi: Mod. G(O)) : 
#O; cy O5)) — Mod(.4(O2) : RAO; — O35) be a onto homomorphism with 
(L(O2); O2) a multi-group, where I (05) denotes all units in the commutative multi-group 


(M;O>). Then there exist representation pairs (R,, Pi: (Ro, P>) such that 
Mod(.4/ )\iz,.7,) = Mod(.4(O2)/L (Orr, 7,» 


where WV = Ker is the kernel of t. Particularly, if (£(O2); O2) is trivial, i.e., |Z(O2)| = 1, 
then 
Mod(.4/.N |e, p) ~ Mod(.4(O2): 2(O; > O3))|e,7,)- 
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Proof Notice that (Z(O2); O2) is a commutative multi-group. We can certainly con- 
struct a quotient module Mod(.4(O2)/L(O2)). Applying Theorem 3.2.7, we find that 


Mod(.4/N a, 7,) ~ Mod(4(02)/L(O2))\,,3,)- 


I 


Notice that Mod(.4(O2)/I(O2)) = Mod(.4(O2) : #(O} — O35)) in the case of 
|Z(O>)| = 1. We get the isomorphism as desired. L 


Corollary 3.5.1 Let Mod(.4@(O) : ZO; — O2)) be an m-module with O = { +;| 1 < 


i < mj, O, = {-|l < i < mj, O2 = {4,|l < i < mj, M a module on a ring (R;+,-) and 


t: Mod(.4%(O;) : ZO; — O3)) > Ma onto homomorphism with Ker = .. Then 


there exists a representation pair (R’, P) such that 
Mod(.4// lea = M, 
particularly, if Mod(.@(O) : #(O; — O2)) is amodule M, then 


MIN =~ M. 


3.5.2 Finite Dimensional Multi-Module. For constructing multi-submodules of an m- 
module Mod(.@(O) : ZO; — Opz)) withO = { +;| 1 < i < m}, O; = {-|l < i < mj, 
O, = {+,|1 < i < m}, a general way is described in the following. 

Let S cM with |S| = n. Define its linearly spanning set (S|) in Mod(.4(O) : 
#(O; — Oz)) to be 


(S|Z) = (6 Day Xi 3%; aij € &, Xij € s}. 
i=l j=l 


where 
m n 
BG Dai XipXi = Ay X1 X11 Hy 0+ +1 Ain X1 X1n 
i=l j=l 
1 
+! ap) X2 X21 +2 °° * 12 Aan X2 Xn 
MN Nise f petaliea dy hie pitas cots aaa 40) 
Amt Xm Xmi +m ° +? Hm Ann Xm Xmn 
m 
with +, +@,+© € O and particularly, if +; = +) = --: = +, , it is denoted by >) x; 


i=1 


as usual. It can be checked easily that (S|Z) is a multi-submodule of Mod(.4(O) : 


Sec.3.5 Multi-Modules 99 


KO; — Oy)), call it generated by S in Mod(.4(O) : #(O; — O>)). If S is finite, we 
also say that (S|Z) is finitely generated. Particularly, if S = {x}, then (S|Z) is called a 
cyclic multi-submodule of Mod(.4@(O) : #(O; — O2)), denoted by #x. Notice that 


RX -| Paxsiaea} 
i=1 


by definition. For any finite set S, if for any integer s,1 <s<™m, 


m 


Si 
6 ij Xi Xi = O1, 
=] 


=e 
implies that aj; = 0;, for 1 <i < m,1< j <n, then we say that {x;|l1 <i<m,1<j<n} 
is independent and S a basis of the multi-module Mod(.@(O) : Z(O, — O2)), denoted 
by (S|) = Mod(.“(O) : RO; — O,)). 

For a multi-ring (2; O, — O 2) with a unit 1. for V- € O;, where O, = {-;|1 < i < m} 


and O, = {4+;|1 < i < m}, let 
R™™ = {(X1, X05°°' Mn HE B11 <i <n}. 
Define operations 
(X15 X25°° + Xn) +i 1, Yas Yn) = (1 4iM1, X2FiV2,°° + An tin), 


DHE Mig Mag??? Mn) S(O Mig ih a Xe 


for Va € & and integers | < i < m. Thenit can be immediately known that 2” is a multi- 
module Mod(%™ : ZO, — Oz)). We construct a basis of this special multi-module in 
the following. 


For any integer k, 1 < k <n, let 
e| = Ups Ox,s an 505,95 


eo = (0i,, ly =, 03,5 


Notice that 


(X15; ° . aig Nn) =X XK C1 HE XQ XK C2 Hee He Xn XK Cn. 
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We find that each element in. #4” is generated by e;, €2,---,e,. Now since 


(x1, XQ,°°", Xn) = (ges Og, ore = UE) 


implies that x; = 0;, for any integer i,1 < i < n. Whence, {e),€2,---,e,} is a basis of 
Mod( 2” : KO; = O>)). 


Theorem 3.5.2 Let Mod(.4@(O) : ZO; — O>)) = (S|) be a finitely generated multi- 


module with S = {u),Uo,---,U,}. Then 


Mod(.4(O) : BO; — Or)) ~ Mod(Z@™ : ZO; — Od)). 
Proof Define a mapping ? : .@(O) — 2” by Hu;) = e;, Wa X; uj) = aX; e; and 
(uj +, Uj) = ej +, €; for any integers i, j,k, where 1 < i, j,k <n. Then we know that 


n n 


man Ba jj Xj; Uj) = an BG Ajj X; &j. 


isl j=l i=l j=l 
Whence, # is a homomorphism. Notice that it is also 1 — 1 and onto. We know that # is 
an isomorphism between Mod(./(O) : ZO; — O2)) and Mod(Z™ : ZO, — O>)).0 


§3.6 RESEARCH PROBLEMS 


3.6.1 The conceptions of bi-group and bi-subgroup were first appeared in [Mag1] and 
[MaK1]. Certainly, they are special cases of multi-group and multi-subgroup. More 


results on bi-groups can be found in [Kan1]. We list some open problems in the following. 


Problem 3.6.1 Establish a decomposition theory for multi-groups. 
In group theory, we know the following decomposition result for groups. 


Theorem 3.6.1({[Rob1]) Let G be a finite Q-group. Then G can be uniquely decomposed 


as a direct product of finite non-decomposition Q-subgroups. 


Theorem 3.6.2({[Wanl]) Each finite Abelian group is a direct product of its Sylow p- 


subgroups. 


Then Problem 3.6.1 can be restated as follows. 


Problem 3.6.2 Whether can we establish a decomposition theory for multi-groups similar 


to the above two results in group theory, especially, for finite multi-groups ? 
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Problem 3.6.2 Define the conception of simple multi-groups. For finite multi-groups, 


whether can we find all simple multi-groups? 
We have known that there are four simple group classes following ((XHLL1)): 
Class 1: The cyclic groups of prime order; 
Class 2: The alternating groups A,,n > 5; 
Class 3: The 16 groups of Lie types; 
Class 4: The 26 sporadic simple groups. 
Problem 3.6.3 Determine the structure properties of multi-groups generated by finite 


elements. 


For a subset A of a multi-group G, define its spanning set by 
(A) = {ao dla, b € A and o € OG). 


If there exists a subset A C G such that G = (A), then call G is generated by A. Call G 
finitely generated if there exist a finite set A such that G = (A). Then Problem 3.6.3 can 


be restated as follows: 


Problem 3.6.4 Can we establish a finite generated multi-group theory similar to that of 


finite generated groups? 


Problem 3.6.5 Determine the structure of a Noether multi-ring. 


3.6.2 A ring R is called to be a Noether ring if its every ideal chain only has finite terms. 
Similarly, for a multi-ring R, if its every multi-ideal chain only has finite terms, it is called 


to be a Noether multi-ring. 


Problem 3.6.6 Can we find the structures of Noether multi-rings likewise that of Corol- 
lary 3.3.3 and Theorem 3.3.6? 


Problem 3.6.7 Define a Jacobson or Brown-McCoy radical for multi-rings similar to 


that in rings, and determine their contribution to multi-rings. 


3.6.3 Notice that Theorems 3.4.2 and 3.4.3 imply that we can establish a linear theory for 
multi-vector spaces, but the situation is complex than that of classical linear spaces. The 


following problems are interesting. 
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Problem 3.6.8 Similar to that of linear spaces, define linear transformations on vector 


multi-spaces. Can we establish a matrix theory for those linear transformations ? 
Problem 3.6.9 Whether a vector multi-space must be a linear space? 
Conjecture 3.6.1 There exists non-linear vector multi-spaces in vector multi-spaces. 


If Conjecture 3.6.1 is true, there is a fundamental problem on vector multi-spaces 
should be considered following. 
Problem 3.6.10 Can we apply vector multi-spaces to those non-linear spaces? 
3.6.4 For a complete multi-space (A: ;O (A)), we can get a multi-operation system A. For 


example, if A is a multi-field F = U) F; with a double operation set O(F) = {(+;,;)| 1 < 
i=1 


i < n}, then (F: +1, +2,°°°, +n); (F: X1,Xa,°°*, ~) and (F; (+1, X1)s (40, X2)5°° +5 (Ans x,)) 
are multi-operation systems. By this view, the classical operation system (R ;+) and 
(R ; xX) are systems with one operation. For a multi-operation system A, we can de- 
fine these conceptions of equality and inequality, ---, etc.. For example, in the multi- 
operation system (F sti,to.cc', +n), we define the equalities =;, =2,---,=, such as those 
in sole operation systems (F; +1). (F: +2), ree, (F; +n)s for example, 2 =, 2,1.4 =, 
1.4,---, V3 =, V3 which is the same as the usual meaning and similarly, for the con- 
ceptions 21, 2o,°"", 2y atid <1, <9,°°*, S). 


In the classical operation system (R; +), the equation system 


x+24+4+6 = 15 


x+1+3+6 12 


x+14+44+7 = 13 
can not has a solution. But in (F: +1, +9,°°°, +n)s the equation system 


x+,24+,4+),6 =| 15 
X +. 14.3426 =2 12 


x+31434437 =3 13 
has a solution x if 


15 44 (Di (-—-4) Hi (16), = 126 1) te (—-3) 43-6) 
13 +3 (-1) +3 (-4) +3 (-7). 
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in (F: 3+), +02,°°:,+n). Whence, an element maybe have different disguises in a multi- 


operation system. 


Problem 3.6.11 Find necessary and sufficient conditions for a multi-operation system 
with more than 3 operations to be the rational number field Q, the real number field R or 


the complex number field C. 


For a multi-operation system (N ; (+1, X1), (+2, X2),°+*, (+n, Xn)) and integers a, b,c € 
N, if a = bx; c for an integer i, 1 < i < n, then b and c are called factors of a. An integer 
p is called a prime if there exist integers n,, m2 and i, 1 < i < n such that p = n,; X; no, then 
DP = Nn, Or p = ny. Two problems for primes of a multi-operation system (N ; (41, X;), 


(+2, X2),°**, (+n, Xn)) are presented in the following. 


Problem 3.6.12 For a positive real number x, denote by 7,,(x) the number of primes < x 


in (N 3 (+1, X1), (+2, X2).°°*5 (+n, Xn)). Determine or estimate T(x). 
Notice that for the positive integer system, by a well-known theorem, i.e., Gauss 
prime theorem, we have known that 


mx) ~ a 
logx 


Problem 3.6.13 Find the additive number properties for (N ; (+1, X1)5 (+2, X2),°* +5 (Ans Xn)) 
for example, we have weakly forms for Goldbach’s conjecture and Fermat’s problem as 


follows. 


Conjecture 3.6.2 For any even integer n,n > 4, there exist odd primes p,, p2 and an 


integer i, 1 <i <nsuch thatn = p, +; P2. 


Conjecture 3.6.3. For any positive integer q, the Diophantine equation x4 + y1 = z4 has 


non-trivial integer solutions (x, y, z) at least for an operation “+;” with 1 <i<n. 


3.6.5 A Smarandache n-structure on a set S means a weak structure {w(0)} on S such 
that there exists a chain of proper subsets P(n — 1) Cc P(n- 2) Cc --- Cc P(1) C S whose 
corresponding structures verify the inverse chain {w(n — 1)} D {w(n—2)} D---D {w)} D 


{w(0)}, i.e., structures satisfying more axioms. 


Problem 3.6.14 For Smarandache multi-structures, solves Problems 3.6.1 — 3.6.10. 


CHAPTER 4. 


Multi- Voltage Graphs 


There is a convenient way for constructing regular covering spaces of a graph 
G in topological graph theory, i.e., by a voltage assignment a : G — T on 
G, first introduced by Gustin in 1963 and then generalized by Gross in 1974, 
where (I; 0) is a finite group. Youngs extensively used voltage graphs in prov- 
ing Heawood map coloring theorem. Today, this approach has been also ap- 
plied for finding regular maps on surface. However, there are few attentions 
on irregular coverings of graphs. We generalize such graphs G by a voltage 
assignmenta : G > Ttoa:G— T, 16 multi-voltage graphs, where 
(I; O) is a finite multi-group. By applying results in last chapter, two kind of 
multi-voltage graphs are introduced for finding irregular coverings of graphs. 
Elementary properties and results on these multi-voltage graphs are obtained 
in Sections 4.2-4.3. Furthermore, we also construct graph models for alge- 
braic multi-systems, including Cayley graphs on multi-groups in Section 4.4 
and get results on structural properties of algebraic systems by such graph 


models. 
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§4.1 VOLTAGE GRAPHS 


4.1.1 Voltage Graph. Let G be a connected graph and (I; 0) a group. For each edge 
e € E(G),e = wy, an orientation on e is such an orientation on e from u to v, denoted 
by e = (u,v), called the plus orientation and its minus orientation, from v to u, denoted 
by e"! = (v,u). For a given graph G with plus and minus orientation on edges, a voltage 
assignment on G is a mapping o from the plus-edges of G into a group I satisfying 
o(e!) =o '(e), e € E(G). These elements o-(e), e € E(G) are called voltages, and (G, ~) 
a voltage graph with a voltage assignment7: GT. 

For a voltage graph (G, 0) with a voltage assignment 0 : G — I, its lifting G7 = 
(V(G"), E(G”); I(G7)) 1s defined by 


V(G’) = V(G) XT, and V(u,a) € V(G) xT is abbreviated to uy, 
E(G”) = {(tas Vaop)le* = (u, v) € E(G), o(e*) = b} 

and 
I(G") = {(Ua, Vaop IL (e) = (Ua, Vaob) iy e= (Ua; Vaob) € E(G)}: 


For example, let G = K3 and I = Z. Then the voltage graph (K3, 0) with 0 : K3 — Z) 


and its lifting are shown in Fig.4.1.1. 


Uo 
u 
uy 
0 1 
Ww Vo 
WwW 0 Vv Ww Vy] 
(G,o) G° 
Fig.6.1.1 


Let (G;o) be a voltage graph with a voltage assignment 7 : G — I. Then for 
Vv € V(G) and e € E(G), the sets 


[VP ={vlaeT}, fel ={e,laeT} 


are defined the fibers over v or e, respectively and p: G° — G determined by p: vy > 
v and e, — eforv € V(G), e € E(G) anda € TI the natural projection of (G; a). Clearly, 


p is a|G|-sheet covering for any point x € G. 
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4.1.2 Lifted Walk. For a walk W = e/', e5°, ---, en” with a; € {+,—}, define its net 
voltage by 
a(W) = o(e;)o(€2) +++ (En). 


For example, the net voltage on the walk uv*, vw, wv in Fig.4.1.lis1+0+0=1.A 
lifting of such a walk W is determined by We= @', 6°, «++, &" such that p(@;) € [e;]" 
for integers 1 < i <n. For instance, the liftings of the walk uv*, vw*, wv” in Fig.4.1.1 are 
UV; > ViW} > Wi, and u1V5, VoWo, Wo. Particularly, let e* = (u,v) € E(G) with o(e*) = b, 


o(b) = n, we get an n-circuit starting at Ug, 1.e., 
+ + + + 
Yas Cg > Uaobs Cops Uach?> Cyop2> °°” > Uaob'-!s Caopn-1» Uaob = Ua 
in the lifting G’. 


Theorem 4.1.1 Jf W is a walk in a voltage graph (G;o) with a voltage assignment 
o0 :G-T such that the initial vertex of W is u, then for each vertex uy in the fiber [u] 


there is a unique lifting of W that starts at ug. 


Proof Assume W = u,e{',v1,e5°,V2,--:. Ifo, = +, then, since there is only one 
plus-directed edge, i.e., the edge e; in the fiber [e,]! starts at vertex u,, the edge must be 
the first edge in the lifting of W starting at u,. If o = —, similarly, since there is only one 


minus-directed edge, i.e., (e;) ) in the fiber [e,]' starts at u,, it follows the edge must 


neces 
be the first edge in the lifting of W starting at u,. Similarly, there is only one possible 


a2 


choice of the second edge e,’ in the lifting of W because its initial vertex must be the 


terminal vertex of the first edge and its lifting must in the fiber [e.]'. Continuing this 


process, the uniqueness of lifting walk W starting at u, holds. L 


Theorem 4.1.2 Jf W is a walk from u to v in a voltage graph (G;o) with a voltage 
assignment 0 : G — T and a(W) = B, then the lifting W, starting at ug terminates at the 


VETTEX Vaop- 


Proof Let b,, b2,---,b; be the successive voltage encountered on a traversal of walk 
W. Then it is clear that these subscripts of the successive vertices on the lifting W° of W, 


are a,sob,,a0b, 0 by,-++,aob,ob,0---0b,=ao0b. Thus the terminal vertex of W° 


Starts at Ug 1S Vgop. i 


Corollary 4.1.1 Let P(u, v) be a path from u to v in a voltage graph (G; o) with a voltage 
assignment 0 : G > T and o(P(u, v)) = b. then the lifting of P(u, v) is a path P(g, Vaop)- 
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Furthermore, if W is a circuit in (G; 0), we get the following result. 


Theorem 4.1.3. Let C be a circuit of length m in a voltage graph (G; o) with a voltage 
assignment 0 : G > T and o(a(C)) = n. Then each connected component of p~'(C) is a 


circuit of length mn, and there are — such components. 
n 


Proof Let C be the walk W = u,e{', v,e57,-++,@n",u, 7; € {+,-}, o(W) = b and 
Ug € [u]'. Applying Theorem 4.1.2, we know that the component of p~'(C) containing u, 
is formed by edges in walks 
Wa, Waobs***» Waob-1, 


which form a circuit of length mn by edges in these walk attached end-by-end. Notice 


| 


that there are Dy left cosets of the cyclic group ¢b) in (IT; 0) and each of them uniquely 


1 


determine a component of p~'. Thus there are — lifted circuits of length C. 
n 


4.1.3 Group Action. Let G be a graph and (I; 0) a group. If for each element g € I, 


there is an automorphism ¢, of G such that the following two conditions hold: 


(1) 1, is the identity automorphism of G; 
(2) Pg “Ob, = Pooh for §> her, 
then the group (I; 0) is said to act on the graph G. For Vv € V(G), e € E(G), the sets 


vi={v|geT} and e ={e|geT} 


are called the vertex orbit or edge orbit under the action of (IT; 0). The sets of vertex orbits 
and edge orbits are respectively denoted by V/I and E/T’. Moreover, if the additional 


condition 


(3) For each element lr # g € I, there are no vertex v € V(G) such that ¢,(v) = v 
and no edge e € E(G) such that ¢,(e) = e 


holds, then (I; ©) is said to act freely on G. 

The regular quotient G/T is such a graph with vertex set V/T and edge set E/T such 
that a vertex orbit v' is an end-vertex of the orbit e' if any vertex v in v' is an end-vertex 
of an edge in e'. There are easily to verify that such a graph G/T is well-defined, i.e., e is 
an edge with an end-vertex v if and only if e' with an end-vertex v'. 

Now let (G; 7) be a voltage graph with a voltage assignment 0 : G > IT. There is a 


natural action of (I’, 0) on G” by rules ¢,(v,) = V,,,, On vertices and $,(€a) = goa on edges 
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for g € [. Such an action ¢, is an automorphism of G" by verifying that $, + bn = Peon. 
Then the following result is clear by definition. 


Theorem 4.1.4 Let (G;o) be a voltage graph with a voltage assignment 0 : G > T and 
Va € V(G"), €q € E(G7). Then vi = p7'(v) and e!, = p-'(e). 


Proof For vz € V(G°), by definition we know that 


Vi = { Pe(Va) = Vgoa lg ET} ={ val hET} =p"). 


Similarly, we get e!, = p7'(e). oO 


4.1.4 Lifted Graph. For a voltage graph (G; 7) with a voltage assignment 7 : G > T, 
we know that (I; o) is act-free on G® because if ¢,(vq) = Va or b,(€a) = a, then g = Ir. 
This fact enables Gross and Tucker found a necessary and sufficient condition for a graph 


being that lifting of a voltage graph following. 


Theorem 4.1.5(Gross and Tucker, 1974) Let ((; 0) be a group acting freely on a graph G 
and G = G/T. Then there is a voltage assignment 0 : G > T and a labeling of vertices 
on G by elements of V(G) X T such that G = G° and the action is the natural action of 
(1; 0) on G’. 


Proof First, we choose positive directions for edges in the graph G and G so that 
the quotient map qr : G > Gis direction-preserving and that the action of (IT; o) on G 
preserves directions. Second, for Vv € V(G), label one vertex of the orbit p\(v) in G as 
v,, and for every element g € I, g # Ir, label the vertex ba(vi) as Vz. Now if the edge e of 
G runs from u to w, we assigns the label e, to the edge of the orbit p~'(e) that originates 
at the vertex v,. Since (I; c) acts freely on G, there are just || edges in the orbit p~'(e), 
one originating at each of the vertices in the vertex orbit p~'(v). Thus, the choice of an 
edge to be labelled e, is unique. Finally, if the terminal vertex of the edge e;,. is wp, one 
assigns a voltage b to the edge e in graph G. Thus o(e*) = b. To show that this labelling 
of edges in p~'(e) and the choice of voltages b for the edge e really yields an isomorphism 
0:GR> G’, one needs to show that for Va € T that the edge e, terminates at the vertex 
Waop- However, since é, = ¢a(1,), the terminal vertex of the edge e, must be the terminal 


vertex of the edge Paley), 1.e., 


Pa(Wo) = ba + y(Wi,) = (a4 © b)(W1,) = Waop- 
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Under this labelling process, the isomorphism #? : G = G* identifies orbits in G with 


fibers of G’. Moreover, it is defined precisely so that the action of ([; 0) on G is consistent 


with the natural action on the lifted graph G’. This completes the proof. 


§4.2 MULTI-VOLTAGE GRAPHS-TYPE I 


4.2.1 Multi-Voltage Graph of Type I. The first type of multi-voltage graph is labeling 
edges in a graph by elements in a finite multi-group (r 0). Formally, it is defined in the 


following. 


Definition 4.2.1 Let (F; O) be a finite multi-group with T = UT), O(L) = {oil <i <n} 
i=1 


and G a graph. If there is a mapping w : X\(G) > T such that We!) = (ety)! for 
Ye* € X1(G), then the 2-tuple (G, W) is called a multi-voltage graph of type I. 


Geometrically, a multi-voltage graph is nothing but a weighted graph with weights 
in a multi-group. Similar to voltage graphs, the importance of a multi-voltage graph is in 


its lifting defined in the definition following. 


Definition 4.2.2 For a multi-voltage graph (G, W) of type I, its lifting graph GY = (V(G"), 
E(G"); I(G”)) is defined by 


V(G") = VG) xf, 
E(G") = {(ua, Vaow le* = (u,v) € X4(G), We*) = b,a0ob eT) 


and 
1(G") = {(Ug, Vaop )IL(e) = (Ua, Vaob) if € = (Ug, Vaop) € E(G")}. 


For abbreviation, a vertex (x, g) in GY is also denoted by Xz. Now for Vv € V(G), 
vxT= {vole € T} is called a fiber over v, denoted by F,,. Similarly, for Ve* = (u,v) € 
X1(G) with ye") = b, all edges {(Ug, Ven 18,8 0b € T} is called the fiber over e, denoted 
by Fe. 

For a multi-voltage graph (G, w) and its lifting G”, there is also a natural projection 
p : GY > G defined by p(F,) = v for Vv € V(G). It can be verified easily that p(F.) = e 
for Ve € E(G). 

Foe example, choose F = 1 UT> with I; = {1,a,a}, P = {1,b,b?} anda # b. A 
multi-voltage graph and its lifting are shown in Fig.4.2.1. 
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Fig 4.2.1 


Let (T; 0) be a finite multi-group with T = U T;, O = {0; 1 < i < n}. We know 


the liftings of walks in multi-voltage graphs of Gmpe I similar to that of voltage graphs 


following. 


Theorem 4.2.1 Let W = e!e’---e* be a walk in a multi-voltage graph (G, W) with initial 
vertex u. Then there exists a lifting WY start at ug in G” if and only if there are integers 


i, lo,°+ +41, such that 


A0;, Wet) O4, +++ OF, We;) ET;,,, and Wej.1) 9 Be 
for any integer j,1< j<k 


Proof Consider the first semi-arc in the walk W, i.e., e|. Each lifting of e; must be 
(Ug, Ugow(er))- Whence, there is a lifting of e; in G” if and only if there exists an integer i, 
such that o = 0;, and a,ao;, Wey) €Ti,. 

Now if we have proved there is a lifting of a sub-walk W, = e;e2---e, in G” if and 


only if there are integers i), i2,---, i, 1 < 1 < k such that 


a Oj, wey) Oi, re Oi) We;) € [eas W(ej.1) € Vig 


for any integer j, 1 < j < /, we consider the semi-arc e7,,. By definition, there is a lifting 
of ef, , in GY with initial vertex Uao;, Wer )oiy~-0i,_, wef) Hf and only if there exists an integer (41 


such that 


a0;, WeT) oj, +++ 07, We?) € Ti and Wer, ,) € Tin. 


Whence, by the induction principle, there exists a lifting W” start at u, in G” if and only 


if there are integers i, i2,---, i, such that 


a oj, Wet) 7, ++ 01, WEF) ETi,,, and W(e7, ,) €Ti,,, 
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for any integer j,1 <j <k. 


=~ k 
For two elements g,h € I, if there exist integers 7), i2,---, i, such that g,h € (| T;, but 
jel 


k+1 
for Vig, € {1,2,---,n}\ {i1,i2,+++, id, @A ¢ (1 Ti,, we call k = IIlg, h] the joint number 
jel 


of g and h. Denote by O(g,h) = {0;,;1 < j < kj and define II[g,h] = > Ulg.g0 hl, 
oO) 
where I][g, goh] = II[goh, h] = 0 if goh does not exist inI’. According to Theorem 4.2.1, 


we get an upper bound for the number of liftings in GY for a walk W in (G, ) following. 


Corollary 4.2.1 Jf those conditions in Theorem 4.2.1 hold, the number of liftings of W 


with initial vertex u, in GY is not excess 
II [a, W(e;)] x 


k 
[| oY Carers a ial la CO; We; ) O79 aie Oo; we;), w(e7,1)| ’ 
T=1 


0 €O(a,wlet)) 0j€O(a;9 j,W(e7),1< jsi- 1) 
where O(a; 0;,(e;), 1 < jf <i- 1) = O(a eo, Wet) O92 +++ O-1 WEF), WE7)). 


The natural projection of a multi-voltage graph is not regular in general. For finding 
a regular covering of a graph, a typical class of multi-voltage graphs is the case of [; = T° 
for any integer i, 1 < i < nin these multi-groups T= U I. In this case, we can find the 
exact number of liftings in GY for a walk in (G, W) féliowing: 


Theorem 4.2.2 Let (i 0) be a finite multi-group with TF = LJP and O = fex1 <1 < n} 
i=l 
and let W = e'e?--- e* be a walk in a multi-voltage graph (G,W), : xX) (G) > T oftypel 


with initial vertex u. Then there are n‘ liftings of W in GY with initial vertex ug for Ya € Tr 


Proof The existence of lifting of W in G” is obvious by Theorem 4.2.1. Consider 
the semi-arc e7. Since I; = T for 1 < i < n, we know that there are n liftings of e; in GY 
with initial vertex u, for any a € i each with a form (u,, Ugoy(et))s o€O (r). 

Now if we have gotten n’, 1 < s < k—1 liftings in G” for a sub-walk W, = e'e?---e°. 
Consider the semi-arc e*,,. By definition we know that there are also n liftings of e,,, in 
G” with initial vertex Ugo;, Wet)oi,-ou(et)» Where 0; € o(r) ,1 <i<_s. Whence, there are 
n*! liftings in GY for a sub-walk W, = e'e?---e°*! in (G; W). 


By the induction principle, we know the assertion is true. 
Particularly, if (C: 0) is nothing but a group, i.e., 0; = o for integers 1 < i < n, we 


get Theorem 4.1.1 again. 


112 Chap.4 Multi- Voltage Graphs 


Corollary 4.2.2 Let W be a walk in a voltage graph (G,wW),W : x1 (G) > [ with initial 


vertex u. Then there is an unique lifting of W in G” with initial vertex ug for Va € T. 


If a lifting W” of a multi-voltage graph (G, ) is the same as the lifting of a voltage 
graph (G,@), a: x1 (G) — T;, then this lifting is a homogeneous lifting of T;. For lifting a 
circuit in a multi-voltage graph, we get the following result. 

Theorem 4.2.3 Let (r; 0) be a finite multi-group with T= L) TP and O = {0;;1 <i < n}, 
i=l 


C = UyUlz+++Umlty a circuit in a multi-voltage graph (G,) and wy : X1(G) > T. Then 


I 
there are ooh homogenous liftings of length o(WC, °;))m in G” of C for any integer 
oO 2% 
i,1 <i <n, where W(C,0;) = Wu, U2) 0; Wa, U3) 0; +++ OF WUm-1, Um) 01 Wm, U1) and 


there are 


3 IC 
AWC, o;)) 


i=l 
homogenous liftings of C in G* altogether. 


Proof According to Theorem 4.2.2, there are liftings with initial vertex (u;), of C in 
G" for Va ET. Whence, for any integer i, 1 < i < n, walks 
WwW, = (U1 )a(U2)aojh(ur uo) ute (Un) aciitacusies-callien pj C1 amoitCoss 
Woaoiw(C.oi) = U1 )aoiw(C.0;) U2 )aoiW(C.o,)oiu(un 2) 


_ (Um aos (C,0))0; (041 42)0;-0 (ttt stm) HA Jao g2(C,0;)2 


W, 


AoW HCX-(Coi) = U1 ao; yee" (C,0;) U2 )a0jy"C2™' (Co joj 2) 
+ Um )a0,yHC20)-1(C,0;)0;ys(uy ,u2)0;-~-07 tnt ttm) HEI Da 
are attached end-to-end to form a circuit of length o(W(C, 0;))m. Notice that there are 


1 
I left cosets of the cyclic group generated by W(C, 0,) in the group (I, 0;) and 


a(w(C, 2;)) 

each of them is correspondent with a homogenous lifting of C in G”. Therefore, we get 
y IC 
D4 oC, 2;)) 

homogenous liftings of C in G”. oO 


Corollary 4.2.3 Let C be a k-circuit in a voltage graph (G,w) such that the order of 


WC, ©) is m in the voltage group ([; 0). Then each component of the preimage p~'(C) is 
IL 

akm-circuit, and there are a such components. 
m 
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The lifting G* of a multi-voltage graph (G, £) of type I has a natural decomposition 


described in the following. 


Theorem 4.2.4 Let (G,2),Z : Xi (G) > T= L)T;, be a multi-voltage graph of type I. 
i=l 
Then 


G = Dn, 
i=1 


where H; is an induced subgraph (E;) of G* for an integer i, 1 < i < n with 
Ej = {(Ua, Vao;b)la, b € V; and (u,v) € E(G), (u,v) = 5}. 


4.2.2 Subaction of Multi-Group. For a finite multi-group ‘ce 0) with T = UT;, O= 


i=1 
n 
{o;,1 < i < n} and a graph G, if there exists a decomposition G = B H; and we can 
jl 
associate each element g; € I; a homeomorphism ¢,, on the vertex set V(H;) for any 


integer 7, 1 < i < n such that 


(1) Qgioi:n; = Yo; X Yn, for all g;,h; € Ti, where “x ” is an operation between homeo- 
morphisms; 

(2) @g, is the identity homeomorphism if and only if g; is the identity element of the 
group (Ij; °;), 
then we say this association to be a subaction of multi-group T on graph G. If there exists 
a subaction of I on G such that e(u) = u only if g; = 1, for any integer i,1 < i < n, 


g; €T; andu € V;, we call it to be a fixed-free subaction. 


A left subaction IA of T on G” is defined by 


For any integer i,1 < i < n, let V; = {ualu € V(G),a eT} and g; € Tj. Define 
IA(gi)(Ua) = Ugyo,a if a € Vi. Otherwise, gi(Ua) = Ua. 


Then the following result holds. 
Theorem 4.2.5 Let (G,w) be a multi-voltage graph with wy : X1(G) > T= JT; and 
i=l 


Ge @ H; with H; = (E;), 1 < i < n, where E; = {(Ug,Vao,»)la,b € T; and (u,v) € 
j=l 
E(G), C(u, v) = b}. Then for any integer i, 1 <i <n, 
(1) For Vg; € Tj, the left subaction lA(g;) is a fixed-free subaction of an automor- 
phism of H;; 
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(2) T; is an automorphism group of H;. 


Proof Notice that /A(g;) is a one-to-one mapping on V(#;) for any integer i, 1 <i< 
n, Vg; € T;. By the definition of a lifting, an edge in H; has the form (Ug, Vao,5) if a,b € Ti. 
Whence, 
(IA(gi)(Ua), LA(8i)(Va0;b)) = (Ugiojar Vgio;a0;b) € E(H;). 


As a result, /A(g;) is an automorphism of the graph H;. 
Notice that /A : T; > AutH; is an injection from I; to AutG”. Since /A(g;) # LA(hj) 
for Vg;,h; € T;,g; # hi, 1 < i < n. Otherwise, if /A(g;) = [A(h;) for Va € T;, then 


g;0;a = h;0;a. Whence, g; = h;, a contradiction. Therefore, I; is an automorphism group 


of H;. Now for any integer i, 1 < i <n, g; € Tj, it is implied by definition that /A(g;) is a 


fixed-free subaction on GY”. This completes the proof. L 


Corollary 4.2.4 Let (G,a) be a voltage graph with a : X 1 (G) — I. Then T is an 
automorphism group of G°. 
For a finite multi-group (I 0) with T = JT; action on a graph G, the vertex orbit 
i=l 


orb(v) of a vertex v € V(G) and the edge orbit orb(e) of an edge e € E (G) are respectively 
defined by 
orb(v) = {g(v)lg €T} and orb(e) = {g(e)lg € T}. 


Then the quotient graph G, /T of G under the action of I is defined by 


V(G/T) = { orb(v) |v V(G)}. 
EG/T) = { orb(e) |e € E(G)}, 
I(orb(e)) = (orb(u), orb(v)) if there exists (u,v) € E (G) ; 


For example, a quotient graph is shown in Fig.4.2.2, where, T= 15. 


Fig 4.2.2 
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Then we get a necessary and sufficient condition for the lifting of a multi-voltage 


graph following. 
Theorem 4.2.6 [f the subaction A of a finite multi-group (irs 2) with T = JT; ona graph 
i=l 


G= a Hi; is fixed-free, then there is a multi-voltage graph (G/T, é), c: X1 (G/T) i 
of wed such that 
G = (Giff). 

Proof First, we choose positive directions for edges of G/T and G so that the quotient 
map q@ : G = GIT is direction-preserving and that the action A of TonG preserves 
directions. Next, for any integer 7,1 < i < n and Vv e€ v(G/T), label one vertex of the 
orbit q-'(v) in G as Vir, and for every group element g; € Ij, g; # 1r,, label the vertex 
ACgi)(V1,,) as Vy,. Now if the edge e of G/T runs from u to w, we assigns the label e,, 
to the edge of the orbit q; (e) that originates at the vertex u,,. Since I; acts freely on H;, 
there are just |I°;| edges in the orbit qr (e) for each integer i, 1 < i < n, one originating at 
each of the vertices in the vertex orbit qr (v). Thus the choice of an edge to be labeled 
€g, is unique for any integer i, 1 < i < n. Finally, if the terminal vertex of the edge e;,. is 
Wp,;, One assigns a voltage h; to the edge e in the quotient G/T, which enables us to geta 
multi-voltage graph (G ie ). To show that this labeling of edges in qr (e) and the choice 
of voltages h;, 1 < i < n for the edge e really yields an isomorphism # : Go (Gry, one 
needs to show that for Vg; € Tj, 1 < i < n that the edge e,, terminates at the vertex W¢,0,n;- 
However, since é, = A(gid(eiy,), the terminal vertex of the edge e,, must be the terminal 


vertex of the edge A(gi(€1,,)» which is 
A(8i)(Wa,) = Als) Athi)(wi,,) = A(gi 9; hi)(Wi,,) = Weiojh; 


Under this labeling process, the isomorphism #? : C= (Gir) identifies orbits in G with 
fibers of GS. Moreover, it is defined precisely so that the action of T on G is consistent 
with the left subaction /A on the lifting graph G*. 


Particularly, if (r 0) is a finite group, we get Theorem 4.1.5 as a corollary. 


Corollary 4.2.5 Let (1; 0) be a group acting freely on a graph G and let G be the resulting 
quotient graph. Then there is a voltage assignment a : G — IT and a labeling of the 
vertices G by the elements of V(G) XT such that G = G“ and the given action of (T;°) on 


G is the natural action a3 2)onG", 
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§4.3 MULTI-VOLTAGE GRAPHS-TYPE II 


4.3.1 Multi-Voltage Graph of Type II. The multi-voltage graphs of type I are globally 
labeling edges by elements in finite multi-groups. Certainly, we can locally label edges in 
a graph by elements in groups. Thus the multi-voltage graphs of type II, formally defined 


in the following. 
Definition 4.3.1 Let (v, 0) be a finite multi-group withT = U T;, O = {0;; 1 <i<n}and 


let G be a graph with vertices partition V(G) = U V;. For any integers i, j,1 < i,j < n, 


if there is a mapping T : x1 ((Eo(Vi., V;))) — T; A r, and ¢ : V; > 1; such that t(e~!) = 
(t(e*))! for Vet € X1 (G) and the vertex subset V; is associated with the group (T;, °;) for 
any integer i, 1 <i <n, then (G,T, ¢) is called a multi-voltage graph of type II. 


The lifting of a multi-voltage graph (G, T, ¢) of type II is defined in the following. 


Definition 4.3.2 For a multi-voltage graph (G,t,¢) of type II, the lifting graph G™ = 
(V(G) eo (Go) I(G s))) of (G,T, S) is defined by 


n 


vier) = Jivix ti, 


i=1 


E(G) = {(uo, vaon)le* = (u,v) € XY(G),Wle*) = ba 0b eT}, 
iG) - {(uta, Vaop )IL(€) = (ay Vacs) if € = Ua, Vaob) € EG) . 


Vo 
Uo 
0 
tC 
1 
uy V5 
(a) ¥9 
ug 
0 
i aS) 
u 
1 
uy 
v2 
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Two multi-voltage graphs of type II with their lifting are shown in (a) and (b) of 
Fig.4.3.1, where I = 2,UZ, VY = {uj}, Vo = {v} andg : Vi > 2, ¢: V2. 7 BZ. 


Theorem 4.3.1 Let (G, tT, ¢) be a multi-voltage graph of type II and let W, = uyu2- +: uz be 
a walk in G. Then there exists a lifting of W™ with an initial vertex (u,)q,a € 6 '(u,) in 
G5) if and only if a € ¢"'(u;) (\ s"'(uz) and for any integer s,1 < s < k, a9, T(ujuz) %, 
T(UzU3) Oj, °° * O4,_, T(Ms—2Us-1) © S'(Us-1) 157 (Us), Where “o;,” is an operation in the 


group §~'(uj41) for any integer j,1< j<s. 


Proof By the definition of the lifting of a multi-voltage graph of type II, there exists 
a lifting of the edge ujuz in G*® if and only if a oj, T(uju2) € s'(u2), where “o;,” is 
an operation in the group ¢"!(uz). Since T(uju2) € g'(u1)()\s7'(u2), we get that a € 
s '(u1)()¢'(u2). Similarly, there exists a lifting of the subwalk W2 = u,u2u3 in G@ if 
and only if a € ¢7'(w1) (\ ¢'(u2) and a oj, T(uiu2) € 6! (U2) 6" (us). 

Now assume there exists a lifting of the subwalk W, = ujuzu3--+u in G™ if and 
only if a 0;, T(uj U2) Oj, +++ 04, TU;-2U;-1) € S '(U-1) (| (u,) for any integer t,1 < t < J, 
where “o;,” is an operation in the group ¢-'(uj+1) for any integer j, 1 < j < I. We consider 
the lifting of the subwalk W),; = u,uU2uU3---uUj,,. Notice that if there exists a lifting of the 
subwalk W, in G*?, then the terminal vertex of W, in G™°* is (ip) ate clan aap en cat aais 
We only need to find a necessary and sufficient condition for existing a lifting of uu), 


with an initial vertex (Ui)ac;, r(u1U2)0;,: T(uj_\u;). By definition, there exists such a lifting 


Oi 
of the edge uu),, if and only if (a 0;, T(uju2) 0}, ++ Oj, TUL 1M) Oy TU) € $7! (Unt): 
Since t(ujuj.1) € ¢'(uj41) by the definition of multi-voltage graphs of type II, we know 


that a oj, T(Uj Uz) Oj, +++ 0%, TMU) € S's). 


Continuing this process, we get the assertion by the induction principle. 


Corollary 4.3.1 Let G a graph with vertices partition V(G) = U V; and let (T;0) be a 
finite group, 1; < T for any integer i,1 <i <n. If (G,t,¢) is a ule olige graph with 
ae X1(G) — T ands: V; — 1; for any integer i, 1 < i <n, then for a walk W in G with 
an initial vertex u, there exists a lifting W°* in G®® with the initial vertex Ug,a € ¢"'(u) 
if and only if a € Q\yevw) ¢ |). 

Similarly, if [; = [ and V; = V(G) for any integer i, 1 < i < n, the number of liftings 
of a walk in a multi-voltage graph of type II can be determined. 


Theorem 4.3.2 Let (r; 0) be a finite multi-group with T= UT, O = {0;;1 <i < n} and 
i=l 
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let W = e'e?---e* be a walk with an initial vertex u in a multi-voltage graph (G,T, S), 

oe x1 (G) > (\T ands : VG) >I, of type II. Then there are n* liftings of W in G™* 
i=l 

with an initial vertex ug for Va € 1. 


Proof The proof is similar to that of Theorem 4.2.3. L] 
Theorem 4.3.3 Let (T: O) be a finite multi-group withT = UT, O = {0;;1 <i<n}andlet 
i=l 
C = Uy U2°** Um be a circuit in a multi-voltage graph (G,T,¢), where T : Xi (GOT 
i=l 


T 
and ¢ : V(G) — I. Then there are i _ liftings of length o(tau(C, 0;))m in G®®) of 
o(7(C, 9;)) 


C for any integer i, 1 < i < n, where T(C, 0;) = Tuy, Uz) 9; T(U2, U3) Oj +++ Oj; TUm—1, Um) j 


y IT 
o(t(C, °;)) 


i=1 


Tims U1), and there are 


liftings of C in G™® altogether. 


Proof The proof is similar to that of Theorem 4.2.3. L] 


4.3.2 Subgraph Isomorphism. Let G,, G2 be graph and H a subgraph of G,; and G. 


We introduce the conception of H-isomorphism of graph following. 


Definition 4.3.3 Let G,,G, be two graphs and H a subgraph of G, and G». A one-to- 
one mapping € between G, and Gy, is called an H-isomorphism if for any subgraph J 
isomorphic to H in Gy, &(J) is also a subgraph isomorphic to H in Gp. 

If G, = Gy = G, then an H-isomorphism between G, and G2 is called an H- 
automorphism of G. Certainly, all H-automorphisms form a group under the composition 
operation, denoted by AutyG and AutyG = AutG if we take H = Ky). 


For example, let H = (E(x, Nc(x))) for Vx € V(G). Then the H-automorphism group 
of a complete bipartite graph K(n, m) is AutyK(n,m) = S,[S,,] = AutK(n, m). There H- 


automorphisms are called star-automorphisms. 


Theorem 4.3.4 Let G be a graph. If there is a decomposition G = @B H; with H; ~ H for 
i=l 


1<is<nandH = Q/J,with J; = J for\< j<m, then 
jel 
(1) (i,t; : H; — H;, an isomorphism, 1 <i<n) = S, < AutgG, and particularly, 


Sy, < Auty Kon) if H = C, a hamiltonian circuit in Kyn41. 
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(2) Aut;G < AutyG, and particularly, AutG < AutyG for a simple graph G. 


Proof (1) For any integer i, 1 < i < n, we prove there is a such H-automorphism 
con G that vu; : H, — Hj. In fact, since H; ~ H, 1 < i < n, there is an isomorphism 
6: H, — H;. We define 1; as follows: 


(6) Ge), ifee ViA)U ECA), 
Ue) = 
é, ife € (V(G) \ V(A1)) UE) \ EC). 


Then ¢; is a one-to-one mapping on the graph G and is also an H-isomorphism by defini- 


tion. Whence, 
(t;,¢; : H, — H;, an isomorphism, | < i <n) < AutyG. 


Since {t;,1 <i<n) ~ (1,i),1<i< 7) = Sp, thereby we get that $,, < AutyG. 


For a complete graph K>,,;, we know its a decomposition K>,., = B C; with 
isl 


Ci = VoviVi41Vi-1Vi-2 * * * Vnti-1 Visit VnsiV0 
for any integer i, 1 < i < n by Theorem 2.4.2. Whence, we get that 
Sa = Auty Kon+1 


if we choose a hamiltonian circuit H in K>,41. 


(2) Choose 0 € Aut;G. By definition, for any subgraph A of G, if A ~ J, then 


m 


o(A) = J. Notice that H = G J; with J; = J for 1 < j < m. Therefore, for any subgraph 


j=l 
m 


B,B = H of G, o(B) = Po(J;) = H. This fact implies that c € AutyG. 
fl 
e(G) 
Notice that for a simple graph G, we have a decomposition G = G) K> and Aut,G = 


i=1 
AutG. Whence, AutG < AutyG. 


The equality in Theorem 4.3.4(2) does not always hold. For example, a one-to-one 
mapping o on the lifting graph of Fig.4.3.2(a): o(uo) = u1, 7(u,) = Uo, T(Vo) = V1, 
o(V1) = v2 and o(v2) = vo is not an automorphism, but it is an H-automorphism with H 
being a star S';>. 

For automorphisms of the lifting G™ of a multi-voltage graph (G, 7, ¢) of type II, 


we get a result following. 
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Theorem 4.3.5 Let (G,T, ¢) be a multi-voltage graph of type II with T : Xi (G) — (VT; 
i=l 


and ¢ : V; > T;. Then for any integers i, j, 1 < i,j <n, 


(1) for Vg; € T;, the left action IA(g;) on (V,)°9 is a fixed-free action of an automor- 
phism of (Vi)"®; 
(2) forY gi; € 1; (\V;, the left action IA(g;;) on (Ec(V;, i) a is a star-automorphism 


(7,9) 


of (Ec(VinVi)) 

Proof The proof of (1) is similar to that of Theorem 4.2.4. We prove the asser- 
tion (2). A star with a central vertex u,, u € V;,a € Tj(\Ij; is the graph S sq, = 
({Wa Vao;b) if (u,v) € EG(V;, Vj), TU, v) = b}). By definition, the left action /A(g;;) is a 
one-to-one mapping on (Ec(V;, vp). Now for any element g;;, g;; € I; (\I;, the left 
action /A(g;;) of 9;; on a star S sig, 18 


LA(gi)(S onan) = (| eons V(g;;0;a)0 jb) if (u, v) € E&Y, V5), T(Uu, v) = b}) = Sais 


Whence, /A(g;;) is a star-automorphism of (Ec(V;, vy - 


Let Gbea graph and let (r, 0) be a finite multi-group withT = LJ) T; and O = {0;; 1 < 


i=l 
i < n}. If there is a partition for the vertex set v(G) = U V; such that the action of Ton 
G consists of I; action on (V;) and I’; (TP; on (Ec(Vi, v;) for 1 < i, j <n, we call such 
an action to be a partially-action. A partially-action is called fixed-free if T; 1s fixed-free 
on (Vj) and the action of each element in I’; (\ I’; is a star-automorphism and fixed-free on 
(Ec(V;, V;)) for any integers i, 7, 1 < i, j < n. These orbits of a partially-action are defined 
to be 
orb(v) = {g(v)lg € Ti, v € Vit 


for any integer 7,1 <i<nand 
orb(e) = {g(e)le E E(G),g E Th. 


A partially-quotient graph G/ oe is defined by 
V(G/,T) = Jt orb) ve Vi, E(G/,T) = forb@e)le « EG) 
i=l 


and 1(G/,I') = {I(e) = (orb;(u), orb (v)) if u € V;,v € V; and (u,v) € E(G),1 <i, j <n}. 
For example, a partially-quotient graph is shown in Fig.4.3.2, where V; = {Uo, W1, U2, U3}, 
Vo = {vo, V1, vo} and Ty = Z4, Ty = Z. 
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Fig 4.3.2 


We get a necessary and sufficient condition for the lifting of a multi-voltage graph of 


type II following. 

Theorem 4.3.6 [f the partially-action P, of a finite multi-group (I; 0) with T = U T; 
and O = {0;;1 < i < n} ona graph G with v(G) = U V; is fixed-free, then there is a 
multi-voltage graph (G/ hae T s), TIX 4 (G/T) > I, 6% V, — T; of type IT such that 


Proof Similar to the proof of Theorem 4.2.6, we also choose positive directions on 
these edges of G/ he and G so that the partially-quotient map p; : G—>G/ AG is direction- 
preserving and the partially-action of TonG preserves directions. 

For any integer i, 1 < i < n and Vv' € V;, we can label v! as Vie and for every group 
element g; € I’;, 9; # lr,, label the vertex Pali(Wiiy,) as Vs Now if the edge e of Gi Ae 
runs from u to w, we assign the label e,, to the edge of the orbit p~'(e) that originates at 
the vertex U', and terminates at Why 

Since I’; acts freely on (V;), there are just |[’;| edges in the orbit Pr (e) for each integer 
i, 1 <i <n, one originating at each of the vertices in the vertex orbit Pr (v). Thus for any 
integer i, 1 < i <n, the choice of an edge in p“'(e) to be labeled €,, iS unique. Finally, if 
the terminal vertex of the edge e,, is wi ; one assigns voltage g; | 0;h; to the edge e in the 
partially-quotient graph G/T if g;,h; © T;()Vj forl <i,j<n. 

Under this labeling process, the isomorphism 7? : Go (G/ 0) identifies orbits in 
G with fibers of G™?. 


The multi-voltage graphs defined in Sections 4.2 and 4.3 enables us to enlarge the 
application field of voltage graphs. For example, a complete bipartite graph K(n, m) is a 


lifting of a multi-voltage graph, but it is not a lifting of a voltage graph in general if n # m. 
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§4.4 MULTI-SPACES ON GRAPHS 


4.4.1 Graph Model. A graph is called a directed graph if there is an orientation on its 
every edge. A directed graph G is called an Euler graph if we can travel all edges of Cc 
alone orientations on its edges with no repeat starting at any vertex u € v(G) and come 
back to u. For a directed graph G, we use the convention that the orientation on the edge 
eisu — v for Ve = (u,v) € E(G) and say that e is incident from u and incident to v. For 


UE ViG), the outdegree p~,(u) of u is the number of edges in G incident from u and the 


G 


indegree Pa (u) of u is the number of edges in G incident to w. Whence, we know that 


pa + Pa = palw). 


It is well-known that a graph G is Eulerian if and only if on (u) = Pa (u) for Vue V (G), 
seeing examples in [11] for details. For a multiple 2-edge (a, b), if two orientations on 
edges are both to a or both to b, then we say it to be a parallel multiple 2-edge. If one 
orientation is to a and another is to b, then we say it to be an opposite multiple 2-edge. 
Now let (A; 0) be an algebraic system with operation “o” . We associate a weighted 


graph G[A] for (A; 0) defined as in the next definition. 


Definition 4.4.1 Let (A; 0) be an algebraic system. Define a weighted graph G[A] asso- 
ciated with (A; 0) by 


V(G[A]) =A 
and 
E(G[A]) = {(a, c) with weight ob|ifaob=c forVa,b,c € A} 
as shown in Fig.4.4.1. 


soobieench auusoseebusud ob 


Fig.4.4.1 


For example, the associated graph G[Z,] for commutative group Z, is shown in 
Fig.4.4.2. 
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Fig.4.4.2 


4.4.2 Graph Model Property. The advantage of Definition 4.4.1 is that for any edge 
with end-vertices a,c in G[A], if its weight is ob, then aob = c and vice versa. Further- 
more, if aob = c, then there is one and only one edge in G[A] with vertices a, c and weight 
ob. This property enables us to find some structure properties of G[A] for an algebraic 


system (A; 0). 


P1. G[A] is connected if and only if there are no partition A = A, |) A2 such that for 


Va, € Aj, Way € Ao, there are no definition for a, ° az in (A; 0°). 


If G[A] is disconnected, we choose one component C and let A; = V(C). Define 
A2 = V(G[A]) \ V(C). Then we get a partition A = A; |) Ao and for Va; € Aj, Vaz € Ao, 


there are no definition for a; © a in (A; 0), a contradiction and vice versa. 


P2. If there is a unit 1, in (A; °), then there exists a vertex 1,4 in G[A] such that the 


weight on the edge (Aq, x) is ox if 1,4 © x is defined in (A; 0) and vice versa. 


P3. For Va € A, if a! exists, then there is an opposite multiple 2-edge (1,4, a) in 


G[A] with weights oa and oa“, respectively and vice versa. 


P4. ForVa,b € Aifaob = boa, then there are edges (a, x) and (b, x), x € A in 


(A; 0) with weights w(a, x) = ob and w(b, x) = 0a, respectively and vice versa. 


P5. If the cancellation law holds in (A; 0), i.e., for Va,b,c € A, ifaob=aoc then 


b =¢, then there are no parallel multiple 2-edges in G[A] and vice versa. 
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The properties P2,P3,P4 and P5 are gotten by definition immediately. Each of these 
cases is shown in Fig.4.4.3(1), (2), (3) and (4), respectively. 


a 
Ca ob 
oa oq! ob oa ob oc 
1, 
i a b a 
(1) (2) (3) (4) 
Fig.4.4.3 


Definition 4.4.2 An algebraic system (A; °) is called to be a one-way system if there exists 
amapping @ : A > A such that ifaob € A, then there exists a unique c € A, com(b) € A. 


@ is called a one-way function on (A; °). 


We have the following results for an algebraic system (A; 0) with its associated 
weighted graph G[A]. 


Theorem 4.4.1 Let (A; 0) be an algebraic system with a associated weighted graph G[A]. 
Then 


(1) If there is a one-way function @ on (A; 0), then G[A] is an Euler graph, and vice 
versa, if G[A] is an Euler graph, then there exist a one-way function @ on (A; °). 

(2) If (A;°) is a complete algebraic system, then the outdegree of every vertex in 
G[A] is |A|; in addition, if the cancellation law holds in (A; 0°), then G[A] is a complete 
multiple 2-graph with a loop attaching at each of its vertices such that each edge between 


two vertices in G[A] is an opposite multiple 2-edge, and vice versa. 


Proof Let (A; 0) be an algebraic system with a associated weighted graph G[A]. 

(1) Assume @ is a one-way function @ on (A; 0°). By definition there exists c € A, 
co@(b) € A for Va € A,aobe A. Thereby there is a one-to-one correspondence between 
edges from a with edges to a. That is, Por Ay) = Poa for Va € V(G[A]). Therefore, 
G[A] is an Euler graph. 

Now if G[A] is an Euler graph, then there is a one-to-one correspondence between 
edges in E~ = {e-; 1 <i < k} froma vertex a with edges E* = {e7; 1 <i < k} to the vertex 
a. For any integer i, 1 <i< k, define @ : w(e;) > w(e;). Therefore, @ is a well-defined 


one-way function on (A; 0). 
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(2) If (A;0) is complete, then for Va € A and Vb € A,aob € A. Therefore, 
on (a) = |A| for any vertex a € V(G[A]). 


If the cancellation law holds in (A; 0), by P5 there are no parallel multiple 2-edges 
in G[A]. Whence, each edge between two vertices is an opposite 2-edge and weights on 


loops are ol,. 


By definition, if G[A] is a complete multiple 2-graph with a loop attaching at each 
of its vertices such that each edge between two vertices in G[A] is an opposite multiple 
2-edge, we know that (A;°) is a complete algebraic system with the cancellation law 
holding by the definition of G[A]. 


Corollary 4.4.1 LetT be a semigroup. Then G[I] is a complete multiple 2-graph with a 
loop attaching at each of its vertices such that each edge between two vertices in G[A] is 


an opposite multiple 2-edge. 


Notice that in a group T, Vg € I, if g? # 1, then g"! # g. Whence, all elements 
of order> 2 in I can be classified into pairs. This fact enables us to know the following 


result. 


Corollary 4.4.2 Let T be a group of even order. Then there are opposite multiple 2-edges 


in G[T] such that weights on its 2 directed edges are the same. 


4.4.3 Multi-Space on Graph. Let (I 0) be an algebraic multi-space. Its associated 
weighted graph is defined in the following. 


Fig.4.4.4 


Definition 4.4.3 LetT = ) T; be an algebraic multi-space with (1;; 0;) being an algebraic 
i=l 
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system for any integer i, 1 <i<n. Define a weighted graph G (r) associated with T by 


G(r) =o, 
i=1 


where G[I;] is the associated weighted graph of (1;;°;) for 1 <i<n. 


For example, the weighted graph shown in Fig.4.4.4 is correspondent with a multi- 
space =T, Ul. UT, where (1; +) = (Z, +), P2 = {e, a, b}, F3 = {1, 2, a, b} and these 


operations “-” on IT) and “o” on IT; are shown in tables 4.4.1 and 4.4.2. 


> 
> 
Lan) 
Q 


table 4.4.1 
o| 1 2 a b 


1 
2 
a 
b 


% 
% 
N 
* 


table 4.4.2 


Notice that the correspondence between the multi-space T and the weighted graph 


G [r| is one-to-one. We immediately get the following result. 


Theorem 4.4.2 The mappings 7 : roc [r| andr! :G [r| — T are all one-to-one. 


According to Theorems 4.4.1 and 4.4.2, we get some consequences in the following. 


Corollary 4.4.3 Let T= JT; be a multi-space with an algebraic system (Tj; °;) for any 
i=l 

integer i,1 < i <n. If for any integer i,1 < i < n, G[I;] is a complete multiple 2-graph 

with a loop attaching at each of its vertices such that each edge between two vertices in 


G[I;] is an opposite multiple 2-edge, then Tisa complete multi-space. 


Corollary 4.4.4 LetT = L) T; be a multi-group with an operation set O (r) ={q:1<7< 
i=l 


n}. Then there is a partition G [r| = JG; such that each G; being a complete multiple 
i=l 
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2-graph attaching with a loop at each of its vertices such that each edge between two 


vertices in V(G;) is an opposite multiple 2-edge for any integer i, 1 <i<n. 


Corollary 4.4.5 Let F be a body. Then G[F] is a union of two graphs K*(F) and K’(F*), 
where K?(F) or K*(F*) is a complete multiple 2-graph with vertex set F or F* = F \ {0} 
and with a loop attaching at each of its vertices such that each edge between two different 


vertices is an opposite multiple 2-edge. 


4.4.4 Cayley Graph of Multi-Group. Similar to that of Cayley graphs of a finite 
generated group, we can also define Cayley graphs of a finite generated multi-group, 


where a multi-group T = U I; is said to be finite generated if the group I; is finite 
i=] 
generated for any integer i,1 < i < n, ie., T; = (%;,y;,°++,Zs,). We denote by [ = 


(Xis Vis ++ +sZ,3 1 <i <n) if T is finite generated by {x;,y;,-+-, Zs, 1 <i <n}. 


Definition 4.4.4 Let T = (Xi, Vis? * +5 Zs5,3 1 <i <n) bea finite generated multi-group, S = 
US;, where ly, ¢ S;, S7! = {ala € s} = § and(S;) =T; for any integer i,1<i<n.A 
ra 


Cayley graph Cay(F : S) is defined by 
V(Cay(':S)) =F 
and 
E(Cay(T : S)) = {(g.A)| if there exists an integer i, g-! 0;h E S;,1 Si <n}. 


By Definition 4.4.4, we immediately get the following result for Cayley graphs of a 


finite generated multi-group. 


Theorem 4.4.3 For a Cayley graph Cay (ie 5) with T = U T; and =US 


i=1 
Cay(T : S) )= ower: S)). 


It is well-known that every Cayley graph of order= 3 is 2-connected. But in general, 
a Cayley graph of a multi-group is not connected. For the connectedness of Cayley graphs 


of multi-groups, we get the following result. 


Theorem 4.4.4 A Cayley graph Cay (r : S) with T = JT; and S= ) S; is connected if 
i=l i=l 

and only if for any integer i, 1 < i < n, there exists an integer j,1 < j < nand j #i such 

that YT; (\T; # 0. 
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Proof According to Theorem 4.4.3, if there is an integer 7,1 < i < n such that 
I; (\1j = @ for any integer j,1 < j < n, j # i, then there are no edges with the form 
(g;,h), 2. €T;,he i at [;. Thus Cay (r : S) is not connected. 


Notice that Cay (r : S) = U Cay(T; : S;). Not loss of generality, we assume that 
i=1 


g € IT; andh € IT), where 1 < k,/ < n for any two elements g,h € T. If k = 1, then there 
must exists a path connecting g and h in Cay (r : S). 
Now if k # / and for any integer i, 1 < i < n, there is an integer j,1 < j<nand j #i 


such that I’; () I; # 0, then we can find integers i), i2,---,i;, 1 < ij, i2,+--,i, <n such that 


r () IT, #90. 


Therefore, we can find a path connecting g and h in Cay (r : S) passing through these 
vertices in Cay(T;, : S;,), Cay; : Si), -°:, Cay(V;, : S:,). Thus the Cayley graph 
Cay (r : S) is connected. L] 


The following theorem is gotten by the definition of Cayley graph and Theorem 
4.4.4. 
Theorem 4.4.5 [fT = JT with || = 3, then the Cayley graph Cay (r S) 
i=l 
(1) is an |S |-regular graph; 
(2) its edge connectivity k (Cay (r : S)) 2 2M: 


Proof The assertion (1) is gotten by the definition of Cay (r : S). For (2) since every 
Cayley graph of order> 3 is 2-connected, for any two vertices g,h in Cay (r : S), there 
are at least 2n edge disjoint paths connecting g and h. Whence, the edge connectivity 
k (Cay (r : S)) > 2n. C 


Applying multi-voltage graphs, we get a structure result for Cayley graphs of a finite 
multi-group similar to that of Cayley graphs of a finite group. 


Theorem 4.4.6 For a Cayley graph Cay (r : S) of a finite multi-group T= LJ; with 
i=l 


S = US, there isa multi-voltage bouquet ¢ : Bs, > S such that Cay (r : S) = (Bj) . 
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Proof Let S = {sis l<i< |S} and E(By) = {Lis l<i< [S| Define a multi- 
voltage graph on a bouquet Bis, by 


cg: lL; > 5, 1<i<|s}. 


Then we know that there is an isomorphism t between (By) and Cay (r : S) by defining 
t(O,) = g for Vg € I, where V(Bj5)) = {O}. 


Corollary 4.4.6 For a Cayley graph Cay(T : S) of a finite group T, there exists a voltage 
bouquet a : Bis; > S such that Cay(T : S) ~ (Bis))*. 


§4.5 RESEARCH PROBLEMS 


4.5.1 As an efficient way for finding regular covering spaces of a graph, voltage graphs 
have been gotten more attentions in the past half-century by mathematicians. Unless 
elementary results on voltage graphs discussed in this chapter, further works for regular 
covering spaces of graphs can be found in [GrT1], particularly, for finding genus of graphs 
with more symmetries on surfaces. However, few works can be found in publication for 
irregular covering spaces of graphs. These multi-voltage graph of type I or type II with 
multi-groups defined in Sections 4.2-4.3 are candidate for further research on irregular 


covering spaces of graphs. 


Problem 4.5.1 Applying multi-voltage graphs to get the genus of a graph with less sym- 


metries. 


Problem 4.5.2 Find new actions of a multi-group on graph, such as the left subaction 
and its contribution to topological graph theory. What can we say for automorphisms of 


the lifting of a multi-voltage graph? 


There is a famous conjecture for Cayley graphs of a finite group in algebraic graph 
theory, i.e., every connected Cayley graph of order> 3 is hamiltonian. Similarly, we can 
also present a conjecture for Cayley graphs of a multi-group. 

Conjecture 4.5.1 Every Cayley graph of a finite multi-group V = UT; with order> 3 and 
i=l 


n 
(\ Ti] = 2 is hamiltonian. 


i=l 
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4.5.2 As pointed out in [Maol0], for applying combinatorics to other sciences, a good 
idea is pullback measures on combinatorial objects, initially ignored by the classical 
combinatorics and reconstructed or make a combinatorial generalization for the classi- 


cal mathematics. Thus is the CC conjecture following. 


Conjecture 4.5.1(CC Conjecture) The mathematical science can be reconstructed from 


or made by combinatorialization. 
Remark 4.5.1 We need some further clarifications for this conjecture. 


(1) This conjecture assumes that one can select finite combinatorial rulers and ax- 
ioms to reconstruct or make generalization for classical mathematics. 

(2) The classical mathematics is a particular case in the combinatorialization of 
mathematics, 1.e., the later is a combinatorial generalization of the former. 

(3) We can make one combinatorialization of different branches in mathematics and 


find new theorems after then. 


More discussions on CC conjecture can be found in references [Mao19] [Mao37]- 
[Mao38]. 


4.5.3 The central idea in Section 4.4 is that a graph is equivalent to multi-spaces. Ap- 
plying infinite graph theory (see [Tho1] for details), we can also define infinite graphs for 


infinite multi-spaces similar to that Definition 4.4.3. 


Problem 4.5.3 Find the structural properties of infinite graphs of infinite multi-spaces. 


CHAPTER 5. 


Multi-Embeddings of Graphs 


A geometrical graph G is in fact the graph phase of G. Besides to find combi- 
natorial properties of graphs, a more important thing is to find the behaviors 
of graphs in spaces, i.e., embedding a graph in space to get its geometrical 
graph. In last century, many mathematicians concentrated their attention to 
embedding graphs on surfaces. They have gotten many characteristics of sur- 
faces by combinatorics. Such a way can be also applied to a general space for 
finding combinatorial behaviors of spaces. Whence, we consider graphs in 
spaces in this chapter. For this objective, we introduce topological spaces in 
Section 5.1, multi-surface embeddings, particularly, multi-sphere embedding 
of graphs with empty overlapping and including multi-embedding on sphere 
are characterized in Section 5.2 and 2-cell embeddings of graphs on surface in 
Section 5.3. A general discussion on multi-surface embeddings of graphs and 
a Classification on manifold graphs with enumeration can be found in Sec- 
tion 5.4. Section 5.5 concentrates on the behavior of geometrical graphs, i.e., 
graph phases in spaces with transformations. All of these materials show how 


to generalize a classical problem in mathematics by multi-spaces. 
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§5.1 SURFACES 


5.1.1 Topological Space. Let 7 be a set. A topology ona set 7 is a collection @ of 


subsets of 7, called open sets satisfying properties following: 


(TlOEC@andZ EG; 
(T2) if U;, U2 € @, then U,; N U2 € ©; 
(T3) the union of any collection of open sets is open. 


For example, let 7 = {a,b,c} and @ = {0, {b}, {a, b}, {b,c}, 7}. Then @ is a topology 
on 7. Usually, such a topology on a discrete set is called a discrete topology, otherwise, 
a continuous topology. A pair (7,@) consisting of a set 7 and a topology @ on 7 is 
called a topological space and each element in 7 is called a point of 7. Usually, we also 
use to indicate a topological space if its topology is clear in the context. For example, 
the Euclidean space R” for an integer n > 1 is a topological space. 

For a point wu in a topological space 7, its an open neighborhood is an open set U 
such that u € U in Y and a neighborhood in 7 is a set containing some of its open 
neighborhoods. Similarly, for a subset A of .7, a set U is an open neighborhood or 
neighborhood of A if U is open itself or a set containing some open neighborhoods of 
that set in 7. A basis in 7 is a collection & of subsets of Y such that 7 = UgegB and 
Bi, By € Bx € B, N By implies that 4B; € Z with x € Bs C By NO B, hold. 

Let 7 be a topological space and J = [0,1] C R. An arc ain 7 is defined to be a 
continuous mapping a: 1 > 7. We call a(0), a(1) the initial point and end point of a, 
respectively. A topological space 7 is connected if there are no open subspaces A and B 
such that S = A U B with A, B # 0 and called arcwise-connected if every two points u, v 
in JZ can be joined by an arc ain 7, i.e., a0) = uanda(1) =v. Anarca: I> 7 is 
a loop based at p if a(0) = a(1) = pe FY. A —it degenerated loop e, : 1 > x € S,ie., 
mapping each element in / to a point x, usually called a point loop. 

A topological space 7 is called Hausdorff if each two distinct points have disjoint 
neighborhoods and first countable if for each p € 7 there is a sequence {U,,} of neigh- 
borhoods of p such that for any neighborhood U of p, there is ann such that U,, c U. The 
topology is called second countable if it has a countable basis. 

Let {x,} be a point sequence in a topological space .7. If there is a point x € Y such 
that for every neighborhood U of u, there is an integer N such that n > N implies x, € U, 


then {u,} is said converges to u or u is a limit point of {u,} in the topological space 7. 
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5.1.2 Continuous Mapping. For two topological spaces 7% and % anda pointue %, 
amapping gy: % — & is called continuous at u if for every neighborhood V of y(u), 
there is a neighborhood U of u such that p(U) Cc V. Furthermore, if y is continuous at 
each point u in %, then g is called a continuous mapping on J. 

For examples, the polynomial function f : R — R determined by f(x) = a,x" + 
yx"! + +++ + a,x + do and the linear mapping L : R” — R" for an integer n > 1 are 


continuous mapping. The following result presents properties of continuous mapping. 


Theorem 5.1.1 Let 2, SY and J be topological spaces. Then 


(1) A constant mapping c: & — -F is continuous; 

(2) The identity mapping Id: 2 — Z& is continuous; 

(3) If f : @ — F is continuous, then so is the restriction f|y of f to an open subset 
U of &; 

(Diff: B27 Sandg: SY > TF are continuous at x € & and f(x) € -, then so 
is their composition mapping gf :#% > JF at x. 


Proof The results of (1)-(3) is clear by definition. For (4), notice that f and g are 
respective continuous at x € R and f(x) € -%. For any open neighborhood W of point 
2(f(x)) € -7, g-'(W) is opened neighborhood of f(x) in.Y%. Whence, f-'(g~!(W)) is an 


opened neighborhood of x in Z& by definition. Therefore, g(f) is continuous at x. 


A refinement of Theorem 5.1.1(3) enables us to know the following criterion for 


continuity of a mapping. 


Theorem 5.1.2 Let & and -Y be topological spaces. Then a mapping f : & > -F is 


continuous if and only if each point of & has a neighborhood on which f is continuous. 


Proof By Theorem 5.1.1(3), we only need to prove the sufficiency of condition. Let 
f:&-— fF be continuous in a neighborhood of each point of Z and U c .Y. We show 
that f~'(U) is open. In fact, any point x € f~'(U) has a neighborhood V(x) on which f 
is continuous by assumption. The continuity of fy; implies that (f|y,))"'(U) is open in 


V(x). Whence it is also open in @. By definition, we are easily find that 


(flv) 'W) = (x € Bf) € U} = FW) VO, 


in f~'(U) and contains x. Notice that f~'(U) is a union of all such open sets as x ranges 
over f-'(U). Thus f~!(U) is open followed by this fact. 
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For constructing continuous mapping on a union of topological spaces 2’, the fol- 


lowing result is a very useful tool, called the Gluing Lemma. 


Theorem 5.1.3 Assume that a topological space & is a finite union of closed subsets: 
n 

X =|) X;. If for some topological space Y, there are continuous maps f; : X; > Y that 
i=l 

agree on overlaps, i.e., filx;- x; = filx;q.x, for alli, j, then there exists a unique continuous 


f: 2% -—Y with flx, = f for alli. 
Proof Obviously, the mapping f defined by 
f(x) = fil), XE Xi 


is the unique well defined mapping from 2% to Y with restrictions f|x, = f; hold for all 7. 
So we only need to establish the continuity of f on 2°. In fact, if U is an open set in Y, 
then 


f'(U) 


X(\f-'\(U) = 


Uxlara 
i=l 
U(x (\F'w)) = (x:( )#'(W)) = UJ rt. 
el i=! 


i=1 


By assumption, each f; is continuous. We know that f,'(U) is open in X;. Whence, 
f ‘(U) is open in 2. Thus f is continuous on 2. oO 


Let 2 be a topological space. A collectionC c A(.2) is called to be a cover of 2 


Jes 2. 


CeC 
If each set in C is open, then C is called an opened cover and if |C| is finite, it is called 


if 


a finite cover of 2. A topological space is compact if there exists a finite cover in its 
any opened cover and locally compact if it is Hausdorff with a compact neighborhood for 
its each point. As a consequence of Theorem 5.1.3, we can apply the gluing lemma to 


ascertain continuous mappings shown in the next. 


Corollary 5.1.1 Let Let 2 and Y be topological spaces and {A,,A>,---,A,} be a fi- 
nite opened cover of a topological space 2. If a mapping f : 2 — Y is continuous 


constrained on each Aj, 1 < i <n, then f is a continuous mapping. 


5.1.3 Homeomorphic Space. Let .” and 7 be two topological spaces. They are 


homeomorphic if there is a 1 — 1 continuous mapping y : 7% — J such that the inverse 
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maping yg! : Z — .Y is also continuous. Such a mapping g is called a homeomorphic 
or topological mapping. A few examples of homeomorphic spaces can be found in the 


following. 


Example 5.1.1 Each of the following topological space pairs are homeomorphic. 


(1) A Euclidean space R” and an opened unit n-ball B” = { (x1, x2,+++, Xn) | xy $45 + 
te <1}; 

(2) A Euclidean plane R"*! and a unit sphere S” = { (x1, X2,°++, Xna1) [ap tag tet 
x2, = 1} with one point p = (0,0,---,0, 1) on it removed. 


In fact, define a mapping f from B” to R” for (1) by 


(x1, X2,°°"* 5 x) 
J Rieke 5 hy) So ———————— 
Ds Bid aaa She 4 
Li aft eae ete oe 
for V(x), X2,°++, Xn) € B". Then its inverse is 
= (X15 4937? *5 Xp) 
f (415-%.°°*2,) = 
De Oe Ae 
Lt gle ee ee 
for V(x), X2,++*,X,) € R”. Clearly, both f and f~! are continuous. So B” is homeomorphic 


to R". For (2), define a mapping f from S$” — p to R"*! by 


F(X, 23° a) = (Ri, Ros 


1 Xn+1 


Its inverse f~' : R"*! > S$" — p is determined by 
FV ts Xap Mast) = COD Mn, L - 109), 


where 
2 


2 24... 2 
La ey ay +244 


t(x) = 
Notice that both f and f~! are continuous. Thus S$” — p is homeomorphic to R™*?. 


5.1.4 Surface. For an integer n > 1, an n-dimensional topological manifold is a second 
countable Hausdorff space such that each point has an open neighborhood homeomorphic 
to an open n-dimensional ball B” = {(x1, x2,-++, x, lay +5 t+ -+2x5 < 1} in R”. We assume 
all manifolds is connected considered in this book. A 2-manifold is usually called surface 


in literature. Several examples of surfaces are shown in the following. 


136 Chap.5 Multi-Embeddings of Graphs 


Example 5.1.1 These 2-manifolds shown in the Fig.5.1.1 are surfaces with boundary. 


plane torus rectangle cylinder 


Fig.5.1.1 


Example 5.1.2 These 2-manifolds shown in the Fig.5.1.2 are surfaces without boundary. 


S© 


sphere torus 


Fig.5.1.2 


By definition, we can always distinguish the right-side and left-side when one object 
moves along an arc on a surface S. Now let N be a unit normal vector of the surface S. 
Consider the result of a normal vector moves along a loop L on surfaces in Fig.5.1.1 and 
Fig.5.1.2. We find the direction of N is unchanged as it come back at the original point uw. 


For example, it moves on the sphere and torus shown in the Fig.5.1.3 following. 


SS 


sphere torus 


Fig.5.1.3 
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Such loops L in Fig.5.1.3 are called orientation-preserving. However, there are also loops 
L in surfaces which are not orientation-preserving. In such case, we get the opposite 
direction of N as it come back at the original point v. Such a loop is called orientation- 
reversing. For example, the process (1)-(3) for getting the famous Mobius strip shown in 


Fig.5.1.4, in where the loop L is an orientation-reversing loop. 


A B’ A Xv 
ae 
: fa E E 
B rN B B’ 
(1) (2) 


A 


L 


(3) 
Fig.4.1.4 


A surface S is defined to be orientable if every loop on S is orientation-preserving. 
Otherwise, non-orientable if there at least one orientation-reversing loop on S$. Whence, 
the surfaces in Examples 5.1.1-5.1.2 are orientable and the Mobius strip are non-orientable. 
It should be noted that the boundary of a M6bius strip is a closed arc formed by AB’ and 
A’B. Gluing the boundary of a Mobius strip by a 2-dimensional ball B’, we get a non- 


orientable surface without boundary, which is usually called crosscap in literature. 


§5.2 GRAPHS IN SPACES 


5.2.1 Graph Embedding. Let &; and & be two topological spaces. An embedding of ©; 
in &) is a one-to-one continuous mapping f : 6; — &>. Certainly, the same problem can 
be also considered for & being a metric space. By topological view, a graph is nothing 
but a 1-complex, we consider the embedding problem for graphs in spaces. The same 
problem had been considered by Griimbaum in [Grul]-[Gru3] for graphs in spaces, and 
references [GrT1], [Liu1]-[Liu4], [MoT1] and [Whil] for graphs on surfaces. 
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5.2.2 Graph in Manifold. Let G be a connected graph. For Vv € V(G), a space permu- 
tation P(v) of v is a permutation on Ng(v) = {W1, U2, +++, Up,(v)} and all space permutation 
of a vertex v is denoted by P,(v). A space permutation P,(G) of a graph G is defined to 
be 

P(G) = {P(v)|Vv € VG), P(v) € Ps(v)} 


and a permutation system P(G) of G to be all space permutation of G. Then we know the 


following characteristic for an embedded graph in an n-manifold M® with n > 3. 


Theorem 5.2.1 For an integer n > 3, every space permutation P,(G) of a graph G defines 
a unique embedding of G — M". Conversely, every embedding of a graph G — M" 


defines a space permutation of G. 


Proof Assume G is embedded in an n-manifold M”. For Vv € V(G), define an 
(n — 1)-ball B""'(v) to be xj + x5 +--+ +2 = r° with center at v and radius r as small 
as needed. Notice that all auto-homeomorphisms AutB”!(v) of B’"'(v) is a group under 
the composition operation and two points A = (x), %2,°-:,X,) and B = (yj, y2,--+, yn) in 
B"!(v) are said to be combinatorially equivalent if there exists an auto-homeomorphism 
¢ € AutB”!(v) such that ¢(A) = B. Consider intersection points of edges in Eg(v, Ng(v)) 
with B"-'(v). We get a permutation P(v) on these points, or equivalently on Ng(v) by 
(A, B,--+,C,D) being a cycle of P(v) if and only if there exists ¢ € AutB”"!(v) such that 
si(A) = B,-++, s/(C) = D and ¢'(D) = A, where i,---, j,/ are integers. Thereby we get a 
space permutation P,(G) of G. 

Conversely, for a space permutation P,(G), we can embed G in M” by embedding 
each vertex v € V(G) to a point X of M” and arranging vertices in one cycle of P;(G) of 


Ng(v) as the same orbit of (o-) action on points of Ng(v) for 7 € AutB”"!(X). Whence we 


get an embedding of G in the manifold M”. O 


Theorem 5.2.1 establishes a relation for an embedded graph in an n-dimensional 
manifold with a permutation, which enables one combinatorially defining graphs embed- 


ded in n-dimensional manifolds. 


Corollary 5.2.1 Fora graph G, the number of embeddings of G in M",n > 3 is 


| | ect. 


veV(G) 


For applying graphs in spaces to theoretical physics, we consider an embedding of 
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graph in an manifold with additional conditions, which enables us to find good behavior 
of a graph in spaces. On the first, we consider the rectilinear embeddings of graphs in a 


Euclid space. 
Definition 5.2.1 For a given graph G and a Euclid space E, a rectilinear embedding of 
G in E is a one-to-one continuous mapping nm: G > E such that 


(1) For Ve € E(G), x(e) is a segment of a straight line in E; 
(2) For any two edges e, = (u,v), €2 = (x, y) in E(G), (7(e1) \ {7(u), A(V)}) 1) (at(e2) \ 
{(x), m(y)}) = 0. 


In R®, a rectilinear embedding of Ky and a cube Q3 are shown in Fig.5.2.1 following. 


(0,0, 1) (0,0, 1) (0, 1, 1) 
(1,0, 1 


(1,0, 0) (0, 1,0) (1,0,0) (1, 1,0) 


Fig 5.2.1 


In general, we know the following result for rectilinear embedding of graphs G in 
Euclid space R",n > 3. 


Theorem 5.2.2 For any simple graph G of order n, there is a rectilinear embedding of G 


in R" with n > 3. 


Proof Notice that this assertion is true for any integer n > 3 if it is hold for n = 3. 
In R?, choose n points (t1, f7, 3), (2, 6, 3), + ++ (th 2, 3), where ty, to, +++, ft, are n different 
real numbers. For integers i, j,k,/,1 < i, j,k, l <n, if a straight line passing through ver- 
tices (t;, t?, t?) and (t;, i; t;) intersects with a straight line passing through vertices (t,, f;, f;) 


and (t), t,t), then there must be 


Kk-t tj-h ti-k 
e-f ¢-? f-r|=0, 


) 3 43 3 43 3 
B-8 f-f e-#8 
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which implies that there exist integers s, f € {k,/,i, j}, s # f such that t, = ty, a contra- 
diction. 

Now let V(G) = {11, v2,-++, Vn}. We embed the graph G in R° by a mapping 7: G > 
R? with x(;) = (t;, #7, ) for 1 < i < nand if vv; € E(G), define x(v;v;) being the segment 


between points (¢;, 7, ¢7) and (t;, ei t;) of a straight line passing through points (1; 7, t) 


and (t;, t;,t;). Then z is a rectilinear embedding of the graph G in R’. 0 


5.2.3 Multi-Surface Embedding. For a graph G and a surface S$, an immersion t of 
G on S is a one-to-one continuous mapping . : G — S such that for Ve € E(G), if 
e = (u,v), then c(e) is a curve connecting e(u) and ¢(v) on S. The following two definitions 


are generalization of embedding of graph on surface. 


Definition 5.2.2 Let G be a graph and S a surface in a metric space & A pseudo- 
embedding of G on S is a one-to-one continuous mapping m : G — & such that there 
exists vertices V; C V(G), ay,) is an immersion on S with each component of S \ m{((V;)) 
isomorphic to an open 2-disk. 

Definition 5.2.3. Let G be a graph with a vertex set partition V(G) = U Vi Vi.) Vj; =9 
for\ <i,j<kand let S,,S>,---,S, be surfaces in a metric space & with k> 1. A multi- 
embedding of G on S\,S2,°++,S,% is a one-to-one continuous mapping nm: G — & such 
that for any integer i, 1 <i <k, avy, is an immersion with each component of S ; \ m((V;)) 


isomorphic to an open 2-disk. 


Notice that if 7(G)((S;US2-:-US,) = a(V(G)), then every 7: G > Risa 
multi-embedding of G. We say it to be a trivial multi-embedding of G on $1, S2,--+,S x. 
Ifk = 1, then every trivial multi-embedding is a trivial pseudo-embedding of G on S;. The 
main object of this section is to find nontrivial multi-embedding of G on $1, 53,---, Sx 
with k > 1. The existence pseudo-embedding of a graph G is obvious by definition. We 
concentrate our attention on characteristics of multi-embeddings of a graph. 

For a graph G, let G;,G2,---,G, be all vertex-induced subgraphs of G. For any 
integers i, j,1 < i,j < k, if ViGj))(\V(G;) = 9, such a set consisting of subgraphs 


k 

G,, Go,-+-,G, are called a block decomposition of G and denoted by G = 4) G;. The 
i=1 

planar block number n,(G) of G is defined by 


k 
np,(G) = min {ae = (4) G;, for any integer 7,1 <i < k,G; is nana : 


i=l 


Sec.5.2 Graphs in Spaces 141 


Then we get a result for the planar black number of a graph G in the following. 


Theorem 5.2.3 A graph G has a nontrivial multi-embedding on s spheres P,, P,---, Ps 
with empty overlapping if and only if n,(G) < s < |G. 


Proof Assume G has a nontrivial multi-embedding on spheres P,, P,---,P;. Since 


|\V(G)() P;| = 1 for any integer i, 1 < i < s, we know that 


IG| = 3 Vo) (\> > 5. 
i=1 


By definition, if 7: G-— R? is a nontrivial multi-embedding of G on P, P2,---, Ps, 


then for any integer i, 1 < i < s, a '(P;) is a planar induced graph. Therefore, 


G=|4+}x (Pi, 
i=! 
and we get that s > n,(G). 

Now if n,(G) < s < |G|, there is a block decomposition G = W G, of G such that G; 
is a planar graph for any integer i, 1 < i < s. Whence we can take wapheres Pil atl 
and define an embedding z; : G; — P; of G; on sphere P; for any integer i,1 <i < s. 
Define an immersion 2 : G > R? of G on R? by 


Ss 


mG) = [U no| LJ {or vp € VG), v; € VG), (viv) € EG), 1 si, js sh. 


i=l 


Then z : G > R? is a multi-embedding of G on spheres P;, P2,---, Ps. 


For example, a multi-embedding of Kg on two spheres is shown in Fig.5.2.2, where, 


({x, y, z}) is on one sphere S; and ({u, v, w}) on another S >. 


sphere S , sphere S$ 5 


Fig 5.2.2 
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For a complete or a complete bipartite graph, the number 1,(G) is determined in the 


following result. 


Theorem 5.2.4 For any integers n, m > 1, the numbers n,(K,) and n,(K(m,n)) are 
respectively 


np(Kn) =|] and ny(K(m,n)) = 2, 
ifm > 3,n > 3, otherwise 1, respectively. 


Proof Notice that every vertex-induced subgraph of a complete graph K,, is also a 
complete graph. By Theorem 2.1.16, we know that Ks is non-planar. Thereby we get that 
n 


nino =f 


by definition of n,(K,). Now for a complete bipartite graph K(m,n), any vertex-induced 
subgraph by choosing s and / vertices from its two partite vertex sets is still a complete 
bipartite graph. According to Theorem 2.2.5, K(3,3) is non-planar and K(2, k) is planar. 
If m < 2 orn < 2, we get that n,(K(m,n)) = 1. Otherwise, K(m, n) is non-planar. Thereby 
we know that n,(K(m, n)) > 2. 

Let V(K(m,n)) = V, U V2, where V;, V2 are its partite vertex sets. If m > 3 and 
n > 3, we choose vertices u,v € V; and x,y € V>. Then the vertex-induced sub- 
graphs ({u, v} LU V2 \ {x, y}) and ({x, y} LU V2 \ {u, v}) in K(m, n) are planar graphs. Whence, 
n,(K(m, n)) = 2 by definition. L 


The position of surfaces S,,5,---,5, in a topological space & also influences the 
existence of multi-embeddings of a graph. Among these cases, an interesting case is there 
exists an arrangement S;,,5j,,---,Sj, for S;,S2,---,S, such that in &, S;, is a subspace of 
S 


multi-embedding of G on surfaces S;,S2,---, Sx. 


for any integer j, 1 < j < k. In this case, the multi-embedding is called an including 


ij+t 


Theorem 5.2.5 A graph G has a nontrivial including multi-embedding on spheres P, D 
P, D--+-D P, ifand only if there is a block decomposition G = WJ G; of G such that for 
i=l 


any integer i,1<i<-s, 


(1) G; is planar; . 
(2) for Vv € V(G;), Ng(x) © ( Uy) V(G »} 
i=i-1 


jei- 
Proof Notice that in the case of spheres, if the radius of a sphere is tending to 


infinite, an embedding of a graph on this sphere is tending to a planar embedding. From 
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this observation, we get the necessity of these conditions. 


Now if there is a block decomposition G = \4) G; of G such that G; is planar for any 
i=l 


j=i- 
P,, Po,--+, P; in R® that P; D P, > --- D P,. For any integer i, 1 < i < s, we define an 
y g 


i+] 
integer 7,1 <i < sand Ng(x) G ( L) V(G | for Vv € V(G;), we can so place s spheres 
1 


embedding z; : G; — P; of G; on sphere P;. 
i+] 
Since Neg(x) € | lL) VIG | for Yv € V(G;), define an immersion z : G > R? of G 


j=i-l 
on R? by 


Ss 


mG) = U “60 |(J {Wi vpli=i- lit] for 1 <i< sand(vj,v) € EO}. 


i=l 


Thenz:G— Risa multi-embedding of G on spheres P), P2,---, Ps. 


Corollary 5.2.2. If a graph G has a nontrivial including multi-embedding on spheres 
P, DP. D---D Py, then the diameter D(G) > s-— 1. 


§5.3 GRAPHS ON SURFACES 


5.3.1 2-Cell Embedding. For a graph G = (V(G), E(G), /(G)) and a surface S$, an 
embedding of G on S is the case of k = 1 in Definition 5.2.3, which is also an embedding 
of graph in a 2-manifold. It can be shown immediately that if there exists an embedding 
of G on S, then G is connected. Otherwise, we can get a component in S$ \ 2(G) not 
isomorphic to an open 2-disk. Thus all graphs considered in this subsection are connected. 

Let G be a graph. For v € V(G), denote all of edges incident with the vertex v by 
NG) = {e1,€2,°++. pq}. A permutation C(v) on é;, €2,-++, piv) 18 Said to be a pure 
rotation of v. All such pure rotations incident with a vertex v is denoted by o(v). A pure 


rotation system of G is defined by 
P(G) = {C(VIC() € o(y) for Vv € V(G)} 


and all pure rotation systems of G is denoted by o(G). 

Notice that in the case of embedded graphs on surfaces, a 1-dimensional ball is just 
a circle. By Theorem 5.2.1, we get a useful characteristic for embedding of graphs on 
orientable surfaces, first found by Heffter in 1891 and then formulated by Edmonds in 
1962. It can be restated as follows. 
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Theorem 5.3.1 Every pure rotation system for a graph G induces a unique embedding of 
G into an orientable surface. Conversely, every embedding of a graph G into an orientable 


surface induces a unique pure rotation system of G. 


According to this theorem, we know that the number of all embeddings of a graph G 
on orientable surfaces is [],eyiq)(c(v) — 1)!. 

By topological view, an embedded vertex or face can be viewed as a disk, and an 
embedded edge can be viewed as a 1-band which is defined as a topological space B 
together with a homeomorphism  : 1 x I — B, where J = [0,1], the unit interval. 
Whence, an edge in an embedded graph has two sides. One side is h((0, x)), x € J. Another 
is h((1, x)), x € I. 

For an embedded graph G on a surface, the two sides of an edge e € E(G) may lie in 
two different faces f; and f:, or in one face f without a twist ,or in one face f with a twist 


such as those cases (a), or (b), or (c) shown in Fig.5.3.1. 


eu. Vt) 


fi i ri 


O 


sS 
» 
Ne 
(ye 


(a) (b) (c) 


Fig 5.3.1 


Now we define a rotation system p“(G) to be a pair (J, 2), where J is a pure rotation 
system of G, and 2: E(G) — Z,. The edge with A(e) = 0 or A(e) = 1 is called type 0 or 
type I edge, respectively. The rotation system o'(G) of a graph G are defined by 


o(G) = (FT, MIF € O(G), A: E(G) > Z}. 


By Theorem 5.2.1 we know the following characteristic for embedding graphs on locally 


orientable surfaces. 


Sec.5.3 Graphs on Surfaces 145 


Theorem 5.3.2 Every rotation system on a graph G defines a unique locally orientable 
embedding of G > S. Conversely, every embedding of a graph G > S defines a rotation 
system for G. 


Notice that in any embedding of a graph G, there exists a spanning tree T such that 
every edge on this tree is type 0 (See also [GrT1] for details). Whence, the number of all 


embeddings of a graph G on locally orientable surfaces is 


2 || (pa(v) = 1)! 
veV(G) 
and the number of all embedding of G on non-orientable surfaces is 
(2) _ 1) | | (o(v) — DI. 
veV(G) 
The following result is the famous Euler-Poincaré formula for embedding a graph 


on a surface. 


Theorem 5.3.3 [fa graph G can be embedded into a surface S, then 
v(G) — e(G) + G(G) = x(S), 


where v(G), E(G) and $(G) are the order, size and the number of faces of G on S, and 
XM(S ) is the Euler characteristic of S, i.é., 


2—2p, if S is orientable, 
X(S) = ee 
2-—q, if S is non - orientable. 


For a given graph G and a surface S$, whether G embeddable on S' is uncertain. We 
use the notation G — S denoting that G can be embeddable on S. Define the orientable 


genus range GR°(G) and the non-orientable genus range GR‘ (G) of a graph G by 


2—- x(S) 


O _ 
GR @={ 5 


|G — S,S is an orientable surface} , 
GR‘ (G) = {2 — y(S)|G > S,S is anon — orientable surface} , 
respectively and the orientable or non-orientable genus y(G), y(G) by 
y(G) = min {plp € GR°(G)}, yu(G) = max {p\p € GR°(G)}, 


WG) = min {qq € GR“(G)}, %u(G) = max {qlq € GR°(G)}. 
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Theorem 5.3.4 Let G be a connected graph. Then 


GR°(G) = [y(G), yu(@)]. 


Proof Notice that if we delete an edge e and its adjacent faces from an embedded 
graph G on surface S$, we get two holes at most, see Fig.25 also. This implies that |@(G) — 
W(G-e)| <1. 

Now assume G has been embedded on a surface of genus y(G) and V(G) = {u, v,---, w}. 


Consider those of edges adjacent with u. Not loss of generality, we assume the ro- 


tation of G at vertex v is (€),é2,-+-,€,,(u)). Construct an embedded graph sequence 
Gy,G2,77*5 CG putays by 
o(G,) = eG); 


0(G2) = (0G) \ {o@)}) Ul(e2, €1, 63°75 Cogan) 
OAGrews~1) = (o(G) ‘ {o(u)}) Uf(eo, 35° °° 5 Cng(u)> e1)}; 
O(Gygw) = (0(G) \ {o(u)}) Ul(es, e2,°°+, Cpg(u)> e1)}; 
O(Gp_(u)!) = (o(G) \ {o(u)}) lL Hepeaas 7',€2,€1, Mie 
For any integer 7, 1 <i < pg(u)!, since |d(G) — d(G—e)| < 1 for Ve € E(G), we know 
that |6(Gi.1) — ¢(G;)| < 1. Whence, |y(Gi+1) — x(G;)| < 1. 
Continuing the above process for every vertex in G we finally get an embedding of 


G with the maximum genus yy(G). Since in this sequence of embeddings of G, the genus 


of two successive surfaces differs by at most one, thus GR°(G) = [y(G), yu(G)]. O 


The genus problem, 1.e., to determine the minimum orientable or non-orientable 
genus of a graph is NP-complete (See [GrT1] for details). Ringel and Youngs got the 


genus of K,, completely by current graphs (a dual form of voltage graphs) as follows. 


Theorem 5.3.5 For a complete graph K, and a complete bipartite graph K(m,n) with 
integers m,n = 3, 


(n — 3)(n— 4) 


(Kn) = DD 


| and y(K(m, n)) = pee ; 


4 


Outline proofs for y(K,) in Theorem 2.3.10 can be found in [GrT1], [Liul] and 
[MoT1], and a complete proof is contained in [Rin1]. A proof for y(K(m, n)) in Theorem 
5.3.5 can be also found in [GrT1], [Liul] and [MoT1]. 
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For the maximum genus yy(G) of a graph, the time needed for computation is 
bounded by a polynomial function on the number of v(G) ([GrT1]). In 1979, Xuong 


got the following result. 


Theorem 5.3.6 Let G be a connected graph with n vertices and q edges. Then 
1 Ag 
yu(G) = 549 =e l= 5 min Coda(G \ E(T)), 


where the minimum is taken over all spanning trees T of G and Coaa(G \ E(T)) denotes the 


number of components of G \ E(T) with an odd number of edges. 


In 1981, Nebesky derived another important formula for the maximum genus of a 
graph. For a connected graph G and A C E(G), let c(A) be the number of connected 
component of G \ A and let b(A) be the number of connected components X of G \ A such 
that |E(X)| = |V(X)|(mod2). With these notations, his formula can be restated as in the 


next theorem. 
Theorem 5.3.7 Let G be a connected graph with n vertices and q edges. Then 


1 
yu(G@) = 5(q—n+2)—- {c(A) + b(A) — AI}. 


max 
ACE(G) 
Corollary 5.3.1 The maximum genus of K, and K(m,n) are given by 


coe aoe 
4 —— ar 6 


yu(K,,) = 5) 


and yy(K(m, n)) = 


respectively. 


Now we turn to non-orientable embedding of a graph G. For Ve € E(G), we define 
an edge-twisting surgery ®(e) to be given the band of e an extra twist such as that shown 
in Fig.5.3.2. 


Fig 5.3.2 
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Notice that for an embedded graph G on a surface S,, e € E(G), if two sides of e are 
in two different faces, then @(e) will make these faces into one and if two sides of e are 
in one face, ®(e) will divide the one face into two. This property of @(e) enables us to get 


the following result for the crosscap range of a graph. 


Theorem 5.3.8 Let G be a connected graph. Then 


GR"(G) = [¥(G),B(G)I, 


where B(G) = e(G) — v(G) + | is called the Betti number of G. 


Proof It can be checked immediately that y(G) = yy(G) = 0 for a tree G. If G is not 
a tree, we have known there exists a spanning tree T such that every edge on this tree is 
type 0 for any embedding of G. 

Let E(G) \ E(T) = {e1, €2,-++, gq}. Adding the edge e; to T, we get a two faces 
embedding of T + e,. Now make edge-twisting surgery on e,. Then we get a one face 
embedding of T + e; on a surface. If we have get a one face embedding of T + (e; + e2 + 
--- +e), 1 <i < B(G), adding the edge e;,; to T + (e; + en + --- + e;) and make @(e;,;) on 
the edge e;,;. We also get a one face embedding of T + (e, + en +--- + 4;) on a surface 
again. 

Continuing this process until all edges in E(G) \ E(T) have a twist, we finally get a 
one face embedding of T + (E(G) \ E(T)) = G on a surface. Since the number of twists 
in each circuit of this embedding of G is 1(mod2), this embedding is non-orientable with 


only one face. By the Euler-Poincaré formula, we know its genus g(G) 
&(G) = 2 - ((G) — eG) + 1) = BO). 


For a minimum non-orientable embedding &g of G, i.e., y(Eg) = y(G), one can 
selects an edge e that lies in two faces of the embedding &, and makes @(e). Thus in at 
most Yy(G)—y(G) steps, one has obtained all of embeddings of G on every non-orientable 
surface N, with s € [y(G), yy(G)]. Therefore, 


GR"(G) = [(G),B@)] 


Corollary 5.3.2 Let G be a connected graph with p vertices and q edges. Then 


yu(G) =q-ptl. 
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Theorem 5.3.9 For a complete graph K,, and a complete bipartite graph K(m, n), m,n > 3, 


W(K,) = od 
with an exception value y(K7) = 3 and 
a —2)(n-2 
HK (mn, n)) = aa au J | 


A complete proof of this theorem is contained in [Rin1], Outline proofs of Theorem 
5.3.9 can be found in [Liul]. 


5.3.2. Combinatorial Map. Geometrically, an embedded graph of G on a surface is 
called a combinatorial map M and say G underlying M. Tutte [Tut2] found an alge- 
braic representation for an embedded graph on a locally orientable surface in 1973, which 
transfers a geometrical partition of a surface to a permutation in algebra. 

A combinatorial map M = (Xqg,f) is defined to be a permutation FP acting on Xo 
of a disjoint union of quadricells Kx of x € X, where X is a finite set and K = {1, a, 8, af} 


is Klein 4-group with conditions following hold: 


(1) Vx € Xz, there does not exist an integer k such that Pir = ax; 

(2) oP =P la; 

(3) The group ¥; = (a, 8, P) is transitive on Xap. 

The vertices of a combinatorial map are defined to be pairs of conjugate orbits of P 
action on Xo, edges to be orbits of K on Xo and faces to be pairs of conjugate orbits of 
Po action on Xyg. For determining a map (Xq,,P) is orientable or not, the following 


condition is needed. 

(4) If the group ¥; = (aB,P) is transitive on Xqg, then M is non-orientable. Other- 
wise, orientable. 

For example, the graph Do.4.9 (a dipole with 4 multiple edges ) on Klein bottle shown 
in Fig.5.3.3 can be algebraic represented by a combinatorial map M = (Xo, Pf) with 


Xop = U {e, we, Be, aBe}, 


e€{x,y,z,w} 


P = (x,y,z, w)(aBx, aBy, Bz, Bw)(ax, aw, az, ay)(Bx, aBw, wBz, By). 


This map has 2 vertices v, = {(x, y, Z, W), (@x, aw, az, ay)}, Vo = {(a@Bx, aBy, Bz, Bw), (Bx, 
apw, aBz, By)}, 4 edges e; = {x, ax, Bx, aBx}, er = {y, ay, By, aBy}, e3 = {Z, az, Bz, aBz}, 


150 Chap.5 Multi-Embeddings of Graphs 
e4 = {w, aw, Bw, aBw} and 2 faces fo = {(x, aBy, z, By, ax, ~aBw), (Bx, aw, a@Bx, y, Bz, ay)}, 
ja = {(Bw, az), (w, a@Bz)}. Its Euler characteristic is 

X(M) = 2-44+2=0 


and ‘7 = (a8, Ff) is transitive on X_. Thereby it is a map of Do.40 on a Klein bottle with 


2 faces accordant with its geometry. 


Fig.5.3.3 


The following result was gotten by Tutte in [Tut2], which establishes a relation for 


embedded graphs with that of combinatorial maps. 


Theorem 5.3.10 For an embedded graph G on a locally orientable surface S , there exists 
one combinatorial map M = (Xq,P) with an underlying graph G and for a combinato- 


rial map M = (Xqg,P?), there is an embedded graph G underlying M on S. 
Similar to the definition of a multi-voltage graph, we can define a multi-voltage 
map and its lifting by applying a multi-group T = UT; with T; = I; for any integers 
i=l 
LA Sas an 
Definition 5.3.1 Let (: O) be a finite multi-group withT = UT, whereT = {g1, 22,°-+, 2m} 
i=l 
and an operation set Or) = {ol <i <n} and let M = (Xqg,P?) be a combinatorial map. 
If there is a mapping W : Xap > T such that 
(1) forYx € Xop,Vo € K = {1,a,8, 0B}, Wax) = W(x), WBX) = WaBx) = W(x)! 
(2) for any face f = (x, yo » Z)(Bz, oo » By, Bx), WS, i) ae Wx) Oo; Wy) OF Oy Wz), 
where 0; € Or), 1<i<nand Wf,i|f € FW)) = G for Vv € V(G), where F(v) denotes 


all faces incident with v, 


then the 2-tuple (M, W) is called a multi-voltage map. 


The /ifting of a multi-voltage map is defined by the next definition. 
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Definition 5.3.2 For a multi-voltage map (M,w), the lifting map M’ = ee 
defined by 


PY) is 


a py? 


x 


al! Bl 


= {x,|x € Xog, 8 € Ti 


pe | | | | (Kas Vest ee) OZ gy ** OV g, XQ), 
gel ny 2)(az,,ay,axjeV(M) 


where 


| | “Ger s’=T] [ | Ger GXeemon) 


xeXap.ge i=l xeXog 


with a convention that (BX) g,o(x) = Ye, for some quadricells y € Xap. 


Notice that the lifting M is connected and WY = (a"B", P") is transitive on X¥, ae 


and only if ¥; = (a8, P) is transitive on Xq. We get a result in the following. 


Theorem 5.3.11 The Euler characteristic y(M") of the lifting map M” of a multi-voltage 


map (M,T) is 
n 1 1 
x(M") = IT fran +>», —— - ‘). 


i=l feF(M) 
where F(M) and o(W(f, °;)) denote the set of faces in M and the order of Wf, °;) in (T; 9;), 
respectively. 

Proof By definition the lifting map M”® has |T|v(M) vertices, |[|e(M) edges. Notice 
that each lifting of the boundary walk of a face is a homogenous lifting by aus of 


BY". Similar to the proof of Theorem 2.2.3, we know that M’ has) > faces. 
eT TOC 


By the Eular-Poincaré formula we get that 


v(M") — e(M") + o(M") 


n Ir 
IT ]v(M) — [le(M) + 
» ann OW f, °;)) 


n 1 
mfran aan + >) 2 =r 


i=l feF(M) 


n 1 1 
x(M)+)" >" ais-3)) 


i=l feF(M) 


X(M") 


IG| 


Recently, more and more papers concentrated on finding regular maps on surface, 


which are related with discrete groups, discrete geometry and crystal physics. For this 
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objective, an important way is by the voltage assignment technique on maps. See refer- 
ences [Mall], [MNS1] and [NeS1]-[NeS1] for details. It is also an interesting problem 
to apply multi-voltage maps for finding non-regular or other maps with some constraint 


conditions. 


Motivated by the Four Color Conjecture, Tait conjectured that every simple 3-polytope 
is hamiltonian in 1880. By Steinitz’s a famous result (See [Grul] for details), this con- 
jecture is equivalent to that every 3-connected cubic planar graph is hamiltonian. Tutte 
disproved this conjecture by giving a 3-connected non-hamiltonian cubic planar graph 
with 46 vertices in 1946 and proved that every 4-connected planar graph is hamiltonian 
[Tut] in 1956. In [Gru3], Griinbaum conjectured that each 4-connected graph embed- 
dable in the torus or in the projective plane is hamiltonian. This conjecture had been 
solved for the projective plane case by Thomas and Yu [ThY1] in 1994. Notice that 
the splitting operator # constructed in the proof of Theorem 2.2.10 is a planar operator. 
Applying Theorem 2.2.10 on surfaces we know that for every map M ona surface, M° 
is non-hamiltonian. Yn fact, we can further get an interesting result related with Tait’s 


conjecture. 


Theorem 5.3.12 There exist infinite 3—connected non-hamiltonian cubic maps on each 


locally orientable surface. 


Proof Notice that there exist 3-connected triangulations on every locally orientable 
surface S. Each dual of them is a 3-connected cubic map on S. Now we define a splitting 


operator a as shown in Fig.5.3.4. 


x} 


x2 X3 


Fig.5.3.4 


For a 3-connected cubic map M, we prove that M° is non-hamiltonian for Vv € 
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V(M). According to Theorem 2.1.7, we only need to prove that there are no y; — yo, or 
y, — y3, OF y2 — y3 hamiltonian path in the nucleus N(o(v)) of operator o. 

Let H(z;) be a component of N(o-(v))\{Z0Zi, ¥i-1Uis1, Yit1 Vi-1} Which contains the ver- 
tex z;, 1 < i < 3(all these indices mod 3). If there exists a y; — y2 hamiltonian path P in 
N(a(v)), we prove that there must be a uw; — v; hamiltonian path in the subgraph A(z;) for 
an integer i,1 <i <3. 

Since P is a hamiltonian path in N(o(v)), there must be that vjy3u2 or u2y3Vv; IS a 
subpath of P. Now let E) = {y, 3, 2073, y2v3}, we know that |E(P) () E;| = 2. Since Pisa 
y, — yz hamiltonian path in the graph N(o(v)), we must have y,u3 ¢ E(P) or yov3 ¢ E(P). 
Otherwise, by |E(P)() S| = 2 we get that z)z3 ¢ E(P). But in this case, P can not be a 
y, — y2 hamiltonian path in N(o(v)), a contradiction. 

Assume y2v3 ¢ E(P). Then you; € E(P). Let Ey = {uyy2, 2120, viy3}. We also know 
that |E(P) () E2| = 2 by the assumption that P is a hamiltonian path in N(o(v)). Hence 
Zz, ¢ E(P) and the v; — u, subpath in P is a vy; — uw; hamiltonian path in the subgraph 
HA(z}). 

Similarly, if y;u3; ¢ E(P), then y;v2 € E(P). Let F3 = {y1v2, Z0Z2, y3U2}. We can also 
get that |E(P) () E3| = 2 and a v2 — uz hamiltonian path in the subgraph H(z2). 

Now if there is a v;—u,; hamiltonian path in the subgraph H(z), then the graph H(z,)+ 
uiv¥; must be hamiltonian. According to the Grinberg’s criterion for planar hamiltonian 


graphs, we know that 
$3 — 63 + 26), — 6" 4) + 3(H5 — H's) + O(G8 — $s) = 0, =p 


where ¢* or ¢”’; is the number of i-gons in the interior or exterior of a chosen hamiltonian 


circuit C passing through u,v, in the graph AH(z,) + u;v,. Since it is obvious that 
$3=@'3=1, $3 = 6, =0, 
we get that 
2(G4 — $4) + 3(G5 — $5) = 5, (5 — 2) 


by (5-1). Because ¢/,+ 64 = 2, so ¢/,— "4 = 0,2 or —2. Now the valency of z; in H(z;) is 
2, so the 4-gon containing the vertex z; must be in the interior of C, that is ¢/, — 6”4 # —2. 
If $/,-— 6"4 = 0 or 6, — 64 = 2, we get 3(¢, — 65) = 5 or 3(¢, — 6”) = 1, a contradiction. 

Notice that H(z,) ~ H(z2) ~ H(z3). If there exists a v2 — uz hamiltonian path in H(z), 


a contradiction can be also gotten. So there does not exist a y; — y2 hamiltonian path in the 
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graph N(o(v)). Similarly , there are no y; — y3 or y2 — y3 hamiltonian paths in the graph 
N(o(v)). Whence, M°” is non-hamiltonian. 


Now let 7 be an integer, n > 1. We get that 


M, = (My, weV(M); 
My = (MNO) ye ViM)); 
M,, = (Mag Or’, Wwe V(M,-1); 


All of these maps are 3-connected non-hamiltonian cubic maps on the surface S$. This 


completes the proof. O 


Corollary 5.3.3 There is not a locally orientable surface on which every 3-connected 


cubic map is hamiltonian. 


§5.4 MULTI-EMBEDDINGS OF GRAPHS 


5.4.1 Multi-Surface Genus Range. Let $;,55,---,S, be k locally orientable surfaces 


and G a connected graph. Define numbers 


k 
W(G3S1,82,°++484) = nin] >) (Gi) 
i=] 


k 
G= 1JG.6)- 5,1 sik} 


k 
Yu(G; S1,52,°°°,S%) = max)" ¥6) G= |4]G;.G: > Si,1 <ist| 
i=l i 


and the multi-genus range GR(G; S ;, S2,---,S,%) by 


k 
GRG;81,82,--+, 8) = {>: (Gi) 


i=l 


k 
G=(e)on6.— S41 ise}, 


i=l 


where G; is embeddable on a surface of genus g(G;). Then we get the following result. 


Theorem 5.4.1 Let G be a connected graph and let S,,S>,--+,S, be locally orientable 


surfaces with empty overlapping. Then 


GAG} S 53.7452) = (GS 483.752) YG 155,058 el 
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Proof Let G = W G:.G; — S;,1 < i < k. We prove that there are no gap in 
the multi-genus ranee fom yV(G,) + y(Go) + +++ + y(Gy) to yy(G1) + Yu(Go) + --++ + 
yu(G,). According to Theorems 2.3.8 and 2.3.12, we know that the genus range GR°(G;) 
or GR(G) is [y(G;), yu(G;)] or [y(G;), ¥u(G;)| for any integer i,1 < i < k. Whence, 
there exists a multi-embedding of G on k locally orientable surfaces P;, P2,---, P, with 
g(P1) = W(G,), g(P2) = y(Go),:::, g(Px) = y(G;). Consider the graph G,, then G,, and 
then G3, --- to get multi-embedding of G on k locally orientable surfaces step by step. 
We get a multi-embedding of G on k surfaces with genus sum at least being an unbroken 
interval [y(G,) + y(G2) +--+ + (Gx), Ym(G1) + Yu(G2) + +++ + Yu(G,)] of integers. 

By definitions of a S1,S2,°°° Si) and yy(G; 8 1,S2,---,5,%), we assume that G = 
uI G,G,; > 8,1 <i< kandG = uI G',G’ > S;,1 < i < k attain the extremal 
aiaes V(G;S1,S2,-+-,S,) and yy(G; 51.85, --+,S$,), respectively. Then we know that 
the multi-embedding of G on k surfaces with genus sum is at least an unbroken intervals 
> y(G*), > (6 and > V(G’), > w(Gi)| of integers. 

Since 

k 


YiaSde 


i=l 


k 


YG), Y yu In 


i= 


k 


k 
SG), d y(G) 
i=1 


i=l 


we get that 


GR(G; 8 1,S2,°°:,S,) = [v(G;3 81,8 2,°°° Se), ¥u(G; $1,582,°°°, Sy]. 


This completes the proof. 


Furthermore, we get the following result for multi-surface embeddings of complete 


graphs. 


Theorem 5.4.2 Let P;, P2,---,P, and Q,, Qo,-++, Oy be respective k orientable and non- 
orientable surfaces of genus> 1. A complete graph K,, is multi-surface embeddable in 


P,, P2,-++, Px with empty overlapping if and only if 


‘(34+ J16e(P;) + 1 : 


2 
and is multi-surface embeddable in Q,, Q2,:-+-, Q, with empty overlapping if and only if 


k k as T 
dul [1+ y28(0))| 2H = oe 
= 


i= 


7+ “= +1 
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Proof According to Theorems 5.3.4-5.3.9, we know that the genus g(P) of an ori- 


entable surface P on which a complete graph K,, is embeddable satisfies 


— < g(P) < on 3 


12 4 
aa cee (n-1(n-2) 
n—- nh-= n—- n—- 
ay SBP) 


If g(P) = 1, we get that 


34 /16g(P) +1 


2 


7+ 48e(P) +1 


<n< 
2 


Similarly, if K,, is embeddable on a non-orientable surface Q, then 


(n — 3)(n — 4) (n — 1)? 
6 2 ; 


<0) s| 


1.€., 


74+ 1/24 
[1 : ¥2g(Q)] <n <|Ayereor 


Now if K, is multi-surface embeddable in P;, P2,---, P, with empty overlapping, 


then there must exists a partition n = nj +m) +--+ +m, n; = 1,1 < i < k. Since each 
vertex-induced subgraph of a complete graph is still a complete graph, we know that for 
any integeri,1 <i<k, 


3.4: «/16e(P) + 1 ae 
———_———|<n 


2 ae 


7+ V482(P;) +1 


2 


Whence, we know that 


=: 1 


k 


»|F 


=1 


k 


<ns<)' 
i=l 


On the other hand, if the inequality (5-3) holds, we can find positive integers 1), 12, 


7+ V48g9(P;) + 1 


5 (5-3) 


+n, Withn =n, +n +---+n, and 


3+ Jl6g(P;) +1 ene 
ee n 


2 =e 


7+ V482(P;) + 1 


2 


for any integer i, 1 < i < k. This enables us to establish a partition K, = = K,, for K, 
and embed each K,,, on P; for 1 < i < k. Therefore, we get a multi- siinedcine of K,, in 


P,, Po,-+:, Py with empty overlapping. 
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Similarly, if K, is multi-surface embeddable in Q), Q2,---Q, with empty overlap- 


ping, there must exists a partition n = m, +m2+--:+m,z,m; >1,1<i<kand 


[1 + /2e(0;)| < m; < 


7+ ¥249(Q;) + 1 
for any integer i, 1 < i < k. Whence, we get that 


2 
7+ ¥249(Q;) + 1 


k 
2,|1 + v2e9] 22(Q;) sns >) 5 (5 —4) 
Now if the inequality (5-4) holds, we can also find positive integers my, mp, +--+, m, 


with n =m, +m) +--+: +m, and 


[1+ y28(@)] <m < 


for any integer i, 1 < i < k. Similar to those of orientable cases, we get a multi-surfaces 


7+ ¥242(Q;) + 1 


2 


embedding of K,, in Q), Q2,---, Q, with empty overlapping. 


Corollary 5.4.1 A complete graph K,, is multi-surface embeddable in k,k = | orientable 
surfaces of genus p, p = | with empty overlapping if and only if 


3+ yl6p+1 wie 7+ V48p+1 
2 kT 2 


and is multi-surface embeddable in 1,1 > 1 non-orientable surfaces of genus q,q = \ with 


empty overlapping if and only if 


[1+ y24]< >< eas ae Gas eng t | 


2 


Corollary 5.4.2 A complete graph K,, is multi-surface embeddable in s,s = 1 tori with 
empty overlapping if and only if 


4s<n<i7s 


and is multi-surface embeddable in t,t => 1 projective planes with empty overlapping if 
and only if 
3t<n< 6t. 


Similarly, the following result holds for complete bipartite graphs K(n,n), n= 1. 
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Theorem 5.4.3 Let P), P2,---, Px and Q), Q2,--+, Qk be respective k orientable and k 
non-orientable surfaces of genus> 1. A complete bipartite graph K(n,n) is multi-surface 


embeddable in P, P,---, P, with empty overlapping if and only if 


k 


| [1+ y28(P))| |<n <)\[2+2 3(P;)| 
i=] 


ii 


and is multi-surface embeddable in Q,, Q2,--+, Q, with empty overlapping if and only if 


Proof Similar to the proof of Theorem 5.4.2, we get the result. L] 


5.4.2 Classification of Manifold Graph. By Theorem 5.2.1, we can give a combina- 
torial definition for a graph embedded in an n-manifold, i.e., a manifold graph similar to 


that the Tutte’s definition for combinatorial maps. 


Definition 5.4.1 For any integer n,n > 2, an n-dimensional manifold graph"G is a pair 
"G = (Gp, L) in where a permutation L£ acting on & of a disjoint union Vx = {ax\o € T} 
for x € E, where E is a finite set andT = {u, ol? = 0" = 1, wo = op} is a commutative 


group of order 2n with the following conditions hold: 


(1) Vx € &x, there does not exist an integer k such that L'x = o'x for Vi,1 <i < 
n—-1; 

(2) wL= L's 

(3) The group ¥; = (u, 0, £L) is transitive on &. 


According to conditions (1) and (2), a vertex v of an n-dimensional manifold graph 


is defined to be an n-tuple 
{(0'x), O'xX2,°°°, O' Xs) (O'N1, O'Yo,°**, O'Y sv) +++ (0'Z1, 0'Z2,°°*, O Zsxti)s l<i<n} 


of permutations of £ action on &r, edges to be these orbits of I action on 6p. The 
number s;(v) + 52(v) + +++ + Siqy(v) is called the valency of v, denoted by py" (v). 
The condition (iii) is used to ensure that an n-dimensional manifold graph is connected. 
Comparing definitions of a map with that of n-dimensional manifold graph, the following 


result holds. 
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Theorem 5.4.4 For any integer n,n > 2, every n-dimensional manifold graph "G = 
(Sr, L) is correspondent to a unique map M = (&g,,Pf?) in which each vertex v in"G is 
converted to I(v) vertices V,,V2,°*+, Vy) of M. Conversely, a map M = (&,P?) is also 
correspondent to an n-dimensional manifold graph"G = (Gr, L£) in which I(v) vertices 


Uj, U2,***,Uyy Of M are converted to one vertex u of "G. 


Two n-dimensional manifold graphs "G; = (E,,,£1) and "G, = (Ef, £) are said to 
be isomorphic if there exists a one-to-one mapping k : Er > Ef, such that Ku = [lkK, KO = 
oxand kL, = Lox. If Ep, = Ef, = Gand L, = Ly = L, an isomorphism between "G, and 
"Gz is called an automorphism of "G = (Gr, £). It is immediately that all automorphisms 
of "G form a group under the composition operation. We denote this group by Aut’G. 

It is clear that for two isomorphic n-dimensional manifold graphs "G; and "Go, their 
underlying graphs G; and G2 are isomorphic. For an embedding "G = (&f, £) in an 
n-dimensional manifold and VZ € AutiG, an induced action of ¢ on &y is defined by 
C(gx) = gf(x) for Vx € &; and Vg € I. Then the following result holds. 


Theorem 5.4.5. Aut"G < AutiG xX (ul). 


Proof First we prove that two n-dimensional manifold graphs "G,; = GL) 
and"G = (Ep,, £2) are isomorphic if and only if there is an element € € Aut 1 IT such 
that £ =) 0rd, + 

If there is an element ¢ € AutiT such that i = £5, then the n-dimensional manifold 
graph "G, is isomorphic to "Go by definition. If aa = L£5', then LP = Ly. The n- 
dimensional manifold graph "G is also isomorphic to "Go. 

By the definition of isomorphism &€ between n-dimensional manifold graphs "G, and 


"Go, we know that 
pe(x) = E(x), 0€(x) = Eo(x) and Li(x) = L(x) 
for Vx € &r. By definition these conditions 
0&(x) = €o(x) and LY(x) = Lo(x) 


are just the condition of an automorphism € or a@é on X 11). Whence, the assertion is true. 
Now let Ep, = Ef, = 6 and L, = Ly = L. We know that 


Aut'G < AutiG x (pu). 
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Similarly, the action of an automorphism of manifold graph on &r is fixed-free shown 


in the following. 


Theorem 5.4.6 Let"G = (Gr, L) be an n-dimensional manifold graph. Then (Aut'"G), is 
trivial for Wx € &r. 


Proof For Vg € (Aut"G),, we prove that g(y) = y for Vy € &f-. In fact, since the 
group VP; = (u, 0, L) is transitive on Gp, there exists an element t € ¥; such that y = T(x). 
By definition we know that every element in ‘¥; is commutative with automorphisms of 


"G. Whence, we get that 


g(y) = g(t(X)) = T(g(x)) = T(x) =, 


i.e., (Aut"G), is trivial. O 


Corollary 5.4.3 Let M = (Xqg,P) be a map. Then for Vx € Xqp, (AutM), is trivial. 


For an n-dimensional manifold graph "G = (€, L), an x € &f is said a root of "G. 
If we have chosen a root r on an n-dimensional manifold graph "G, then "G is called a 
rooted n-dimensional manifold graph, denoted by "G". Two rooted n-dimensional mani- 
fold graphs "G" and "G” are said to be isomorphic if there is an isomorphism ¢ between 
them such that ¢(7,) = 7. Applying Theorem 5.4.6 and Corollary 5.2.1, we get an enu- 


meration result for n-dimensional manifold graphs underlying a graph G following. 
Theorem 5.4.7 For any integer n,n > 3, the number r3(G) of rooted n-dimensional 
manifold graphs underlying a graph G is 
ne(G) [| pal)! 

veV(G) 


rm (G) = |Aut,G| 


Proof Denote the set of all non-isomorphic n-dimensional manifold graphs under- 
lying a graph G by G*(G). For an n-dimensional graph "G = (Gr, £L) € G*(G), denote 
the number of non-isomorphic rooted n-dimensional manifold graphs underlying "G by 


r("G). By a result in permutation groups theory, for Vx € Sy we know that 
|Aut"G| = |(Aut"G),|x“""9|. 


According to Theorem 2.3.23, |(Aut"G),| = 1. Whence, |x“""9| = |Aut"G|. However there 


are |6r| = 2ne(G) roots in "G by definition. Therefore, the number of non-isomorphic 
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rooted n-dimensional manifold graphs underlying an n-dimensional graph "G is 


Erl_ _ 2neG) 


9) = awe] ~ TAu'Gl 


Whence, the number of non-isomorphic rooted n-dimensional manifold graphs underly- 
ing a graph G is 
2ne(G) 


iQ Aut'Gl 


"GEG (G) 
According to Theorem 5.4.5, Aut’G < Aut 1 G x (u). Whence t € Aut’G for "G € G*(G) 


if and only if t € (AutiG X ())ng. Therefore, we know that Aut"G = (AutiG X (L))ng. 
Aut Gx (ul) 


Because of |Aut:G x(a) = (AutiG x (iL) ngll"G |, we get that 
rg | _ 2|Aut,G| 
~ (Aut"G| ” 
Therefore, 
2ne(G 
ngeg(G) Ws 
2ne(G) |AutiG x (yu) | 
|AutiG x (u) |, “Gig. [Aut 
2ne(G) n Aut: Gx(u) 
~ jAutiG x (| 2d, err 
z "GeGS(G) 
n&(G) [] pe)! 
_ veV(G) 
7 |Auti G| 


by applying Corollary 5.2.1. 


Notice the fact that an embedded graph in 2-dimensional manifold is just a map 
and Definition 5.4.1 turn to Tutte’s definition for combinatorial map. We can also get 
an enumeration result for rooted maps on surfaces underlying a graph G by applying 
Theorems 5.3.2 and 5.4.6 following. 


Theorem 5.4.8([MaL4]) The number r“(1) of rooted maps on locally orientable surfaces 
underlying a connected graph G is 
POT AG) TI (ov) = 1)! 

veViG) 


L _ 
ae [Aut G| 
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where B(G) = e(G) — v(G) + | is the Betti number of G. 


l = l 
Similarly, for a graph G = GG; and a multi-manifold M = LJ M", choose J com- 


i=l i=l 
mutative groups I’;,1>,---,I), where T; = (ui, oil? aos 1) for any integer i,1 <i</. 
l 
Consider permutations acting on ) &r,, where for any integer i, 1 < i < /, 6, is a disjoint 
i=l 
union [x = {a;x|o; € T} for Vx € E(G;). Similar to Definition 5.4.1, we can also get a 


a 
multi-embedding of G in M = J M". 


i=1 


§5.5 GRAPH PHASE SPACES 


5.5.1 Graph Phase. For convenience, we first introduce some notations used in this 


section in the following. 


M — A multi-manifold M = U M”, where each M” is an n;-manifold, n; > 2. 
i=l 

ue M — A point 7 of M. 

G — A graph G embedded in M. 


C(M) — The set of differentiable mappings w : M > Mateach point w in M. 


Now we define the phase of graph in a multi-space following. 


Definition 5.5.1 Let G be a graph embedded in a multi-manifold M. A phase of G in 
M is a triple (G; w, A) with an operation oon C(M), where w : V(G) > C(M) and 
A : EG) > CMD such that AG,¥) = a for W@,¥) € E(G), where || 7 || 
u-vV 
denotes the norm of U. 
For examples, the complete graph K, embedded in R* has a phase as shown in 


Fig.5.5.1, where g € C(R°) and h € C(R?). 


u g(u) 


Fig.5.5.1 
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Similar to the adjacent matrix of graph, we can also define matrixes on graph phases. 


Definition 5.5.2 Let (G;w, A) be a phase and A[G] = [djj]pxp the adjacent matrix of 
a graph G with V(G) = {vj,V2,°++,Vp}. Define matrixes V[G] = [Vijlpxp and AIG] = 
Lay alpen by _ 
Vij = — if aj; # 0; otherwise, V;; = 0 
| vi - Vj | 
and 


_ 0) 0 w)) 


Ay = if aj; #0; otherwise, Aj; = 0, 


| ¥; — ¥; II? 
where “o” is an operation on C (M ). 
For example, for the phase of Ky in Fig.5.5.1, if choice g(u) = (1, X2, x3), g(v) = 


(v1.2, 93), (W) = (Z1, 22, 23), B(0) = (fh, fy, 43) and o = x, the multiplication of vectors in 
R?, then we get that 
QO se sO sw 


pluv)  pluyw) — p(u,o) 
g(v) 0 g(v) gv) 


_| pow pom) — pls) 
VG) gw) 3) gg)? 
por) —pow.v) pao) 


g(o) g(o) g(o) 0 
p(o,u) —p(o,v) _——p(o,w) 


where, 
plu, v) = p(v,u) = V1 — y1)? + 2 — yo)? + (a — ys)’, 
plu, w) = p(w, u) = (x1 - Z1)? + (X2 — 22)? + (%3 — 23)”, 
p(u, 0) = p(o,u) = V(x — tH)? + G2 — fb)? + 03-6), 
p(y, w) = p(w, v) = VO — 21)? + O2 — 22) + (3 - 23), 
pv, 0) = p(0,v) = VO - th)? + G2 - bh)? + 03 - &)’, 
p(w, 0) = p(o,w) = V¥(4 — hh)? + (a — hy + (B—-bY 
and 
0 g(u)xg(v) —- g(u)xg(w) ~—g(u)Xg(0) 
Pur) pra.w)—-p>(s0) 
g(v)Xg(u) 0 g(v)xg(w) g(vXxg(o) 
AG) =| Pe pv) p*v0) 
g(w)xg(u) —-g(w)Xg(v) 0 g(w)xg(o) |” 
PrQw.u)——p>w.v) p7(W,0) 
g(o)xgtu) —-g(o)xg(v)_—sg(a)Xg(w) 0 


p2(0,u) p2(0,v) p2(o,w) 
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where, 


g(u) X g(v) = (x23 — X3V2, X31 — X13, X12 — X21); 
g(u) X g(W) = (%2%3 — 322, X3Z1 — X1%3, X1Z2 — X2Z1), 
g(u) X 8(0) = (Xot3 — X3tr, X3ty — X13, Xibo — X2h1), 
8(v) X g(U) = (Y2X3 — Y3X2, ¥3X1 — YiX3, Vi%X2 — Y2%1), 
8(v) X g(W) = (223 — Y3Z2, Y3Z1 — Y1%3, W122 — Y2z1), 
8(v) X g(0) = (Yots — ysto, y3ti — yits, Vito — Yat), 
8(W) X gu) = (223 — 23X2, 23%1 — Z1X3, Z1X2 — 2Z2%1), 
8(w) X B(v) = (Z2y3 — Za, Za — Z1Y3, 212 — Zay1); 
8(w) X g(0) = (Zot — 2302, Z3t1 — Z1t3, Zito — Zati), 
8(0) X BU) = (2X3 — 3X2, f3X1 — 1X3, 1X2 — f2X1), 
8(0) X g(V) = (hy3 — bya, tay — Ys, hiya — fy1), 
8(0) X g(W) = (223 — 1322, 321 — 1123, f1Z2 — f221). 
For two given matrixes A = [ajj]px, and B = [b;j]px», the star product “*” on an 


operation “o” is defined by A * B = [a;;° Djj]pxp. We get the following result for matrixes 


V[G] and A[G]. 
Theorem 5.5.1 V[G] « V'[G] = A[G]. 


Proof Calculation shows that each (i, j) entry in V[G] * V'[G] is 


w(V;) w(Vj) _ w(V;) 0 WV }) _ 7 
evel ive vel Il ¥; — ¥; IP? . 


where | < i, j < p. Therefore, we get that 


VIG] * V'IG] = ATG]. 


An operation on graph phases called addition is defined in the following. 


Definition 5.5.3. For two phase spaces (G1; w, Aj), (G2; W2, Az) of graphs G,, G2 in M 
and two operations “e” and “o” onC (M), their addition is defined by 


(Gi; w1, Ay) CD Go: wr, Ar) = (Gi D G01 © Ww, A; @ A), 


where W, @ W2 : V(G; \) G2) > C(M) Satisfying 
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wu) e wu), ifue ViGi)(\V(G2), 
W1 © W2(U) = 4 w(t), ifue V(G1) \ V(G2), 
W(t), if u € V(G2) \ V(Gi). 


and a 
hasan W, © W2(U) © W, & W(V) 


for (u,v) € E(Gi) U EG). 


The following result is immediately gotten by Definition 5.5.3. 


| u—v |P 


Theorem 5.5.2 For two given operations “e” and “o” onC (M), all graph phases in M 
forma linear space on the field Z) with a phase @ for any graph phases (G\; @, Ay) and 
(Ga; 2, Ao) in M. 


5.5.2 Graph Phase Transformation. The transformation of graph phase is defined in 


the following. 


Definition 5.5.4 Let (Gi; @, A,) and (G2; W2, Az) be graph phases of graphs G, and 
G» in a multi-space M with operations “0,,07” , respectively. If there exists a smooth 


mapping t € C(M) such that 
T (Gi; @1, A1) > (G2; W2, Ad), 


i.e., for Vu € VG), VU,V) € E(Gi), TG) = G2, Twi) = w2(t(U)) and T(A\(U, V)) = 


A2(t(H, V)), then we say (G1; w1, Ay) and (G2; W2, Az) are transformable and t a transform 
mapping. 

For examples, a projection p transforming an embedding of K, in R* on the plane 
R? is shown in Fig.5.5.2 


Fig.5.5.2 
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Theorem 5.5.3 Let (G1; 1, Ai) and (G2; W2, Az) be transformable graph phases with 


transform mapping Tt. If Tt is one-to-one on G, and G2, then G, is isomorphic to Go. 


Proof By definitions, if tT is one-to-one on G, and G2, then T is an isomorphism 


between G, and G>. LO 

A useful case in transformable graph phases is that one can find parameters ¢), f2,---, tg, 
q = | such that each vertex of a graph phase is a smooth mapping of 1, f,---, fj, 1.e., for 
VaeM , we consider it as W(t), f2,---,t,). In this case, we introduce two conceptions on 
graph phases. 


Definition 5.5.5 For a graph phase (G; w, A), define its capacity Ca(G; w, A) and entropy 
En(G; w, A) by 
CaG;w,\)= )) wf) 


ueV(G) 
and 


En(G;w, A) = le [ | le@ i) 
ueV(G) 


Then we know the following result. 
Theorem 5.5.4 Fora graph phase (G; w, A), its capacity Ca(G; w, A) and entropy En(G; w, A) 
satisfy the following differential equations 


ab. IK FCs 
a Di and dines nei Laie 
Uj i 


where we use the Einstein summation convention, i.e., a sum is over i if it is appearing 


dCa(G; w, A) = 
both in upper and lower indices. 


Proof Not loss of generality, we assume W = (U1, U2,--+,U,) for Vu € M. According 


to the invariance of differential form, we know that 


Ow 
dw = —du; 
w Ou, u 
By the definition of the capacity Ca(G; w, A) and entropy En(G; w, A) of a graph phase, 
we get that 
du(T 
dCaGiw,A) = )) dw@) = Me 
a _ Ou; 
iE V(G) TeV(G) 
Ay w)) 


TeV(G) dCa(G; w, A) 
= —du; = ———$——du. 
Ou; Ou; 
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Similarly, we also obtain that 


= Olog|wu 
dEnGiw,d) = Y\ ddogiwa@ih= Y, Ea, 
Tie V(G) mie V(G) : 
0 log || ou 
C25 g || o@®) I) BENG; w, A) 
Ss = dd. 
Ou; Ou; 


This completes the proof. 


For the 3-dimensional Euclid space, we get some formulae for graph phases (G; w, A) 


by choice @ = (x1, X2, x3) and V = (1, yo, y3), 


W(t) = (x1, X2, x3) for Vu € V(G), 


X2V3 — X32, X31 — X13, X12 — X2Y1 


May 
ON ee (=e GP 


for Vu, Vv) € E(G), 


CaGiw,A)=| >) 1@, >) o@, )) 2@ 
ueV(G) ueV(G) ueV(G) 
and 


EnG;w, A) = > log} @ +5@) + 4@. 
ueV(G) 


§5.6 RESEARCH PROBLEMS 


5.6.1 Besides to embed a graph into k different surfaces S$), S2,---,S, for an integer k > 
1, such as those of discussed in this chapter, we can also consider a graph G embedded in 
a multi-surface. A multi-surface S is introduced for characterizing hierarchical structures 
of topological space. Besides this structure, its base line Lg is common and the same as 
that of standard surface O, or N,. Since all genus of surface in a multi-surface S is the 
same, we define the genus (S) of S to be the genus of its surface. Define its orientable 


or non-orientable genus y?(G), y¥(G) on multi-surface S consisting of m surfaces S by 
VG) = min { 2(S) | G is 2 — cell embeddable on orinetable multisurface Ss} ; 


yy (G) = min { g(S) | G is 2 — cell embeddable on orinetable multisurface S} ; 


Then we are easily knowing that y?(G) = y(G) and y/(G) = (G) by definition. The 


problems for embedded graphs following are particularly interesting for researchers. 
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Problem 5.6.1 Let n,m > 1 be integers. Determine ¥°(G) and y%(G) for a connected 
graph G, particularly, the complete graph K, and the complete bipartite graph Kym. 


Problem 5.6.2 Let G be a connected graph. Characterize the embedding behavior of G 
on multi-surface S, particularly, those embeddings whose every facial walk is a circuit, 


i.e, a strong embedding of G on 5. 


The enumeration of non-isomorphic objects is an important problem in combina- 
torics, particular for maps on surface. See [Liu2] and [Liu4] for details. Similar problems 


for multi-surface are as follows. 


Problem 5.6.3 Let S be a multi-surface. Enumerate embeddings or maps on S by pa- 


rameters, such as those of order, size, valency of rooted vertex or rooted face, -:-. 
Problem 5.6.4 Enumerate embeddings on multi-surfaces for a connected graph G. 


For a connected graph G, its orientable, non-orientable genus polynomial g,,[G](x), 
2mlG](x) is defined to be 


gmlGUx) =) ge(G)x’ and nlGI(x) =) gh(G)x", 


i20 i20 


where g?.(G), g‘ (G) are the numbers of G on orientable or non-orientable multi-surface 


mi mi 


S consisting of m surfaces of genus /. 


Problem 5.6.5 Let m > 1 be an integer. Determine g,,[G](x) and g,[G](x) for a connected 
graph G, particularly, for the complete or complete bipartite graph, the cube, the ladder, 
the bouquet, ---. 


5.6.2 A graphical property P(G) is called to be subgraph hereditary if for any subgraph 
H CG, H posses P(G) whenever G posses the property P(G). For example, the properties: 
G is complete and the vertex coloring number y(G) < k both are subgraph hereditary. The 
hereditary property of a graph can be generalized by the following way. 

Finding the behavior of a graph in space is an interesting, also important objective 
for application. There are many open problems on this objective connecting with classical 
mathematics. Let G and H be two graphs in a space M. If there is a smooth mapping ¢ in 
C(M) such that ¢(G) = H, then we say G and H are equivalent in M. Many conceptions 
in graph theory can be included in this definition, such as graph homomorphism, graph 


equivalent, - --, etc. 
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Problem 5.6.6 Applying different smooth mappings in a space such as smooth mappings 


in R? or R* to classify graphs and to find their invariants. 


Problem 5.6.7 Find which parameters already known in graph theory for a graph is 


invariant or to find the smooth mapping in a space on which this parameter is invariant. 


Problem 5.6.8 Find which parameters for a graph can be used to a graph in a space. 


Determine combinatorial properties of a graph in a space. 


Consider a graph in a Euclid space of dimension 3. All of its edges are seen as a 
structural member, such as steel bars or rods and its vertices are hinged points. Then we 


raise the following problem. 


Problem 5.6.9 Applying structural mechanics to classify what kind of graph structures 
are stable or unstable. Whether can we discover structural mechanics of dimension> 4 
by this idea? 


We have known the orbit of a point under an action of a group, for example, a torus 
is an orbit of Z x Z action on a point in R>. Similarly, we can also define an orbit of a 
graph in a space under an action on this space. 
Let G be a graph in a multi-space MandYa family of actions on M. Define an orbit 
Or(G) by 
Or(G) = {n(G)| Va € II}. 


Problem 5.6.10 Given an action n, continuous or discontinuous on a space M, for ex- 
ample R? and a graph G in M, find the orbit of G under the action of x. When can we get 


a closed geometrical object by this action? 


Problem 5.6.11 Given a family A of actions, continuous or discontinuous on a space 
Manda graph G in M, find the orbit of G under these actions in A. Find the orbit of a 


vertex or an edge of G under the action of G, and when are they closed? 


5.6.3 There is an alternative way for defining transformable graph phases, i.e., by homo- 


topy groups in a topological space stated as follows: 


Let (G1; w;, A,) and (G2; wz, Az) be two graph phases. If there is a continuous map- 
ping H : C(M)xI > C(M) x1, 1 = [0,1] such that H(C(M),0) = Gi3a1,A)) 
and H(C (M), 1) = (Gr; W2, Ad), then (G1; w;, A;) and (G2; W2, Az) are said two trans- 
formable graph phases. 
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Similar to topology, we can also introduce product on homotopy equivalence classes 
and prove that all homotopy equivalence classes form a group. This group is called a 
fundamental group and denote it by 7(G; w, A). In topology there is a famous theorem, 
called the Seifert and Van Kampen theorem for characterizing fundamental groups 7(A) 


of topological spaces A restated as follows (See [Stil] for details). 


Suppose & is a space which can be expressed as the union of path-connected open 
sets A, B such that A()\ 8 is path-connected and m\(A) and m(8) have respective pre- 
sentations 


ig ai F275) s (Dig <5 Dg Big = 5. 8a) 


while 1\(A() 8) is finitely generated. Then m,(&) has a presentation 
Nis <M Die ue Tic? Bist HV, Us = Ve) 5 


where u;,V;,i = 1,---,t are expressions for the generators of m™(A(\ 8) in terms of the 


generators of m(A) and m(8) respectively. 


Similarly, there is a problem for the fundamental group 2(G; w, A) of a graph phase 
(G; w, A) following. 


Problem 5.6.12 Find results similar to that of Seifert and Van Kampen theorem for the 


fundamental group of a graph phase and characterize it. 


5.6.4 In Euclid space R”, an n-ball of radius r is determined by 


B(r) = {(X1, X25° MIT HAG Ht <r}. 


n— 


Now we choose m n-balls BY(r), B5(r2),-++, Bi,(7m), Where for any integers i, j, 1 < i,j < 


m, Br(r;) (\ Bi(r;) = or not and r; = r; or not. An n-multi-ball is a union 
B=| J Bip. 
k=1 


Then an n-multi-manifold is a Hausdorff space with each point in this space has a neigh- 


borhood homeomorphic to an n-multi-ball. 


Problem 5.6.13 For an integer n,n > 2, classifies n-multi-manifolds. Especially, classi- 


fies 2-multi-manifolds. 


CHAPTER 6. 


Map Geometry 


A Smarandache geometry is nothing but a Smarandcahe multi-space consist- 
ing of just two geometrical spaces A, and Aj, associated with an axiom L such 
that L holds in A, but not holds in Ag, or only hold not in both A; and A> but in 
distinct ways, a miniature of multi-space introduced by Smarandache in 1969. 
The points in such a geometry can be classified into three classes, 1.e., elliptic, 
Euclidean and hyperbolic types. For the case only with finite points of elliptic 
and hyperbolic types, such a geometry can be characterized by combinatorial 
map. Thus is the geometry on Smarandache manifolds of dimension 2, 1.e., 
map geometry. We introduce Smarandache geometry including paradoxist ge- 
ometry, non-geometry, counter-projective geometry, anti-geometry and Iseri’s 
s-manifolds in Section 6.1. These map geometry with or without boundary are 
discussed and paradoxist geometry, non-geometry, counter-projective geom- 
etry and anti-geometry are constructed on such map geometry in Sections 6.2 
and 6.3. The curvature of an s-line is defined in Section 6.4, where a condition 
for a map on map geometry (M, yw) being Smarandachely is found. Section 6.5 
presents the enumeration result for non-equivalent map geometries underly- 
ing a simple graph I’. All of these decision consist the fundamental of the 


following chapters. 
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§6.1 SMARANDACHE GEOMETRY 


6.1.1 Geometrical Introspection. As we known, mathematics is a powerful tool of 
sciences for its unity and neatness, without any shade of mankind. On the other hand, 
it is also a kind of aesthetics deep down in one’s mind. There is a famous proverb says 
that only the beautiful things can be handed down to today, which is also true for the 
mathematics. 

Here, the terms unity and neatness are relative and local, maybe also have various 
conditions. For obtaining a good result, many unimportant matters are abandoned in 
the research process. Whether are those matters still unimportant in another time? It is 
not true. That is why we need to think a queer question: what are lost in the classical 
mathematics ? 

For example, a compact surface is topological equivalent to a polygon with even 
number of edges by identifying each pairs of edges along its a given direction ([Mas1] or 
[Stil]). If label each pair of edges by a letter e,e € &, a surface S§ is also identified to 
a cyclic permutation such that each edge e,e € & just appears two times in S, one is e 
and another is e~! (orientable) or e (non-orientable). Let a, b, c,--- denote letters in & and 
A, B,C,--+ the sections of successive letters in a linear order on a surface S (or a string of 


letters on S ). Then, an orientable surface can be represented by 
S =(-:-,A,a,B,a"',C,--°), 


where, a € & and A, B,C denote strings of letter. Three elementary transformations are 
defined as follows: 
(O71) (A,a,a', B) & (A, B); 
(Or) (i): (A, a,b, B,b"',a™') © (A, c, B,c™'); 
(ii) (A,a,b, B,a,b) & (A, c, B,c); 
(O03) (i) (A,a, B,C,a™', D) © (B,a,A, D,a™', C); 
(ii) (A,a,B,C,a, D) © (B,a,A,C™',a, D“). 
If a surface S$ can be obtained by these elementary transformations O,-O3 from a surface 
S, itis said that S is elementary equivalent with Sy, denoted by S ~z So. 


We have known the following formulae from [Liu1]: 


(1) (A, a, B,b, Cw Db Ff) ~EL (A, D, C,B, E,a,b.a,b""); 
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(2) A, Bc) +a (A, B'.C.¢, 0); 
(3) (A, ¢,c, a, b,a7', b"') ~z (A, ¢, €, a, a, b, b). 

Then we can get the classification theorem of compact surfaces as follows [Mas1]: 
Any compact surface is homeomorphic to one of the following standard surfaces: 


(Po) The sphere: aa™'; 


(P,,) The connected sum of n,n => 1, tori: 


es 
n? 


-1,-1 -1,-1 -1 
a\b\a, by agbra5 b; + Anda, b 


(Q,) The connected sum of n,n = 1, projective planes: 


QQ) A2Q2°** AyQy. 


As we have discussed in Chapter 2, a combinatorial map is just a kind of decompo- 
sition of a surface. Notice that all the standard surfaces are one face map underlying an 
one vertex graph, i.e., a bouquet B, with n > 1. By acombinatorial view, a combinatorial 
map is nothing but a surface. This assertion is needed clarifying. For example, let us see 


the left graph I, in Fig.3.1.1, which is a tetrahedron. 


2 3 
4 Sea 
2 3 


Fig.6.1.1 


Whether can we say II, is a sphere? Certainly NOT. Since any point uw on a sphere 
has a neighborhood N(u) homeomorphic to an open disc, thereby all angles incident 
with the point 1 must be 120° degree on a sphere. But in IIy, those are only 60° de- 
gree. For making them same in a topological sense, i.e., homeomorphism, we must 
blow up the II, and make it become a sphere. This physical processing is shown in the 
Fig.3.1. Whence, for getting the classification theorem of compact surfaces, we lose the 


angle,area, volume,distance,curvature,: :-, etc. which are also lost in combinatorial maps. 
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By geometrical view, the Klein Erlanger Program says that any geometry is nothing 
but find invariants under a transformation group of this geometry. This is essentially the 
group action idea and widely used in mathematics today. Surveying topics appearing in 
publications for combinatorial maps, we know the following problems are applications of 


Klein Erlanger Program: 


(1) to determine isomorphism maps or rooted maps; 

(2) to determine equivalent embeddings of a graph; 

(3) to determine an embedding whether exists or not; 

(4) to enumerate maps or rooted maps on a surface; 

(5) to enumerate embeddings of a graph on a surface; 

(6) ---, etc. 

All the problems are extensively investigated by researches in the last century and 


papers related those problems are still frequently appearing in journals today. Then, 
what are their importance to classical mathematics? 

and 
what are their contributions to sciences? 


Today, we have found that combinatorial maps can contribute an underlying frame 
for applying mathematics to sciences, i.e., through by map geometries or by graphs in 


spaces. 


6.1.2 Smarandache Geometry. The Smarandache geometry was proposed by Smaran- 
dache [Smal1] in 1969, which is a generalization of classical geometries, 1.e., these Euclid, 
Lobachevshy-Bolyai-Gauss and Riemann geometries may be united altogether in a same 
space, by some Smarandache geometries. Such geometry can be either partially Euclidean 
and partially Non-Euclidean, or Non-Euclidean. Smarandache geometries are also con- 
nected with the Relativity Theory because they include Riemann geometry in a subspace 
and with the Parallel Universes because they combine separate spaces into one space too. 
For a detail illustration, we need to consider classical geometry first. 


As we known, the axiom system of Euclid geometry consists of 5 axioms following: 


(Al) There is a straight line between any two points. 
(A2) A finite straight line can produce a infinite straight line continuously. 


(A3) Any point and a distance can describe a circle. 
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(A4) All right angles are equal to one another. 
(A5) Ifa straight line falling on two straight lines make the interior angles on the 
same side less than two right angles, then the two straight lines, if produced indefinitely, 


meet on that side on which are the angles less than the two right angles. 


The axiom (A5) can be also replaced by: 


(A5’) given a line and a point exterior this line, there is one line parallel to this line. 


The Lobachevshy-Bolyai-Gauss geometry, also called hyperbolic geometry, is a ge- 
ometry with axioms (A1) — (A4) and the following axiom (L5): 


(L5) there are infinitely many lines parallel to a given line passing through an exte- 
rior point. 
and the Riemann geometry, also called elliptic geometry, is a geometry with axioms (A1)— 
(A4) and the following axiom (R35): 


there is no parallel to a given line passing through an exterior point. 


By a thought of anti-mathematics: not in a nihilistic way, but in a positive one, i.e., 
banish the old concepts by some new ones: their opposites, Smarandache [Smal] in- 
troduced the paradoxist geometry, non-geometry, counter-projective geometry and anti- 


geometry by contradicts respectively to axioms (A1)—(A5) in Euclid geometry following. 


Paradoxist Geometry. In this geometry, its axioms consist of (Al) — (A4) and one 


of the following as the axiom (P5): 


(1) There are at least a straight line and a point exterior to it in this space for which 
any line that passes through the point intersect the initial line. 

(2) There are at least a straight line and a point exterior to it in this space for which 
only one line passes through the point and does not intersect the initial line. 

(3) There are at least a straight line and a point exterior to it in this space for which 
only a finite number of lines 1,, ln, - ++, i,k = 2 pass through the point and do not intersect 
the initial line. 

(4) There are at least a straight line and a point exterior to it in this space for which 
an infinite number of lines pass through the point (but not all of them) and do not intersect 
the initial line. 

(5) There are at least a straight line and a point exterior to it in this space for which 


any line that passes through the point and does not intersect the initial line. 


176 Chap.6 Map Geometry 


Non-Geometry. The non-geometry is a geometry by denial some axioms of (A1) — 
(A5), such as: 


(Al-) It is not always possible to draw a line from an arbitrary point to another 
arbitrary point. 

(A2-) It is not always possible to extend by continuity a finite line to an infinite line. 

(A3°) It is not always possible to draw a circle from an arbitrary point and of an 
arbitrary interval. 

(A4-) Not all the right angles are congruent. 

(A5_) Ifa line, cutting two other lines, forms the interior angles of the same side of 
it strictly less than two right angle, then not always the two lines extended towards infinite 


cut each other in the side where the angles are strictly less than two right angle. 


Counter-Projective Geometry. Denoted by P the point set, L the line set and R 
a relation included in P x L. A counter-projective geometry is a geometry with these 


counter-axioms (C,) — (C3): 


(C1) there exist: either at least two lines, or no line, that contains two given distinct 
points. 

(C2) let p,, p2, p3 be three non-collinear points, and q,, q2 two distinct points. Sup- 
pose that {p\.g\, p3} and {p2, q2, p3} are collinear triples. Then the line containing p,, pr 
and the line containing q,, q2 do not intersect. 


(C3) every line contains at most two distinct points. 


Anti-Geometry. A geometry by denial some axioms of the Hilbert’s 21 axioms of 


Euclidean geometry. As shown in [KuA1], there are at least 27! — 1 such anti-geometries. 


In general, a Smarandache geometry is defined as follows. 


Definition 6.1.1 An axiom is said to be Smarandachely denied if the axiom behaves in 
at least two different ways within the same space, i.e., validated and invalided, or only 
invalided but in multiple distinct ways. 

A Smarandache geometry is a geometry which has at least one Smarandachely de- 
nied axiom (1969). 


In the Smarandache geometry, points, lines, planes, spaces, triangles, ---, etc are 
called s-points, s-lines, s-planes, s-spaces, s-triangles, - --, respectively in order to distin- 


guish them from classical geometries. 
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An example of Smarandache geometry in the classical geometrical sense is shown 


in the following. 


Example 6.1.1 Let us consider a Euclidean plane R? and three non-collinear points A, B 
and C. Define s-points as all usual Euclidean points on R? and s-lines any Euclidean line 
that passes through one and only one of points A, B and C. Then such a geometry is a 


Smarandache geometry by the following observations. 


Observation 1. The axiom (E1) that through any two distinct points there exist 
one line passing through them is now replaced by: one s-line and no s-line. Notice that 
through any two distinct s-points D,E collinear with one of A, B and C, there is one 
s-line passing through them and through any two distinct s-points F,G lying on AB or 
non-collinear with one of A, B and C, there is no s-line passing through them such as 


those shown in Fig.9.1.1(a). 


Observation 2. The axiom (E5) that through a point exterior to a given line there is 
only one parallel passing through it is now replaced by two statements: one parallel and 
no parallel. Let L be an s-line passes through C and is parallel in the Euclidean sense to 
AB. Notice that through any s-point not lying on AB there is one s-line parallel to L and 
through any other s-point lying on AB there is no s-lines parallel to L such as those shown 
in Fig.9.1.1(d). 


I 
ly 


Fig.6.1.1 


6.1.3 Smarandache Manifold. A Smarandache manifold is an n-dimensional mani- 
fold that support a Smarandache geometry. For n = 2, a nice model for Smarandache 


geometries called s-manifolds was found by Iseri in [Ise1]-[Ise2] defined as follows: 


An s-manifold is any collection C(T,n) of these equilateral triangular disks T;,1 < 


i <n satisfying the following conditions: 
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(i) each edge e is the identification of at most two edges e;, e; in two distinct trian- 
gular disks T;,T;,1 <i, j < nandi# j; 

(ii) each vertex v is the identification of one vertex in each of five, six or seven distinct 
triangular disks. 

The vertices are classified by the number of the disks around them. A vertex around 
five, six or seven triangular disks is called an elliptic vertex, a Euclidean vertex or a 
hyperbolic vertex, respectively. 

In the plane, an elliptic vertex O, a Euclidean vertex P and a hyperbolic vertex Q and 
an s-line L;, Ly or L3 passes through points O, P or Q are shown in Fig.6.1.2(qa), (b), (c), 


respectively. 


A A B 


L Ly 
Ly 
(a) (b) (c) 


Fig.6.1.2 


Smarandache paradoxist geometries and non-geometries can be realized by s-manifolds, 
but other Smarandache geometries can be only partly realized by this kind of manifolds. 
Readers are inferred to Iseri’s book [Ise1] for those geometries. 

An s-manifold is called closed if each edge is shared exactly by two triangular disks. 
An elementary classification for closed s-manifolds by planar triangulation were intro- 
duced in [Maol0]. They are classified into 7 classes. Each of those classes is defined in 


the following. 


Classical Type: 

(1) A; = {5 — regular planar triangular maps} (elliptic); 
(2) A, = {6 — regular planar triangular maps}(euclidean); 
(3) As = {7 — regular planar triangular maps}(hyperbolic). 
Smarandache Type: 


(4) Aq = {planar triangular maps with vertex valency 5 and 6} (euclid-elliptic); 
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(5) As = {planar triangular maps with vertex valency 5 and 7} (elliptic-hyperbolic); 
(6) Ag = {planar triangular maps with vertex valency 6 and 7} (euclid-hyperbolic); 


(7) Az = {planar triangular maps with vertex valency 5, 6 and 7} (mixed). 


It is proved in [Maol10] that |A;| = 2, |As| > 2 and |Aj|,i = 2,3,4,6,7 are infinite 
(See also [Mao37] for details). Iseri proposed a question in [Isel]: Do the other closed 
2-manifolds correspond to s-manifolds with only hyperbolic vertices? Since there are 


infinite Hurwitz maps, i.e., |A3| is infinite, the answer is affirmative. 


§6.2 MAP GEOMETRY WITHOUT BOUNDARY 


6.2.1 Map Geometry Without Boundary. A combinatorial map M can be also used 
for a model of constructing Smarandache geometry. By a geometrical view, this model 
is a generalizations of Isier’s model for Smarandache geometry. For a given map on a 
locally orientable surface, map geometries without boundary are defined in the following 


definition. 


Definition 6.2.1 For a asa la M with each vertex valency> 3, associates 

a real number u(u),0 < wu) < a to each vertex u,u € V(M). Call (M, yu) a 
Mu 

map geometry without boundary, t(u) an angle factor of the vertex u and orientablle or 


non-orientable if M is orientable or not. 


A vertex u € V(M) with py(u)u(u) < 27, = 27 or > 27 can be realized in a Euclidean 


space R°, such as those shown in Fig.6.2.1, respectively. 


Pu(u)u(u) < 27 pmMU)uU) = 20 PmMUu)ulu) > 2x 


Fig.6.2.1 


As we have pointed out in Section 6.1, this kind of realization is not a surface, but 
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it is homeomorphic to a locally orientable surface by a view of topological equivalence. 
Similar to s-manifolds, we also classify points in a map geometry (M, jz) without boundary 


into elliptic points, Euclidean points and hyperbolic points, defined in the next definition. 
Definition 6.2.2 A point u in a map geometry (M, 1) is said to be elliptic, Euclidean or 
hyperbolic if py(u)u(u) < 27, py(w)u(u) = 27 or py(u)u(u) > 22. 

Then we get the following results. 
Theorem 6.2.1 Let M be a map with py(v) = 3 for Vv € V(M). Then for Yu € V(M), 


there is a map geometry (M, 1) without boundary such that u is elliptic, Euclidean or 
hyperbolic. 


Proof Since py(u) = 3, we can choose an angle factor p(w) such that w(u)oy(u) < 27, 


L(u)oy(u) = 27 or U(u)py(u) > 27. Notice that 


2n 4n 
On < ; 
Pmt) pam) 
4 
Thereby we can always choose (uw) satisfying that0 <p(u) < ae L 
M 


Theorem 6.2.2 Let M be a map of order> 3 and py(v) = 3 for Vv € VWM),. Then 
there exists a map geometry (M, 1) without boundary in which elliptic, Euclidean and 


hyperbolic points appear simultaneously. 


Proof According to Theorem 6.2.1, we can always choose an angle factor uw such 
that a vertex u,u € V(M) to be elliptic, or Euclidean, or hyperbolic. Since |V(M)| => 3, we 
can even choose the angle factor yz such that any two different vertices v, w € V(M)\{u} to 


be elliptic, or Euclidean, or hyperbolic as we wish. Then the map geometry (M, jz) makes 


the assertion hold. L] 


A geodesic in a manifold is a curve as straight as possible. Applying conceptions 
such as angles and straight lines in a Euclid geometry, we define s-lines and s-points in a 


map geometry in the next definition. 


Definition 6.2.3 Let (M, 1) be a map geometry without boundary and let S(M) be the 
locally orientable surface represented by a plane polygon on which M is embedded. A 
point P on S(M) is called an s-point. A line L on S(M) is called an s-line if it is straight 
Pu()E(V) 


5 when it passes through a 


in each face of M and each angle on L has measure 


vertex v on M. 
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Two examples for s-lines on the torus are shown in the Fig.6.2.2(a) and (b), where 
M = M(B), wu) = 5 for the vertex u in (a) and 
135 — arctan(2) 
nse 
360 
for the vertex u in (b), i.e., wu is Euclidean in (a) but elliptic in (b). Notice that in (b), the 


H(u) = 


s-line L» is self-intersected. 


Fig.6.2.2 


If an s-line passes through an elliptic point or a hyperbolic point u, it must has an 


H(u)pm(u) 
e Ee 


angl with the entering line, not 180° which are explained in Fig.6.2.3. 


(04 
Ly I, i 
u u 


(a) (b) 
a — HwruW _ = HMeuw . 
5) 2 
Fig.6.2.3 


6.2.2 Paradoxist Map Geometry. In the Euclid geometry, a right angle is an angle with 
measure _ half of a straight angle and parallel lines are straight lines never intersecting. 
They are very important research objects. Many theorems characterize properties of them 
in classical Euclid geometry. Similarly, in a map geometry, we can also define a straight 


angle, a right angle and parallel s-lines by Definition 6.2.2. Now a straight angle is an 
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angle with measure z for points not being vertices of M and Pulwutu) for Vu € V(M). 


A right angle is an angle with a half measure of a straight angle. Two s-lines are said 
parallel if they are never intersecting. The following result asserts that there exists map 


paradoxist geometry without boundary. 


Theorem 6.2.3 Let M be a map ona locally orientable surface with |M| = 3 and py(u) = 
3 for Yu € VM). Then there exists an angle factor 1: V(M) — [0, 47) such that (M, 1) 
is a Smarandache geometry by denial the axiom (E5) with axioms (E5),(L5) and (R35). 


Proof By the assumption py(u) = 3, we can always choose an angle factor uw such 
that u(u)oy(u) < 27, u(v)oy(u) = 27 or “(W)py(u) > 27 for three vertices u, v, w € V(M), 
i.e., there elliptic, or Euclidean, or hyperbolic points exist in (M, 2) simultaneously. The 


proof is divided into three cases. 


Case 1. M is a planar map. 


Choose L being a line under the map M, not intersection with it, u € (M, w). Then if u 
is Euclidean, there is one and only one line passing through u not intersecting with L, and 
if u is elliptic, there are infinite many lines passing through wu not intersecting with L, but 
if u is hyperbolic, then each line passing through wu will intersect with L. See for example, 
Fig.6.2.4 in where the planar graph is a complete graph K, on a sphere and points 1, 2 are 
elliptic, 3 is Euclidean but the point 4 is hyperbolic. Then all lines in the field A do not 
intersect with L, but each line passing through the point 4 will intersect with the line L. 
Therefore, (M, 1) is a Smarandache geometry by denial the axiom (E5) with these axioms 
(ES), (LS) and (R5). 


Sec.6.2 Map Geometry without Boundary 183 


Case 2. M is an orientable map. 


According to the classifying theorem of surfaces, We only need to prove this asser- 
tion on a torus. In this case, lines on a torus has the following property (see [NiS1] for 
details): 


if the slope ¢ of a line L is a rational number, then L is a closed line on the torus. 
Otherwise, L is infinite, and moreover L passes arbitrarily close to every point on the 


torus. 


Whence, if LZ; is a line on a torus with an irrational slope not passing through an elliptic 
or a hyperbolic point, then for any point u exterior to L), if wu is a Euclidean point, then 
there is only one line passing through wu not intersecting with L), and if wu is elliptic or 
hyperbolic, any s-line passing through u will intersect with L). 

Now let L, be a line on the torus with a rational slope not passing through an elliptic 
or a hyperbolic point, such as the the line Lz, shown in Fig.6.2.5, in where v is a Euclidean 
point. If wu is a Euclidean point, then each line L passing through u with rational slope in 
the area A will not intersect with L,, but each line passing through wu with irrational slope 


in the area A will intersect with Ly. 


Fig.6.2.5 


Therefore, (M, 4) is a Smarandache geometry by denial the axiom (E5) with axioms 
(E5), (L5) and (R5) in the orientable case. 


Case 3. M is a non-orientable map. 


Similar to Case 2, we only need to prove this result for the projective plane. A line 
in a projective plane is shown in Fig.6.2.6(a), (b) or (c), in where case (a) is a line passing 


through a Euclidean point, (b) passing through an elliptic point and (c) passing through a 


184 Chap.6 Map Geometry 


hyperbolic point. 
7 1» 
oh. 
(b) (c) 


Fig.6.2.6 


Let L be a line passing through the center of the circle. Then if u is a Euclidean point, 
there is only one line passing through u such as the case (a) in Fig.6.2.7. If v is an elliptic 
point then there is an s-line passing through it and intersecting with L such as the case (b) 
in Fig.6.2.7. We assume the point | is a point such that there exists a line passing through 


1 and 0, then any line in the shade of Fig.6.2.7(b) passing through v will intersect with L. 


2 1 1 
; 0 g ? 
0 L 0 0 L 0 
WY) ex 
1 9) 2S 
(a) (b) (c) 
Fig.6.2.7 


If w is a Euclidean point and there is a line passing through it not intersecting with L 
such as the case (c) in Fig.6.2.7, then any line in the shade of Fig.6.2.7(c) passing through 
w will not intersect with L. Since the position of the vertices of a map M on a projective 
plane can be choose as our wish, we know (M, 2) is a Smarandache geometry by denial 
the axiom (E5) with axioms (E5),(L5) and (R5). 


Combining discussions of Cases 1, 2 and 3, the proof is complete. 


6.2.3 Map Non-Geometry. Similar to those of Iseri’s s-manifolds, there are non- 
geometry, anti-geometry and counter-projective geometry, --- in map geometry without 


boundary. 


Theorem 6.2.4 There exists a non-geometry in map geometries without boundary. 
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Proof We prove there are map geometries without boundary satisfying axioms (A; )— 


(AZ). Let (M, 4) be such a map geometry with elliptic or hyperbolic points. 


(1) Assume u is a Euclidean point and v is an elliptic or hyperbolic point on (M, pz). 
Let L be an s-line passing through points u and v in a Euclid plane. Choose a point w in L 
after but nearly enough to v when we travel on L from u to v. Then there does not exist a 
line from u to w in the map geometry (M, 12) since v is an elliptic or hyperbolic point. So 
the axiom (A7) is true in (M, y). 

(2) In a map geometry (M, yw), an s-line maybe closed such as we have illustrated 
in the proof of Theorem 6.2.3. Choose any two points A, B on a closed s-line L in a map 
geometry. Then the s-line between A and B can not continuously extend to indefinite in 
(M, 1). Whence the axiom (A;) is true in (M, p). 

(3) An m-circle in a map geometry is defined to be a set of continuous points in 
which all points have a given distance to a given point. Let C be a m-circle in a Euclid 
plane. Choose an elliptic or a hyperbolic point A on C which enables us to get a map 
geometry (M, wu). Then C has a gap in A by definition of an elliptic or hyperbolic point. 
So the axiom (A; ) is true in a map geometry without boundary. 

(4) By the definition of a right angle, we know that a right angle on an elliptic point 
can not equal to a right angle on a hyperbolic point. So the axiom (Aj) is held in a map 
geometry with elliptic or hyperbolic points. 

(5) The axiom (A;) is true by Theorem 6.2.3. 


Combining these discussions of (i)-(v), we know that there are non-geometries in 


map geometries. This completes the proof. 


6.2.4 Map Anti-Geometry. The Hilbert’s axiom system for a Euclid plane geometry 
consists five group axioms stated in the following, where we denote each group by a 


capital Roman numeral. 


I. Incidence 


I-1. For every two points A and B, there exists a line L that contains each of the 
points A and B. 

I-—2. For every two points A and B, there exists no more than one line that contains 
each of the points A and B. 

I-3. There are at least two points on a line. There are at least three points not on 


a line. 
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II. Betweenness 


II — 1. Ifa point B lies between points A and C, then the points A,B and C are 
distinct points of a line, and B also lies between C and A. 

II — 2. For two points A and C, there always exists at least one point B on the line 
AC such that C lies between A and B. 

IT — 3. Of any three points on a line, there exists no more than one that lies between 
the other two. 

II — 4. Let A, B and C be three points that do not lie on a line, and let L be a line 
which does not meet any of the points A, B and C. If the line L passes through a point of 
the segment AB, it also passes through a point of the segment AC, or through a point of 
the segment BC. 


Ill. Congruence 


III — 1. If A, and B, are two points on a line L,, and A> is a point on a line Ly then 
it is always possible to find a point B on a given side of the line Ly through A, such that 
the segment A,B, is congruent to the segment Az Bo. 

III — 2. If a segment A,B, and a segment A,B, are congruent to the segment AB, 
then the segment A,B, is also congruent to the segment Az Bo. 

III — 3. On the line L, let AB and BC be two segments which except for B have no 
point in common. Furthermore, on the same or on another line L, let A,B, and B,C, be 
two segments, which except for B, also have no point in common. In that case, if AB is 
congruent to A,B, and BC is congruent to B,C, then AC is congruent to A,C\. 

III — 4. Every angle can be copied on a given side of a given ray in a uniquely 
determined way. 

III — 5 If for two triangles ABC and A,B,C,, AB is congruent to A,B,, AC is 
congruent to A,C,; and ZBAC is congruent to ZB,\A\C,, then ZABC is congruent to 
ZA,B,C\. 


IV. Parallels 


IV -— 1. There is at most one line passes through a point P exterior a line L that is 


parallel to L. 
V. Continuity 


V — 1(Archimedes) Let AB and CD be two line segments with |AB| = |CD|. Then 
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there is an integer m such that 


m|CD| < |AB| < (m + 1)|CDI. 


V —2(Cantor) Let A; B,,A2Bo,---,A,B,,--- be asegment sequence on a line L. If 


AyD; 2 AgBz 2 +++ A,B, 2S **4; 


then there exists a common point X on each line segment A,B, for any integer n,n > 1. 


Smarandache defined an anti-geometry by denial some axioms in Hilbert axiom sys- 
tem for Euclid geometry. Similar to the discussion in the reference [Ise1], We obtain the 


following result for anti-geometry in map geometry without boundary. 


Theorem 6.2.5 Unless axioms I—3, II—3, IIIT—2, V—1 and V —2, an anti-geometry can 
be gotten from map geometry without boundary by denial other axioms in Hilbert axiom 


system. 


Proof The axiom J — | has been denied in the proof of Theorem 6.2.4. Since there 
maybe exists more than one line passing through two points A and B in a map geometry 
with elliptic or hyperbolic points u such as those shown in Fig.6.2.8. So the axiom J] — 2 


can be Smarandachely denied. 


Fig.6.2.8 


Notice that an s-line maybe has self-intersection points in a map geometry without 
boundary. So the axiom // — 1 can be denied. By the proof of Theorem 6.2.4, we know 
that for two points A and B, an s-line passing through A and B may not exist. Whence, 
the axiom //J — 2 can be denied. For the axiom // — 4, see Fig.6.2.9, in where v is a 


non-Euclidean point such that py(v)u(v) = 2(4 + ZACB) in a map geometry. 
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Fig.6.2.9 


So II — 4 can be also denied. Notice that an s-line maybe has self-intersection points. 
There are maybe more than one s-lines passing through two given points A, B. Therefore, 
the axioms /// — 1 and //J — 3 are deniable. For denial the axiom /// — 4, since an elliptic 


point wu can be measured at most by a number pu < 7, i.e., there is a limitation 


for an elliptic point u. Whence, an angle with measure bigger than Puli) can not be 


copied on an elliptic point on a given ray. 
Because there are maybe more than one s-lines passing through two given points A 


and B in a map geometry without boundary, the axiom //J — 5 can be Smarandachely 


denied in general such as those shown in Fig.6.2.10(a) and (b) where wu is an elliptic point. 


B B, 
A C a ee 
(a) (b) 
Fig.6.2.10 


For the parallel axiom /V — 1, it has been denied by the proofs of Theorems 6.2.3 
and 6.2.4. 


Notice that axioms J — 3, JJ — 3 II] — 2, V— 1 and V — 2 can not be denied in a map 


geometry without boundary. This completes the proof. L 


6.2.5 Counter-Projective Map Geometry. For counter-projective geometry, we know 
a result following. 
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Theorem 6.2.6 Unless the axiom (C3), a counter-projective geometry can be gotten from 


map geometry without boundary by denial axioms (C1) and (C2). 


Proof Notice that axioms (C1) and (C2) have been denied in the proof of Theorem 
6.2.5. Since a map is embedded on a locally orientable surface, every s-line in a map 


geometry without boundary may contains infinite points. Therefore the axiom (C3) can 


not be Smarandachely denied. 


§6.3 MAP GEOMETRY WITH BOUNDARY 


6.3.1 Map Geometry With Boundary. A Poincaré’s model for a hyperbolic geometry 
is an upper half-plane in which lines are upper half-circles with center on the x-axis or 


upper straight lines perpendicular to the x-axis such as those shown in Fig.6.3.1. 


Ly Ly 


L6 
i ks 


Ls 


Fig.6.3.2 


If we think that all infinite points are the same, then a Poincaré’s model for a hyperbolic 
geometry is turned to a Klein model for a hyperbolic geometry which uses a boundary 


circle and lines are straight line segment in this circle, such as those shown in Fig.6.3.2. 
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By a combinatorial map view, a Klein’s model is nothing but a one face map geometry. 
This fact hints one to introduce map geometries with boundary defined in the following 


definition. 


Definition 6.3.1 For a map geometry (M, 1) without boundary and faces f\, fo,--+, fi 
€ F(M),1 < 1 < ¢(M) - 1, if SM) \ {h. f,-++. fi} is connected, then call (M,p)"' = 
(S(M) \ (hi, fa,°°+, fi}, ) a map geometry with boundary f\, fo,-++, fj and orientable or 
not if (M, 1) is orientable or not, where S(M) denotes the locally orientable surface on 
which M is embedded. 


Fig.6.3.4 


Fig.6.3.5 


These s-points and s-lines in a map geometry (M, yu)! are defined as same as Def- 
inition 3.2.3 by adding an s-line terminated at the boundary of this map geometry. Two 
m -lines on the torus and projective plane are shown in these Fig.6.3.4 and Fig.6.3.5, 


where the shade field denotes the boundary. 


6.3.2 Smarandachely Map Geometry With Boundary. Indeed, there exists Smaran- 


dache geometry in map geometry with boundary convinced by results following. 


Theorem 6.3.1 For a map M on a locally orientable surface with order> 3, vertex 
valency> 3 and a face f € F(M), there is an angle factor js such that (M,p)"' is a 
Smarandache geometry by denial the axiom (A5) with these axioms (A5),(L5) and (R35). 


Proof Similar to the proof of Theorem 6.2.3, we consider a map M being a planar 
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map, an orientable map on a torus or a non-orientable map on a projective plane, respec- 
tively. We can get the assertion. In fact, by applying the property that s-lines in a map 


geometry with boundary are terminated at the boundary, we can get an more simpler proof 


for this theorem. 


\ Ve f 
Ga 
(a) (b) 
(c) 
NS # 
L; 
(d) (e) 
Fig.6.3.6 


Notice that a one face map geometry (M, u)~' with boundary is just a Klein’s model 
for hyperbolic geometry if we choose all points being Euclidean. Similar to that of map 
geometry without boundary, we can also get non-geometry, anti-geometry and counter- 


projective geometry from that of map geometry with boundary following. 


Theorem 6.3.2 There are non-geometries in map geometries with boundary. 


Proof The proof is similar to the proof of Theorem 6.2.4 for map geometries without 
boundary. Each of axioms (A7) — (A;) is hold, for example, cases (a) — (e) in Fig.6.3.6, in 
where there are no an s-line from points A to B in (a), the line AB can not be continuously 
extended to indefinite in (b), the circle has gap in (c), a right angle at a Euclidean point 
v is not equal to a right angle at an elliptic point u in (d) and there are infinite s-lines 


passing through a point P not intersecting with the s-line L in (e). Whence, there are 


192 Chap.6 Map Geometry 


non-geometries in map geometries with boundary. L 


Theorem 6.3.3 Unless axioms I—3, IT-—3 IIT -—2, V—1 and V —2 in the Hilbert’s axiom 
system for a Euclid geometry, an anti-geometry can be gotten from map geometries with 


boundary by denial other axioms in this axiom system. 


Theorem 6.3.4 Unless the axiom (C3), a counter-projective geometry can be gotten from 


map geometries with boundary by denial axioms (C1) and (C2). 


Proof The proofs of Theorems 6.3.3 and 6.3.4 are similar to the proofs of Theorems 


6.2.5 and 6.2.6. The reader can easily completes the proof. L 


§6.4 CURVATURE EQUATIONS ON MAP GEOMETRY 


6.4.1 Curvature on s-Line. Let (M,) be a map geometry with or without boundary. 
All points of elliptic or hyperbolic types in (M, 1) are called non-Euclidean points. Now 
let L be an s-line on (M, 4) with non-Euclisedn points A,, A>, ---,A, for an integer n > 0. 
Its curvature R(L) is defined by 


R(L) = Dn - wlAi)). 
i=] 


An s-line L is called Euclidean or non-Euclidean if R(L) = +27 or # +27. Then following 


result characterizes s-lines on (M, ju). 


Theorem 6.4.1 An s-line without self-intersections is closed if and only if it is Euclidean. 


Proof Let L be a closed s-line without self-intersections on (M, 4) with vertices 
A,, A2,-::,A,. From the Euclid geometry on plane, we know that the angle sum of an 
n-polygon is (n — 2). Whence, the curvature R(L) of s-line L is +27 by definition, i.e., L 
is Euclidean. 

Now if an s-line L is Euclidean, then R(L) = +27 by definition. Thus there exist 


non-Euclidean points B,, Bo,---, B, such that 


Sr = u(Bi)) = £2n. 


i=l 


Whence, L is nothing but an n-polygon with vertices B), Bo,---,B, on R’. Therefore, L 


is closed without self-intersection. Oo 


Sec.6.4 Curvature Equations on Map Geometry 193 


Furthermore, we find conditions for an s-line to be that of regular polygon on R? 


following. 


Corollary 6.4.1 An s-line without self-intersection passing through non-Euclidean points 


A,,A2,-+:,A, is a regular polygon if and only if all points A,, A2,+++,A, are elliptic with 
2 
(Aj) = f = =a 
n 
or all A,, A2,+++,An are hyperbolic with 
2 
L(A;) = (1 + =a 
n 


for integers 1 <i<n. 


Proof If an s-line L without self-intersection passing through non-Euclidean points 
A\, A2,:::,A, is a regular polygon, then all points A;, A2,---,A, must be elliptic (hyper- 


bolic) and calculation easily shows that 
2 2 
WA;) =|1-——-]a or w(A;)=|1+—-]z 
n n 


for integers 1 < i < n by Theorem 9.3.5. On the other hand, if L is an s-line passing 


through elliptic (hyperbolic) points A;,A>,---,A, with 
2 2 
M(A;) =|1-——-])z or wW(A;)) =(1+-]|a 
n n 


for integers | < i < n, then it is closed by Theorem 9.3.5. Clearly, L is a regular polygon 


with vertices A,,A>,---,Ay,. 


6.4.2 Curvature Equation on Map Geometry. A map M = (2), #) is called 
Smarandachely if all of its vertices are elliptic (hyperbolic). Notice that these pendent ver- 
tices is not important because it can be always Euclidean or non-Euclidean. We concen- 
trate our attention to non-separated maps. Such maps always exist circuit-decompositions. 


The following result characterizes Smarandachely maps. 


Theorem 6.4.2. A non-separated planar map M is Smarandachely if and only if there 
exist a directed circuit-decomposition 


Ss 


rum = De) 


i=l 
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of M such that one of the linear systems of equations 


>, (t-x,)=2n, Il<ix<s 
revi) 
or 
~ (t-x,)=-2n7, Il<i<s 
revi) 


is solvable, where E1(M) denotes the set of semi-arcs of M. 


Proof If M is Smarandachely, then each vertex v € V(M) is non-Euclidean, i.e., 


Lv) # a. Whence, there exists a directed circuit-decomposition 
B= Be) 
i=1 
of semi-arcs in M such that each of them is an s-line in (R’, w). Applying Theorem 9.3.5, 


we know that 


D, HO) = 2m or YD) Gr MO) = -20 


eC) ie) 


for each circuit C;, | < i < s. Thus one of the linear systems of equations 


> (t-xy)=2n, 1<i<s or » (t-x,)=—-2n, 1<i<s 
ve (¢ ) ve (¢ ) 


is solvable. 


Conversely, if one of the linear systems of equations 


y (r-x,)=2n, 1<i<s or > (7-x,)=—-2n7, l<i<s 
ve (¢ ) ve (¢ ) 


is solvable, define a mapping p : R? — [0, 47) by 


(x) x ifx=ve VM), 
x)= 
. 1 if x ¢ v(M),. 


Then M is a Smarandachely map on (R’, it). This completes the proof. L 


In Fig.6.4.1, we present an example of a Smarandachely planar maps with yz defined 


by numbers on vertices. 
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TT TU TU 
2 2 2 
T TT 
2 D 
TT TT TU 
2 2 2 

Fig.6.4.1 


Let wo € (0,7). An s-line L is called non-Euclidean of type wo if R(L) = +27 + wo. 


Similar to Theorem 6.4.1, we can get the following result. 


Theorem 6.4.2 A non-separated map M is Smarandachely if and only if there exist a 
directed circuit-decomposition E 1 1(M) = = © E (¢, ) of M into s-lines of type Wo, Wo € 


(0, ) for integers 1 <i < s such that the inedi systems of equations 


>, (m-x,)=27-Wo, 1<i<s; 


rev(C\) 


or > (7 -—x,) = -2m7-Wo, 1<i<s; 
e(C) 

or >, (t7-x,)=247+W, 1<i<s; 
e(C) 

or > (m-—x,) = —-2m7+W9, l<i<s 


e(C) 


is solvable. 


§6.5 THE ENUMERATION OF MAP GEOMETRIES 


6.5.1 Isomorphic Map Geometry. For classifying map geometries, the following defi- 


nition on isomorphic map geometries is needed. 
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Definition 6.5.1 Two map geometries (Mj, 1) and (Mb, M2) or (My, )7! and (Mp, po)! 
are said to be equivalent each other if there is a bijection 9: M, — Mp) such that for 
Vu € VM), @(u) is euclidean, elliptic or hyperbolic if and only if u is euclidean, elliptic 


or hyperbolic. 


6.5.2 Enumerating Map Geometries. A relation for the numbers of non-equivalent 


map geometries with that of unrooted maps is established in the following. 


Theorem 6.5.1 Let M be a set of non-isomorphic maps of order n and with m faces. 
Then the number of map geometries without boundary is 3"|M| and the number of map 


geometries with one face being its boundary is 3"m|M\|. 


Proof By the definition of equivalent map geometries, for a given map M € M, there 
are 3” map geometries without boundary and 3"m map geometries with one face being its 


boundary by Theorem 6.3.1. Whence, we get 3”|M| map geometries without boundary 


and 3”m|M| map geometries with one face being its boundary from M. 0 


We get an enumeration result for non-equivalent map geometries without boundary 


following. 


Theorem 6.5.2 The numbers n°(I, g) and n (I, g) of non-equivalent orientable and non- 
orientable map geometries without boundary underlying a simple graph T by denial the 
axiom (AS) by (A5), (L5) or (R5) are 


3" TT (e(v) - 1)! 
OT 2) = veV(L) 
n-(I, g) Aur) 
and 
(22 — 13" TT ((v) - 1)! 
nC, g) = veV(T) 
, 2|Autl | , 


where BT) = e(1) — v(L) + 1 is the Betti number of the graphT. 


Proof Denote the set of non-isomorphic maps underlying the graph IT’ on locally 


orientable surfaces by M(L) and the set of embeddings of the graph I on locally orientable 
|M| 

surfaces by &(1). For a map M,M € M(1), there are [Auth] different map geometries 

without boundary by choice the angle factor 4 on a vertex u such that u is Euclidean, 


elliptic or hyperbolic. From permutation groups, we know that 


|Autl” x (a) | = (Aut) || Man | = |AutM|| Marx 
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Therefore, we get that 


3 3 3IM| 
n(I,g) = 
Pesci |AutM| 
3 |Autl x <a) | 
Autl x (a) |AutM| 
ce Autlx(a) 
_ M uth X(@ 
AutI’ x (a) a | | 
gr 
= 89° (T 
AutI’ x (a) len) 
3 TT (e(v)- 1)! 
veV(T) 
2|Autl | 


MeM(T) 


MeM() 


Similarly, we can also get that 


30 
|Autl x (a) | 
(2PM — 193" TT (@W)- 1! 

veV(T) 


2|Autl | 


n(L, g) Is‘ (T)| 


This completes the proof. 


By classifying map geometries with boundary, we get a result in the following. 


Theorem 6.5.3. The numbers n°(l,—g), n\(1,—g) of non-equivalent orientable, non- 
orientable map geometries with one face being its boundary underlying a simple graph T 
by denial the axiom (A5) by (A5), (L5) or (R5) are respectively 


aH 2d(g(V\(x)) 
O — —— — — 
Oe er @n+0 |] i a 
and 
PO) _ 1) 3 2d 
es | 1, 2d(giF@) 
aay es M+ |] eo It = het, 


Ym) 
where g[I'](x) is the genus polynomial of the graphT, i.e, g(x) = > g,[V]x* with 
k=y(T) 
gx[] being the number of embeddings of T on the orientable surface of genus k. 
Proof Notice that v(\M) — e(M) + 6M) = 2 — 2g(M) for an orientable map M by the 


Euler-Poincaré formula. Similar to the proof of Theorem 3.4.2 with the same meaning for 
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M(L), we know that 


o(M)3™' 
n°(l,-g) = ————- 
MeM() |AutM| 
- (2 + e(T) — WT) — 2g(M))3!! 
7 MeM() |AutM| 
. +e0)-v(0y3M 2e(M)3!™| 
7 MeM(T) |AutM| MeM(T) |AutM| 
_ (2+ s(1)- v1))3 |Autl’ x (a) | 
7 |Autx (@)| 4 vie |AutM| 
_2x«3in e(M)|Autl x (a) | 
|Autl x (a)| 44, jAutM| 
— (BC) +13!" Aut x(a) 
~ |Autl x (a) | 20m | 
_ 3 > g(M)|MAet™(a)| 
|Aut| MeM() 
(a7) + 3" zi %~ 
2 eee =< ke (0 
2Autl] [leo Tay SS, Bill] 
. 2d(gIT (x) 
= Fae | OM + D [ | eo) - t-te. 


veV(T) 
by Theorem 6.5.1. 

Notice that n4(I, —g) = n°(T, —g) + n\ (1, —g) and the number of re-embeddings an 
orientable map M on surfaces is 2” (See also [Maol0] or [Mao34] for details). We 
know that 
PPM) yx 3!"\6(M) 

|AutM| 


n'(,-g) 
MeM(T) 
= PUT, -g). 


Whence, we get that 


n\(T,-g) = (2 — 1)n?(, -g) 


(260) = 1) 3in 


= a b [lem =A 


_ 2d(giT I) | 
dx A 


This completes the proof. L 
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§6.6 RESEARCH PROBLEMS 


6.6.1 A complete Hilbert axiom system for a Euclid geometry contains axioms J — i, 1 < 
i<81-j,l<j<4;W7-—k,1<k<5;IV-1andV-JI,1<1< 2, whichcan be also 
applied to the geometry of space. Unless J — i,4 < i < 8, other axioms are presented in 


Section 6.2. Each of axioms J — i, 4 < i < 8 is described in the following. 


I -4 For three non-collinear points A, B and C, there is one and only one plane 
passing through them. 

I-—5 Each plane has at least one point. 

I —6 If two points A and B of a line L are in a plane >., then every point of L is in 
the plane >. 

I -7 [If two planes >), and >}, have a common point A, then they have another 
common point B. 

I-8 There are at least four points not in one plane. 

By the Hilbert’s axiom system, the following result for parallel planes can be ob- 


tained. 


(T) Passing through a given point A exterior to a given plane )} there is one and 


only one plane parallel to >}. 


This result seems like the Euclid’s fifth axiom. Similar to the Smarandache’s notion, 


we present problems by denial this result for geometry of space following. 


Problem 6.6.1 Construct a geometry of space by denial the parallel theorem of planes 
with 

(T,) there are at least a plane >) and a point A exterior to the plane }) such that no 
parallel plane to >} passing through the point A. 

(T,) there are at least a plane >) and a point A exterior to the plane }) such that 
there are finite parallel planes to >) passing through the point A. 


(T;) there are at least a plane >) and a point A exterior to the plane >) such that 
there are infinite parallel planes to >\ passing through the point A. 


Problem 6.6.2 Similar to that of Iseri’s idea, define points of elliptic, Euclidean, or hyper- 
bolic type in R? and apply these Plato polyhedrons to construct Smarandache geometry 
of space R?. 
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Problem 6.6.3 Similar to that of map geometry and apply graphs in R° to construct 


Smarandache geometry of space R°. 


Problem 6.6.4 For an integer n,n > 4, define Smarandache geometry in R" by denial 


some axioms for an Euclid geometry in R" and construct them. 


6.6.2 The terminology of map geometry was first appeared in [Mao9], which enables one 
to find non-homogenous spaces from already known homogenous spaces and is also a 
typical example for application combinatorial maps to metric geometries. Among them 
there are many problems not solved yet until today. Here we would like to describe some 


of them. 


Problem 6.6.5 Fora given graph G, determine non-equivalent map geometries underly- 
ing a graph G, particularly, underlying graphs K, or K(m,n), m,n > 4 and enumerate 


them. 


Problem 6.6.6 For a given locally orientable surface S, determine non-equivalent map 


geometries on S, such as a sphere, a torus or a projective plane, --- and enumerate them. 


Problem 6.6.7 Find characteristics for equivalent map geometries or establish new ways 


for classifying map geometries. 


Problem 6.6.8 Whether can we rebuilt an intrinsic geometry on surfaces, such as a 


sphere, a torus or a projective plane, ---, etc. by map geometry? 


CHAPTER 7. 


Planar Map Geometry 


AS we seen, a map geometry (M, jz) is nothing but a map M associate vertices 
with an angle factor uw. This means that there are finite non-Euclidean points 
in map geometry (M, jz). However, a map is a graph on surface, i.e., a geomet- 
rical graph. We can also generalize the angle factor to edges, i.e., associate 
points in edges of map with an angle function and then find the behavior of 
points, straight lines, polygons and circles, ---, i.e., fundamental elements in 
Euclid geometry on plane. In this case, the situation is more complex since 
a point maybe an elliptic, Euclidean or hyperbolic and a polygon maybe an 
s-line, ---, etc.. We introduce such map geometry on plane, discuss points 
with a classification of edges in Section 7.1, lines with curvature in Section 
7.2. The polygons, including the number of sides, internal angle sum, area 
and circles on planar map geometry are discussed in Sections 7.3 and 7.4. For 
finding the behavior of s-lines, we introduce line bundles, motivated by the 
Euclid’ s fifth postulate and determine their behavior on planar map geometry 
in Section 7.5. All of these materials will be used for establishing relations of 
an integral curve with a differential equation system in a pseudo-plane geom- 
etry and continuous phenomena with that of discrete phenomena in following 


chapters. 
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§7.1 POINTS IN PLANAR MAP GEOMETRY 


7.1.1 Angle Function on Edge. The points in a map geometry are classified into three 
classes: elliptic, Euclidean and hyperbolic. There are only finite non-Euclidean points 
considered in Chapter 6 because we had only defined an elliptic, Euclidean or a hyperbolic 
point on vertices of map M. In planar map geometry, we can present an even more deli- 
cate consideration for Euclidean or non-Euclidean points and find infinite non-Euclidean 
points in a plane. 

Let (M, 4) be a planar map geometry on plane >’. Choose vertices u,v € V(M). 
A mapping is called an angle function between u and v if there is a smooth monotone 
mapping f : >) — » such that f(u) = Po (u)u(ue) and f(v) = phn 


2 
generality, we can assume that there is an angle function on each edge in a planar map 


. Not loss of 


geometry. Then we know a result following. 


Theorem 7.1.1 A planar map geometry (M, 1) has infinite non-Euclidean points if and 
only if there is an edge e = (u,v) € E(M) such that py(u)u(u) # py(v—)u(), or py (uu) 
is a constant but # 27 for Yu € V(M), ora loop (u,u) € E(M) attaching a non-Euclidean 


point u. 


Proof If there is an edge e = (u,v) € E(M) such that py(u)u(u) # py(v)u(y), then at 
least one of vertices u and v in (M, yz) is non-Euclidean. Not loss of generality, we assume 
the vertex uv is non-Euclidean. 

If u and v are elliptic or u is elliptic but v is Euclidean, then by the definition of angle 
functions, the edge (u, v) is correspondent with an angle function f : >) — >) such that 
fia) = eae and f(v) = ee each points is non-Euclidean in (u, v) \ {v}. If u 
is elliptic but v is hyperbolic, 1.e., oy(u)u(u) < 27 and py(v)u(v) > 27, since f is smooth 
and monotone on (u, v), there is one and only one point x* in (u,v) such that f(x*) = z. 
Thereby there are infinite non-Euclidean points on (u, v). 

Similar discussion can be gotten for the cases that u and v are both hyperbolic, or u 
is hyperbolic but v is Euclidean, or u is hyperbolic but v is elliptic. 

If py(u)u(u) is a constant but # 27 for Vu € V(M), then each point on an edges is a 
non-Euclidean point. Consequently, there are infinite non-Euclidean points in (M, 1). 

Now if there is a loop (u, uw) € E(M) and u is non-Euclidean, then by definition, each 
point v on the loop (u, u) satisfying that f(v) > or < 2 according to py(u)u(u) > a or < Zt. 


Therefore there are also infinite non-Euclidean points on the loop (u, uw). 
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On the other hand, if there are no an edge e = (u,v) € E(M) such that py(u)u(u) # 
Pm)uUy), Le., omv(w)u(u) = pu(v)u(v) for Vu, v) € E(M), or there are no vertices u € 
V(M) such that py(u)u(u) is a constant but # 27 for V, or there are no loops (u,u) € 
E(M) with a non-Euclidean point u, then all angle functions on these edges of M are an 


constant 7. Therefore there are no non-Euclidean points in the map geometry (MV, 2). This 


completes the proof. 


Characterizing Euclidean points in planar map geometry (M, 1), we get the following 


result. 


Theorem 7.1.2 Let (M, 1) be a planar map geometry on plane Y}. Then 


(1) Every point in >} \E(M) is a Euclidean point; 
(2) There are infinite Euclidean points on M if and only if there exists an edge 
(u,v) € E(M) (u = v or u # v) such that u and v are both Euclidean. 


Proof By the definition of angle functions, we know that every point is Euclidean if 
itis not on M. So the assertion (1) is true. 
According to the proof of Theorem 7.1.1, there are only finite Euclidean points unless 


there is an edge (u,v) € E(M) with py(u)u(u) = py(v)u(v) = 27. In this case, there are 


infinite Euclidean points on the edge (u, v). Thereby the assertion (2) is also holds. 


7.1.2 Edge Classification. According to Theorems 7.1.1 and 7.1.2, we classify edges in 


a planar map geometry (M, ) into six classes. 


Cc (Euclidean-elliptic edges): edges (u,v) € E(M) with py(ujucu) = 2m but 
Pu) < 27. 

cy (Euclidean-Euclidean edges): edges (u,v) € E(M) with py(u)u(u) = 2m and 
Pu()u) = 27. 

C}. (Euclidean-hyperbolic edges): edges (u,v) € E(M) with py(w)u(u) = 2x but 
Pu()EL) > 27. 

oes (elliptic-elliptic edges): edges (u,v) € E(M) with py(u)u(u) < 27 and py(v)u() < 
2n. 

ard (elliptic-hyperbolic edges): edges (u,v) € E(M) with py(ujucu) < 2m but 
Pm()MV) > 22. 

Cc (hyperbolic-hyperbolic edges): edges (u,v) € E(M) with py(u)u(u) > 22 and 
Pm()M) > 22. 
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In Fig.7.1.1(a)—(f), these s-lines passing through an edge in one of classes of C;.-C®. 
are shown, where u is elliptic and v is Euclidean in (a), u and v are both Euclidean in (5), 
u is Euclidean but v is hyperbolic in (c), uw and v are both elliptic in (d), wu is elliptic but v 


is hyperbolic in (e) and u and v are both hyperbolic in (f), respectively. 


u Uu Uu 
Ly Ly Ly 
L, L, Ty 
Ts Ts Ts 
Vv Vv Vv 
(a) (b) (c) 
u Uu u 
Ly Ly Ly 
I, In Ly 
L; L3 Ls 
Vv Vv Vv 
(d) (e) (f) 
Fig.7.1.1 


Denote by V.;(M), Veu(M) and V;,,(M) the respective sets of elliptic, Euclidean and 
hyperbolic points in V(M) in a planar map geometry (M, yw). Then we get a result as in 
the following. 


Theorem 7.1.3 Let (M, 1) be a planar map geometry. Then 


6 
>) pu) + S* puv)+ Y) paw) = 2.) ICiI 


ue Ve4(M) vEVo4(M) WE Viy(M) i=l 


and 
6 
[Vei(M)| + [Veu(M)| + [Viy(M) + 6M) = Y°ICel + 2. 


i=l 


where ¢(M) denotes the number of faces of a map M. 
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Proof Notice that 


6 
IV(M)| = |Vei(M)] + |Veu(M)| + |Viy(M)| and |E(M)| = » Ce 


i=l 
for a planar map geometry (M, 2). By two well-known results 
» Puy) = 2|E(M)| and |V(M)| — |E(M)| + 6M) = 2 
veV(M) 


for a planar map M, we know that 


6 
Yd) pu) +S" pu)+ S° pudv) = 257 IC 
i=] 


ueV_)(M) veVey(M) wE€Vpy(M) 


and 


6 
[Vei(M)| + [VeuM)| + Vix MDI + 6M) = "Cel +2. O 


i=l 


§7.2 LINES IN PLANAR MAP GEOMETRY 


The situation of s-lines in a planar map geometry (M, jz) is more complex. Here an s-line 
maybe open or closed, with or without self-intersections in a plane. We discuss all of 


these s-lines and their behaviors in this section, . 


7.2.1 Lines in Planar Map Geometry. As we have seen in Chapter 6, s-lines in a planar 


map geometry (M, ,1) can be classified into three classes. 


CG (opened lines without self-intersections): s-lines in (M, 1) have an infinite num- 
ber of continuous s-points without self-intersections and endpoints and may be extended 
indefinitely in both directions. 

Cc (opened lines with self-intersections): s-lines in (M, 1) have an infinite number 
of continuous s-points and self-intersections but without endpoints and may be extended 
indefinitely in both directions. 

C} (closed lines): s-lines in (M, ) have an infinite number of continuous s-points 
and will come back to the initial point as we travel along any one of these s-lines starting 


at an initial point. 
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By this classification, a straight line in a Euclid plane is nothing but an opened s-line 
without non-Euclidean points. Certainly, s-lines in a planar map geometry (M, ) maybe 
contain non-Euclidean points. In Fig.7.2.1, these s-lines shown in (a), (b) and (c) are 
opened s-line without self-intersections, opened s-line with a self-intersection and closed 


s-line with A, B, C, D and E non-Euclidean points, respectively. 


A 
E 
i C E B 
A 7 
A 
Z D o-—< 


(a) (b) (c) 


Fig.7.2.1 


Notice that a closed s-line in a planar map geometry maybe also has self-intersections. 
A closed s-line is said to be simply closed if it has no self-intersections, such as the s-line 


in Fig.7.2.1(c). For simply closed s-lines, we know the following result. 


Theorem 7.2.1 Let (M,) be a planar map geometry. An s-line L in (M, 4) passing 


through n non-Euclidean points x, X2,+++*,X, is simply closed if and only if 
») foi) = = 2a, 
i=l 


where f(x;) denotes the angle function value at an s-point x;,1 <i<n. 


Proof By results in Euclid geometry of plane, we know that the angle sum of an 
n-polygon is (n — 2)z. In a planar map geometry (M, jz), a simply closed s-line L passing 
through 1 non-Euclidean points x;, x2,---,X, is nothing but an n-polygon with vertices 


X1,X2,°°+,X,. Whence, we get that 
>) fa) = (a= 2x. 
i=] 
Now if a simply s-line L passing through n non-Euclidean points x;, x2,---,x, with 


>) fla) = = 2a 
i=] 
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held, then L is nothing but an n-polygon with vertices x), x2,---,X,. Therefore, L is simply 


closed. 


By applying Theorem 7.2.1, we can also find conditions for an opened s-line with or 


without self-intersections. 


Theorem 7.2.2 Let (M,) be a planar map geometry. An s-line L in (M, 4) passing 
through n non-Euclidean points x,, X2,°+*, Xn is opened without self-intersections if and 


only if s-line segments x;X;.,;, 1 < i <n-— 1 are not intersect two by two and 


n 


>) fla) = (a= Dr. 
i=l 
Proof By the Euclid’s fifth postulate for a plane geometry, two straight lines will 
meet on the side on which the angles less than two right angles if we extend them to 
indefinitely. Now for an s-line L in a planar map geometry (M, 1), if it is opened without 
self-intersections, then for any integer 7,1 < i < n— 1, s-line segments x;x;,; will not 


intersect two by two and the s-line L will also not intersect before it enters x; or leaves x,,. 


X2 X3 


Fig.7.2.2 


Now look at Fig.7.2.2, in where line segment x; x, is an added auxiliary s-line seg- 
ment. We know that 


1+ 22 = f(x) and 73 + 24 = f(x). 


According to Theorem 7.2.1 and the Euclid’s fifth postulate, we know that 


n-1 
LIE SAS Hic) =(n-2)n 


i=2 
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and 
Z1+232>2 


Therefore, we get that 


)) fd = (n= 2+ 21+ 23> (n= Der. Oo 


i=l 


For opened s-lines with self-intersections, we know a result in the following. 


Theorem 7.2.3 Let (M,) be a planar map geometry. An s-line L in (M,Z) passing 
through n non-Euclidean points x), x2,--+,X, is opened only with / self-intersections if 
and only if there exist integers i; and s;,,1 < j <1 with 1 < ij, s,; <n andi; #i,ift # j 
such that 
ij 
(si, -—2)m < ) fin) < (sy - De. 

h=1 

Proof Tf an s-line L passing through s-points x;41, X142,°**,X:+s, only has one self- 


intersection point, let us look at Fig.7.2.3 in where x/41%;+s, is an added auxiliary s-line 


segment. 
Xt+1 X42 
cs < 2 )s = 
iL < s ‘ 
Xt+5, Xt+5,-1 
Fig.7.2.3 
We know that 


214+ 22 = f(%41) and 23 + 24 = f(%45,). 


Similar to the proof of Theorem 7.2.2, by Theorem 7.2.1 and the Euclid’s fifth pos- 


tulate, we know that 


5,-1 
Z2+ Z4+ Sf (%4j) = (8; — 2) 
j=2 
and 
Z1+23 < 7. 
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Whence, we get that 


St 


(s;- 2)a < SY) fGie)) < (s;- 1)a. 


j=l 


Therefore, if L is opened only with / self-intersection points, we can find integers i; 
and 5;,1 < j < / with 1 < ij,5,; < n andi; # i, if t # j such that L passing through 
Xij+1> Xj425"**»Xi;+s, only has one self-intersection point. By the previous discussion, we 


know that 


Si. 


(si, - 2x < fin) < (si - De. 


h=1 


This completes the proof. 


7.2.2 Curve Curvature. Notice that all s-lines considered in this section are consisted 
of line segments or rays in Euclid plane geometry. If the length of each line segment tends 
to zero, then we get a curve at the limitation in the usually sense. Whence, an s-line in a 


planar map geometry can be also seen as a discretion of plane curve. 


Generally, the curvature at a point of a curve C is a measure of how quickly the 
tangent vector changes direction with respect to the length of arc, such as those of the 
Gauss curvature, the Riemann curvature, -- -, etc.. In Fig.7.2.4 we present a smooth curve 


and the changing of tangent vectors. 


v2 V6 


V5 


V3 re es 


V1 


v4 


Fig.7.2.4 


To measure the changing of vector vy; to v2, a simpler way is by the changing of 
the angle between vectors v; and v2. If a curve C = f(s) is smooth, then the changing 
rate of the angle between two tangent vector with respect to the length of arc, i.e., ae is 
continuous. For example, as we known in the differential geometry, the Gauss curvature 


at every point of a circle x* + y’ = r° of radius r is —. Whence, the changing of the angle 
r 
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from vectors vy; to v2 is 
B 


1 1—. 1 
[ cas = -\|AB| = -rd = 6. 
4 r r 
A 
By results in Euclid plane geometry, we know that @ is also the angle between vectors 
v; and v2. As we illustrated in Subsection 7.2.1, an s-line in a planar map geometry is 
consisted by line segments or rays. Therefore, the changing rate of the angle between 
two tangent vector with respect to the length of arc is not continuous. Similar to the 
definition of the set curvature in the reference [AIZ1], we present a discrete definition for 


the curvature of s-lines in this case following. 


Definition 7.2.1 Let L be an s-line in a planar map geometry (M, 1) with the set W of 
non-Euclidean points. The curvature w(L) of L is defined by 


w(L) = { (1 — @(p)), 
W 


where w(p) = f(p) if p is on an edge (u, v) in map M embedded on plane >) with an angle 
function f : %) > >. 
In differential geometry, the Gauss mapping and the Gauss curvature on surfaces are 


defined as follows: 


Let S c R? be a surface with an orientation N. The mapping N : S > S? takes its 


value in the unit sphere 
SP={wyDeR ty +2 =) 


along the orientation N. The map N : S > S?, thus defined, is called a Gauss mapping 


and the determinant of K(p) = dN, a Gauss curvature. 


We know that for a point p € S such that the Gaussian curvature K(p) # 0 anda 
connected neighborhood V of p with K does not change sign, 
_. MA) 
K(p) = lim Tr 
where A is the area of a region B c V and N(A) is the area of the image of B by the Gauss 
mapping N: S > S?. 


The well-known Gauss-Bonnet theorem for a compact surface says that 


[ | xo = 2zy(S), 
S 
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for any orientable compact surface S. 
For a simply closed s-line, we also have a result similar to the Gauss-Bonnet theorem, 


which can be also seen as a discrete Gauss-Bonnet theorem on a plane. 


Theorem 7.2.4 Let L be a simply closed s-line passing through n non-Euclidean points 


X1,X2,°°+,X, ina planar map geometry (M, 1). Then w(L) = 22. 


Proof According to Theorem 7.2.1, we know that 
>) fla) = (n= Qn, 
i=l 


where f(x;) denotes the angle function value at an s-point x;,1 < i < n. Whence, by 
Definition 7.2.1 we know that 


w(L) 


{ (x= f(x) = Gr fF) 
} i=] 


{xj;l<i<n 


mn—)° f(x) = an —(n— 2)n = 2n. 
i=1 


Similarly, we also get the sum of curvatures on the planar map M in (M, jz) following. 


Theorem 7.2.5 Let (M, ) be a planar map geometry. Then the sum w(M) of curvatures 
on edges in a map M is w(M) = 275(M), where s(M) denotes the sum of length of edges 
in M. 


Proof Notice that the sum w(u, v) of curvatures on an edge (u, v) of M is 
wu, V) = fa — f(s))ds = n\(u, v)| - [ fous. 


Since M is a planar map, each of its edges appears just two times with an opposite 


direction. Whence, we get that 


wW(M) = w(u, Vv) + a W(y, u) 
(u,v)EE(M) (vue E(M) 
=n )* (l@vl+I@,0l)- { f(s)ds + { f(s\ds|=2ns(M) OO 
(u,v)EE(M) : = 


Notice that ifs(M/) = 1, Theorem 7.2.5 turns to the Gauss-Bonnet theorem for sphere. 
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§7.3 POLYGONS IN PLANAR MAP GEOMETRY 


7.3.1 Polygon in Planar Map Geometry. In the Euclid plane geometry, we have en- 
countered triangles, quadrilaterals, ---, and generally, n-polygons, i.e., these graphs on a 
plane with n straight line segments not on the same line connected with one after another. 
There are no | and 2-polygons in a Euclid plane geometry since every point is Euclidean. 
The definition of n-polygons in planar map geometry (M,Z) is similar to that of Euclid 


plane geometry. 


Definition 7.3.1 An n-polygon in a planar map geometry (M, 1) is defined to be a graph 
in (M, 1) with n s-line segments two by two without self-intersections and connected with 


one after another. 


Although their definition is similar, the situation is more complex in a planar map 
geometry (M, 1). We have found a necessary and sufficient condition for 1-polygon in 
Theorem 7.2.1, i.e., 1-polygons maybe exist in a planar map geometry. In general, we can 
find n-polygons in a planar map geometry for any integer n,n > 1. 

Examples of polygon in a planar map geometry (M, yw) are shown in Fig.7.3.1, in 
where (a) is a 1-polygon with u, v, w and ¢ being non-Euclidean points, (b) is a 2-polygon 
with vertices A, B and non-Euclidean points u, v, (c) is a triangle with vertices A, B, C and 


a non-Euclidean point u and (d) is a quadrilateral with vertices A, B, C and D. 


Uu v u A A B 
Ww t V C . B C D 
(a) (b) (c) (d) 


Fig.7.3.1 


Theorem 7.3.1 There exists a 1-polygon in a planar map geometry (M, 1) if and only if 


there are non-Euclidean points uy, u2,+ ++, uj; With | > 3 such that 


1 
>) fui) = C= 2a, 
i=1 


where f(u;) denotes the angle function value at the point uj, 1 <i < 1. 
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Proof According to Theorem 7.2.1, an s-line passing through / non-Euclidean points 


Uj,U2,°**,u; is Simply closed if and only if 


l 
>) flu) = = 2x, 


i=l 
i.e., 1-polygon exists in (M, 2) if and only if there are non-Euclidean points uy, u2,-++, uy 
with the above formula hold. 

Whence, we only need to prove / > 3. Since there are no 1-polygons or 2-polygons 
in a Euclid plane geometry, we must have / > 3 by the Hilbert’s axiom / — 2. In fact, for 
! = 3 we can really find a planar map geometry (M, yz) with a 1-polygon passing through 


three non-Euclidean points u, v and w. Look at Fig.7.3.2, 


u 


Fig.7.3.2 


in where the angle function values are f(u) = f(v) = f(w) = aus at u,v and w. 


Similarly, for 2-polygons we know the following result. 


Theorem 7.3.2 There are 2-polygons in a planar map geometry (M, 1) only if there are 


at least one non-Euclidean point in (M, J). 


Proof In fact, if there is a non-Euclidean point u in (M, y), then each straight line 


enter u will turn an angle @ = 2 —- mw or mw — 7 from the initial straight line dependent 


on that u is elliptic or hyperbolic. Therefore, we can get a 2-polygon in (M, 2) by choice 
a straight line AB passing through Euclidean points in (M, jz), such as the graph shown in 


Fig.7.3.3. 
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This completes the proof. L 
For the existence of n-polygons with n > 3, we have a general result as in the fol- 


lowing. 


Theorem 7.3.3 For any integer n,n => 3, there are n-polygons in a planar map geometry 
(M, 1). 


Proof Since in Euclid plane geometry, there are n-polygons for any integer n,n > 3. 
Therefore, there are also n-polygons in a planar map geometry (M, yw) for any integer 
n,n > 3. O 


7.3.2 Internal Angle Sum. For the sum of the internal angles in an n-polygon, we have 


the following result. 


Theorem 7.3.4 Let [] be ann-polygon in a map geometry with its edges passing through 


non-Euclidean points x,, X2,+++, X;. Then the sum of internal angles in [| is 


1 
(n+1-2)n- )) f(a), 
i=] 


where f(x;) denotes the value of the angle function f at the point x;,1 <i < lL. 


Proof Denote by U, V the sets of elliptic points and hyperbolic points in x1, x2,--+, x; 
and |U| = p,|V| = q, respectively. If an s-line segment passes through an elliptic point u, 


add an auxiliary line segment AB in the plane as shown in Fig.7.3.4(1). 


Fig.7.3.4 


Then we get that 
Za=Z1+Z2=n- f(u). 


If an s-line passes through a hyperbolic point v, also add an auxiliary line segment 
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AB in the plane as that shown in Fig.7.3.4(2). Then we get that 
angle b = angle3 + angle4 = f(v) — z. 


Since the sum of internal angles of an n-polygon in a plane is (nm — 2)a whenever it is a 


convex or concave polygon, we know that the sum of the internal angles in [| is 


(n— 2) + )\r— FX) — DVO) - 7) 


xeU yeV 


l 
=(n+p+q-2n-) fx) 


i=l 


1 
=(n+1-2)n- yen: 
i=1 


This completes the proof. 

A triangle is called Euclidean, elliptic or hyperbolic if its edges only pass through 
one kind of Euclidean, elliptic or hyperbolic points. As a consequence of Theorem 7.3.4, 
we get the sum of the internal angles of a triangle in a map geometry which is consistent 


with these already known results. 


Corollary 7.3.1 Let A be a triangle in a planar map geometry (M, 1). Then 


(1) the sum of its internal angles is equal to x if A is Euclidean; 
(2) the sum of its internal angles is less than x if A is elliptic; 


(3) the sum of its internal angles is more than x if A is hyperbolic. 


Proof Notice that the sum of internal angles of a triangle is 


l 
r+ > (nr f(x) 
i=1 


if it passes through non-Euclidean points x,, x2,---,x;. By definition, if these x;,1 <i<1 
are one kind of Euclidean, elliptic, or hyperbolic, then we have that f(x;) = 2, or f(x;) < 7, 


or f(x;) > a for any integer i, 1 < i < 1. Whence, the sum of internal angles of a Euclidean, 


elliptic or hyperbolic triangle is equal to, or lees than, or more than z. 


7.3.3, Polygon Area. As it is well-known, calculation for the area A(A) of a triangle A 
with two sides a,b and the value of their include angle @ or three sides a,b and c ina 


Euclid plane is simple. Formulae for its area are 


A(A) = sab sin@ or A(A) = + s(s — a)(s — b)(s — cc), 


216 Chap.7 Planar Map Geometry 


1 . ; : 
where s = 34 +b+c). But ina planar map geometry, calculation for the area of a triangle 
is complex since each of its edge maybe contains non-Euclidean points. Where, we only 


present a programming for calculation the area of a triangle in a planar map geometry. 


STEP 1. Divide a triangle into triangles in a Euclid plane such that no edges 
contain non-Euclidean points unless their endpoints; 

STEP 2. Calculate the area of each triangle; 

STEP 3. Sum up all of areas of these triangles to get the area of the given triangle 


in a planar map geometry. 
The simplest cases for triangle is the cases with only one non-Euclidean point such 


as those shown in Fig.7.3.5(1) and (2) with an elliptic point uw or with a hyperbolic point 


Vv. 


Fig.7.3.5 


Add an auxiliary line segment AB in Fig.7.3.5. Then by formulae in the plane trigonom- 


etry, we know that 


A(AABC) = Y51(s1 — a\(s; — bY) — + -Y52(52 — O52 — Ay — 9) 
for case (1) and 

A(AABC) = ¥51(s1 — a(9 — b)M(81 =D — ¥82(s2 = O82 = A)(52 — 1) 
for case (2) in Fig.7.3.5, where 


f(x) 


t= c* + d° — 2ed cos —— 


with x = u or v and 


1 1 
s=5a+b+D, s2=5letd+t). 
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Generally, let AABC be a triangle with its edge AB passing through p elliptic or p 


hyperbolic points x), x2,---, x, simultaneously, as those shown in Fig.7.3.6(1) and (2). 


Fig.7.3.6 


Where |AC| = a, |BC| = b and |Ax,| = cy, |x1X2| = C2,+++,|Xp-1Xpl = Cp and |x,Bl = cps. 
Adding auxiliary line segments Ax7,Ax3,---,Ax,,AB in Fig.7.3.6, then we can find its 
area by the programming STEP | to STEP 3. By formulae in the plane trigonometry, we 
get that 

(x1) 


2 


|Ax2| = 4/c7 + cj — 2cic2 cos f 


OA) 2 
cs — c5 — |Ax]| 
=i “1 ~ £2 

ABS = tos = ___— 


2¢2|AX2| 
ZAX2X3 = fe) — ZAX.x; or 27 - fe — ZAXxX1, 
|Ax3| = 4/|Axo|? + c — 2|Ax2|c3 cos 2 — ZAX2x3), 
|Ax2)? — 3 - |Axs/? 
ZAX3X) = cos7) ———> 
X3X2 COS 2¢3|Axs| 
ZAX2X3 = fe — ZAx3x2 or 2m - ry — ZAX3X, 


and generally, we get that 


JAB) = /IAxpP? + c2,, — 2Axpleps cos ZAx,B. 


Then the area of the triangle AABC is 


A(AABC) = 4/8,(5, — a)(sp — )(Sp — |AB)) 


P 
+ D1 ¥silsi = VADs; = cn (5i = Axed 
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for case (1) and 


A(AABC) = Sal Sp — asp = b)(s5 = |AB|) 
Pp 

SiC; — |AXi1)(8; — Cin )(8i — [AXi41]) 
=1 


U 


for case (2) in Fig.7.3.6, where 


1 
Sj, = 5 (Axi + Ciz1 + |AXii1) 


for any integer i, 1 <i< p—1and 
1 
Sp = Fh +b+\|AB)). 


Certainly, this programming can be also applied to calculate the area of an n-polygon in 


planar map geometry in general. 


§7.4 CIRCLES IN PLANAR MAP GEOMETRY 


The length of an s-line segment in planar map geometry is defined in the following. 


Definition 7.4.1 The length |AB| of an s-line segment AB consisted by k straight line 
segments AC,, CiC2, C2C3,-++,Cx_, B in planar map geometry (M, 11) is defined by 


|AB| = |AC\| + [C1 Co] + |C2C3] + -+- + Cy BI. 


As that shown in Chapter 6, there are not always exist a circle with any center and 
a given radius in planar map geometry in the usual sense of Euclid’s definition. Since 
we have introduced angle function on planar map geometry, we can likewise the Euclid’s 


definition to define an s-circle in planar map geometry. 


Definition 7.4.2 A closed curve C without self-intersection in planar map geometry 
(M, 1) is called an s-circle if there exists an s-point O in (M,,) and a real number r 


such that |OP| = r for each s-point P on C. 


Two Examples for s-circles in a planar map geometry (M, jz) are shown in Fig.7.4.1(1) 
and (2). The s-circle in Fig.7.4.1(1) is a circle in the Euclid’s sense, but (2) is not. Notice 
that in Fig.7.4.1(2), s-points u and v are elliptic and the length |OQ| = |Ou| + |uQ| = r for 
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an s-point Q on the s-circle C, which seems likely an ellipse but it is not. The s-circle 
C in Fig.7.4.1(2) also implied that s-circles are more complex than those in Euclid plane 


geometry. 


(1) (2) 


Fig.7.4.1 


We know a necessary and sufficient condition for the existence of an s-circle in planar 


map geometry following. 


Theorem 7.4.1 Let (M, 1) be a planar map geometry on a plane > and O an s-point on 
(M, 1). For a real number r, there is an s-circle of radius r with center O if and only if O 
is in the non-outer face or in the outer face of M but for any €,r > € > 0, the initial and 
final intersection points of a circle of radius € with M in a Euclid plane >° are Euclidean 


points. 


Proof If there is a solitary non-Euclidean point A with |OA| < r, then by those 


materials in Chapter 3, there are no s-circles in (M, 4) of radius r with center O. 


Fig.7.4.2 


If O is in the outer face of M but there exists a number e, r > € > O such that one of 


the initial and final intersection points of a circle of radius € with M on >) is non-Euclidean 
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point, then points with distance r to O in (M, jz) at least has a gap in a circle with a Euclid 
sense. See Fig.7.4.2 for details, in where u is a non-Euclidean point and the shade field 
denotes the map M. Therefore there are no s-circles in (M, yz) of radius r with center O. 
Now if O in the outer face of M but for any e€,r > € > O, the initial and final 
intersection points of a circle of radius € with M on >’ are Euclidean points or O is ina 
non-outer face of M, then by the definition of angle functions, we know that all points 


with distance r to O is a closed smooth curve on >), for example, see Fig.7.4.3(1) and (2). 


u 


io) 
io) 


(1) (2) 


Fig.7.4.3 


Whence it is an s-circle. = 

We construct a polar axis OX with center O in planar map geometry as that in Euclid 
geometry. Then each s-point A has a coordinate (p, @), where p is the length of the s-line 
segment OA and @ is the angle between OX and the straight line segment of OA containing 
the point A. We get an equation for an s-circle of radius r which has the same form as that 


in the analytic geometry of plane. 


Theorem 7.4.2 Ina planar geometry (M, 1) with a polar axis OX of center O, the equa- 
tion of each s-circle of radius r with center O is 
pHnr. 


Proof By the definition of s-circle C of radius r, every s-point on C has a distance r 
to its center O. Whence, its equation is p = r in a planar map geometry with a polar axis 
OX of center O. Oo 
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§7.5 LINE BUNDLES IN PLANAR MAP GEOMETRY 


7.5.1 Line Bundle. Among those s-line bundles the most important is parallel bundles 


defined in the next definition, motivated by the Euclid’s fifth postulate. 


Definition 7.5.1 A family L of infinite s-lines not intersecting each other in planar ge- 


ometry (M, 1) is called a parallel bundle. 


In Fig.7.5.1, we present all cases of parallel bundles passing through an edge in 
planar geometries, where, (a) is the case with the same type points u, v and py(u)u(u) = 
Pmu()E(v) = 27, (b) and (c) are the same type cases with py(wu(u) > py(v)u() or 
Pm(u)uu) = pu(v)u(v) > 2m or < 27 and (d) is the case with an elliptic point uw but a 


hyperbolic point v. 


u u u u 
tl 
Li, — Ly Ly t—__ Ly 
L, L, L, > L, po 
L3 L3 L3 L3 
v v v v 
(a) (b) (c) (d) 
Fig.7.5.1 


Here, we assume the angle at the intersection point is in clockwise, that is, a line passing 
through an elliptic point will bend up and passing through a hyperbolic point will bend 
down, such as those cases (b),(c) in the Fig.7.5.1. Generally, we define a sign function 


sign(f) of an angle function f as follows. 


Definition 7.5.2 For a vector O on the Euclid plane called an orientation, a sign function 


sign(f) of an angle function f at an s-point u is defined by 


1, if u is elliptic, 
sign(f)(u) = ¢ 0, if u is euclidean, 


—1, if wis hyperbolic. 


We classify parallel bundles in planar map geometry along an orientation O in this 


section. 
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7.5.2 Necessary and Sufficient Condition for Parallel Bundle. We investigate the 
behaviors of parallel bundles in planar map geometry (M, 4). Denote by f(x) the angle 
function value at an intersection s-point of an s-line L with an edge (u,v) of M and a 


distance x to u on (u, v) as shown in Fig.7.5.1(a). Then 


Theorem 7.5.1 A family L£ of parallel s-lines passing through an edge (u, v) is a parallel 


bundle if and only if 
df 
—| > 
ax \4. 


Proof If £ is a parallel bundle, then any two s-lines L,, Ly will not intersect after 


0. 


them passing through the edge uv. Therefore, if 6), are the angles of L;,L, at the 
intersection s-points of L,, LZ. with (u,v) and Ly is far from u than L), then we know 
02 => 6. Thereby we know that f(x + Ax) — f(x) = 0 for any point with distance x from u 
and Ax > 0. Therefore, we get that 

df| _ im £@+49-S@) , 9 


dx|, | Ax+0 Ax 


As that shown in the Fig.7.5.1. 
Now if - > 0, then f(y) = f(x) if y = x. Since L is a family of parallel s-lines 
X|+ 


before meeting uv, any two s-lines in £ will not intersect each other after them passing 


through (u, v). Therefore, £ is a parallel bundle. 


A general condition for a family of parallel s-lines passing through a cut of a planar 


map being a parallel bundle is the following. 


Theorem 7.5.2 Let (M, 1) be a planar map geometry, C = {(u4, V1), (U2, V2),°**, (Uz, vi} 
a cut of the map M with order (uw, V;), (U2, V2), °* +, (uj, Vv) from the left to the right, 1 > 1 
and the angle functions on them are f\, fo,:+-, f, (also seeing Fig.7.5.2), respectively. 


Ly | 
In 
L3 

vy Vy Vk 


Fig.7.5.2 
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Then a family L of parallel s-lines passing through C is a parallel bundle if and only if 
for any x, x = 0, 


sign(fi(x) f{,(x) = 0, 
sign(fi (x) fi, (x) + sign(f(~ fs, (x) = 0, 
sign(fi (x) fi. (x) + sign( fr fs,(x) + sign( fof, 0) = 9, 


sign fix) fi,Q) + sign) f,0) + +++ + sign({MOfi,Q) = 9. 


Proof According to Theorem 7.5.1, we know that s-lines will not intersect after them 


passing through (uw, v;) and (uz, v2) if and only if for VAx > 0 and x > 0, 


sign( fo)(x) fo(x + Ax) + sign( fa fi.QAx = sign fA, 
seeing Fig.7.5.3 for an explanation. 


Uy, uz 


L, Pee (x) f (eae 


hi + 5x) Lata + 
iG Ax 


Vi V2 


Fig.7.5.3 
That is, 


sign( ffi.) + sign(fx fs.) = 0. 
Similarly, s-lines will not intersect after them passing through (uw, v;), (U2, v2) and 
(u3, v3) if and only if for VAx > 0 and x = 0, 
sign fax) f(x + Ax) + sign(fd fr, CdAx 
+sign( fifi, Ax = sign( fa) fO). 
Namely, 


sign( fifi.) + sign(fOfr,Q) + sign(f)20) fi.) = 0. 
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Generally, the s-lines will not intersect after them passing through (uw, v;), (U2, V2),°°, 
(uj-1, Vj-1) and (uw, v,) 1f and only if for VAx > 0 and x = 0, 


sign( fix) fi(x+ Ax) +. sign(fi-i)(X)fi_1,Q0Ax + 
+ sign(fi(x)fi,(Ax > sign( f(x) fi(x). 


Whence, we get that 


sign( fi fi.Q) + sign( fi) fi.) +--+ + sign({MOfi.Q) 2 0. 


Therefore, a family L of parallel s-lines passing through C is a parallel bundle if and only 
if for any x, x > 0, we have that 


sign( fi (x) fi,(x) = 0, 
sign( fifi.) + sign) A.) 2 9, 
sign fi()F[.Q) + sign( PO fr.Q) + sign fA.) 2 0, 


sign fI@fi.Q) + sign ffi.) + +++ + sign ffi.) 2 0. 


This completes the proof. L 


Corollary 7.5.1 Let (M, 1) be a planar map geometry, C = {(uy, V1), (U2, V2),°**5 (ui, Vv} 
a cut of the map M with order (uy, V;), (U2, V2), °**, (uj, vj) from the left to the right, 1 > 1 
and the angle functions on them are f,, fo,--+, fi, respectively. Then a family L of parallel 


lines passing through C is still parallel lines after them leaving C if and only if for any 
x,x > 0, 


sign fi (x) fi,(x) 2 0, 
sign fi(fi.) + sign ffi.) 2 9, 
sign fI@fi.Q) + sign fof.) + sign fz, = 9, 


sign( fi (x) fi, (x) + sign( fox) fo, (x) + +++ + sign(fQ) fi.) = 0. 


and 


sign(fi (x) fi ,(x) + sign( fry) fo, (x) + +++ + sign( fi(fi. (x) = 0. 
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Proof According to Theorem 7.5.2, we know the condition is a necessary and suffi- 
cient condition for £ being a parallel bundle. Now since lines in £ are parallel lines after 


them leaving C if and only if for any x > 0 and Ax > 0, there must be that 
sign( fp fi(x + Ax) + sign(fi-) fi, Q0Ax +--+ + sign(fifi,QDAx = sign(f)fi(x). 


Therefore, we get that 


sign fifi.) + sign( ffi, Q)+---+sign( ffi.) = 0. 


There is a natural question on parallel bundles in planar map geometry. That is when 
do some parallel s-lines parallel the initial parallel lines after them passing through a cut 


C ina planar map geometry? The answer is the next result. 


Theorem 7.5.3 Let (M, yu) be a planar map geometry, C = {(uy, V1), (U2, V2),°**, (Uz, Vv} 
a cut of the map M with order (uy, v1), (U2, V2), ° ++, (uj, Vv) from the left to the right, 1 > 1 
and the angle functions on them are f,, f2,--+, f,, respectively. Then the parallel s-lines 


parallel the initial parallel lines after them passing through C if and only if for 4x = 0, 


sign( fi (x) fi,(a) 2 0, 
sign fi) fi.) + sign( fi) fi, (a) = 0, 
sign f(D fi,Q) + sign Ab.) + sign ff.) = 0, 


sign fI@Ofi.Q) + sign ffs.) + +++ + signfIOSL1.@) 2 0. 


and 


sign( fi) fi(x) + sign( fr) fo(x) + +++ + sign( fix) fi(x) = In. 


Proof According to Theorem 7.5.2 and Corollary 7.5.1, we know that these parallel 
s-lines satisfying conditions of this theorem is a parallel bundle. 

We calculate the angle a(i, x) of an s-line L passing through an edge u;v;,1 <i < / 
with the line before it meeting C at the intersection of L with the edge (u;, v;), where x is 
the distance of the intersection point to uw; on (u,, v;), see also Fig.4.18. By definition, we 
know the angle a(1, x) = sign(f\) f(x) and a(2, x) = sign(f2) fa(x) — (a — sign(fi)fi(x)) = 
sign(fi)fi(x) + sign(fr) fo(x) — m. 
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Now if a@i, x) = sign(fi)fi(x) + sign(fr) fa(x) +--+ + sign( fi) fi(x) -— Gi - 1), then 
we know that a(i + 1, x) = sign(fis1) fi41 (x) — (@ — ai, x)) = sign(fis1) fin) + @G, x) -— 7 
similar to the case i = 2. Thereby we get that 


a(it+ 1, x) = sign(fi)fi(x) + sign(fr)fo(x) +--+ + sign( fist) fis1(X) — in. 


Notice that an s-line L parallel the initial parallel line after it passing through C if and 


only if a(/, x) = 7, Le., 


sign(fi)fi(x) + sign(fr) fx) + +++ + sign fi) fi(x) = In. 


This completes the proof. L 


7.5.3, Linear Conditions for Parallel Bundle. For the simplicity, we can assume even 
that the function f(x) is linear and denoted it by f(x). We calculate f(x) in the first. 


Theorem 7.5.4 The angle function f(x) of an s-line L passing through an edge (u, v) at 


a point with distance x to u is 


fice) =(1 x — x p@uv) 


— + ; 
d(u, v) 2 dtu,v) 2 
where, d(u, v) is the length of the edge (u, v). 


Proof Since f)(x) is linear, we know that f;(x) satisfies the following equation. 


pU)uy) — pu) — dtu, vy’ 
2. 2 


Calculation shows that 


O 


fia) =(1 x ae fa a 202) 0 


7 d(u, v) 2 dtu,v) 2 
Corollary 7.5.2 Under the linear assumption, a family L of parallel s-lines passing 
through an edge (u, v) is a parallel bundle if and only if 
pv) — pu) 
Proof According to Theorem 7.5.1, a family of parallel s-lines passing through an 
edge (u, v) is a parallel bundle if and only if f’(x) = 0 for Vx, x = 0, Le., 


POH) — PHEW S 
2d(u,v) 2d(u,v) ~~ 
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Therefore, a family £ of parallel s-lines passing through an edge (u, v) is a parallel bundle 


if and only if 
P(VE(Y) = p(u)E(u). 
Whence, 
pv) — pe(u) 


For a family of parallel s-lines passing through a cut, we get the following result. 


Theorem 7.5.5 Let (M, 1) be a planar map geometry, C = {(u, V1), (U2, V2),°**, (uz, Vv} 
a cut of the map M with order (uy, V;), (U2, V2), +++, (uj, vi) from the left to the right, 1 > 1. 
Then under the linear assumption, a family L of parallel s-lines passing through C is a 
parallel bundle if and only if the angle factor p satisfies the following linear inequality 


system 
pi HM) 2 pu )u1), 


PU))HM) — p(v2)u(r2) S plu; )uuy) — p(uz)(uz) 
d(uy, V1) d(uz,V2) ~~ d(uy, v1) d(up, V2) , 


pur) PWV2)MV2) , PODHOD) 

d(uy, V1) d(uz, V2) d(u, V;) 
pli )ui) | PU2)ul2) put) 
d(u;,v,) — d(u, v2) d(uj,vi) — 


Proof Under the linear assumption, for any integer i, > 1 we know that 


pu) — pUuj) ui) 


Ly Ga) 


by Theorem 7.5.4. Thereby, according to Theorem 7.5.2, we get that a family L of parallel 
s-lines passing through C is a parallel bundle if and only if the angle factor py satisfies the 


following linear inequality system 


PV )HM) = p(y), 


PU)HM1) — p(v2)u(r2) 5, Pure) plz) u(u2) 
d(uy, V1) d(u2,v2) ~~ d(u, 1) d(ur, v2) ” 
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pier) P(va)eV2) POEM) 
d(u;, V1) d(uy, V2) d(uj, v;) 
pluie) | pWr)u2) | plue(u) 
d(uy, V1) d(u2, V2) d(uj, vi) 
This completes the proof. L 


For planar maps underlying a regular graph, we have an interesting consequence for 


parallel bundles in the following. 


Corollary 7.5.3 Let (M, 1) be a planar map geometry with M underlying a regular graph, 
C = {(uy, V1), (U2, V2), +++, (Uy, v;)} a cut of the map M with order (uy, v;), (U2, V2),°+ +, (U,V) 
from the left to the right, | => 1. Then under the linear assumption, a family L of parallel 
lines passing through C is a parallel bundle if and only if the angle factor u satisfies the 


following linear inequality system. 


HV) = uw), 


H(V1) n M2) _ eM) 7 H(uz) 
d(uy,v1) (uz, v2) ~ d(uy, v1) d(uz, v2)’ 
HV) M(V2) HQ) Mu) Mug) Huy) 
+ feet = + treet 
d(uy,v,) — d(up, v2) d(uj, vj) d(uy, v4) dz, V2) d(uy, vi) 
and particularly, if assume that all the lengths of edges in C are the same, then 


HM) 2 mu) 
HY) + U2) = py) + ul) 


HV) + U2) to + uO) = (1) + (a) ++ + (). 


Certainly, by choice different angle factors we can also get combinatorial conditions 


for the existence of parallel bundles under the linear assumption. 
Theorem 7.5.6 Let (M, 1) be a planar map geometry, C = {(uy, V1), (U2, V2),°**, (Uj, V)} a 
cut of the map M with order (uy, v;), (U2, V2),° ++, (uj, v) from the left to the right, | > 1. If 


pli) 2 HV) 
pi) — eu) 


for any integer i,i > 1, then a family L of parallel s-lines passing through C is a parallel 


bundle under the linear assumption. 


Sec.7.6 Examples of Planar Map Geometry 229 


Proof Under the linear assumption we know that 


pi) HO) — PU) HU) 

2d (uj, Vi) 
for any integer i,i > 1 by Theorem 7.5.4. Thereby f/,(x) = 0 fori = 1,2,---,/. We get 
that 


fi.) = 


fi@ aU) 
FLOP Le) 20 
f+ i.) + 6.@) 20 


FO fos Fo + FA) 2 0. 


By Theorem 7.5.2 we know that a family L of parallel s-lines passing through C is still a 


parallel bundle. 


§7.6 EXAMPLES OF PLANAR MAP GEOMETRY 


By choice different planar maps and angle factors on their vertices, we can get various 
planar map geometries. In this section, we present some concrete examples for planar 


map geometry. 


Example 7.6.1 A complete planar map K4. 


We take a complete map K, embedded on the plane }' with vertices u, v, w and t and 
angle factors 


2 
yu) = u(v) = p(w) = mand p(t) = a 


such as shown in Fig.7.6.1 where each number on the side of a vertex denotes py(x)u(x) 
for x = u,v, w and t. Assume the linear assumption is holds in this planar map geometry 


(M, ). Then we get a classifications for s-points in (M, 2) as follows. 
Ve = {points in (uA \ {A})|_J(uB \ {BY |_ (ut \ {)}, 
where A and B are Euclidean points on (u, w) and (u, v), respectively. 


Veu = {A, B,t}|_J(P\ E(Ka)) 
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and 


Viy = {points in (wA \ {A})(_ Jowt\ (0) (_J wv Jay \ (0) (Jv \ {Bp}. 


ue 1.57 


Fig.7.6.1 


We assume that the linear assumption holds in this planar map geometry (M, ). Then we 


get a classifications for s-points in (M, 2) as follows. 
Ve1 = {points in (WA \ {A}) | J(uB \ {B}) {_Jeut \ {tp}, 
where A and B are Euclidean points on (u, w) and (u, v), respectively. 
Veu = {A,B 0)(_(P \ E(Ka)) 
Viy = {points in (wA \ {A}){_Jowe\ 0) LJ ww Jetv \ tt) Uv \ Bp}. 


Edges in Ky are classified into (u, t) € C;,(t,w), (tv) € Ch, (u,w), (u,v) € C2 and 


(w, u) € C%. Various s-lines in this planar map geometry are shown in Fig.7.6.2 following. 


ie 
Ll, 
Ly 
Ls Jn 
W 3n v 37 


Fig.7.6.2 
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There are no 1-polygons in this planar map geometry. One 2-polygon and various 


triangles are shown in Fig.7.6.3. 


Cc D K 
TAN 
E 
A B 
F P 
| ff 
Vv 
O Q 


Fig.7.6.3 


Example 7.6.2 A wheel planar map W,.4. 


We take a wheel W;.4 embedded on a plane >) with vertices O and u, v, w, t and angle 


factors 4 
u(O) = =: and p(u) = uv) = uw) = p(t) = =. 


such as shown in Fig.7.6.4. 


& Ar ‘ An 
~ 

e 

7 Ar oy An 
Fig.7.6.4 


There are no elliptic points in this planar map geometries. Euclidean and hyperbolic 


points V,,,, Vjy are as follows. 


Veu = P|_J\(EMi4) \ (0H) 
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and 


Viy = ECW, 4) \ {O}. 


Edges are classified into (O, u), (O, v), (O, w), (O, t) € C and (u, v), (v, w), (w, £), (t, u) € 
ic Various s-lines and one 1-polygon are shown in Fig.7.6.5 where each s-line will turn 
to its opposite direction after it meeting W,4 such as those s-lines L, 2 and Ly, Ls in 
Fig.7.6.5. 


u Ar v An 
4 ° 
4 ee - . Ly 
Ly Sa ! ——— 1B) 
O 
+. i 
a An Y Ar 
Fig.7.6.5 


Example 7.6.3 A parallel bundle in a planar map geometry. 


We choose a planar ladder and define its angle factor as shown in Fig.7.6.6 where 
each number on the side of a vertex u denotes the number py(u)u(u). Then we find a 


parallel bundle {L;; 1 < i < 6} as those shown in Fig.7.6.6. 


4n St 
L, —. 
L, —=—S- 
2m 121 
L; ——— —s 
I4 oo — 
Qn Qn 
Ls; —— 
Le Pee | 
An 7 
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§7.7 RESEARCH PROBLEMS 


7.7.1. As a generalization of Euclid geometry of plane by Smarandache’s notion, the pla- 
nar map geometry was introduced in [Mao8] and discussed in [Mao8]-[Mao11], [Mao17]. 
Similarly, a generalization can be also done for Euclid geometry of space R?. Some open 


problems on this generalization are listed following. 


Problem 7.7.1 Establish Smarandache geometry by embedded graphs in space R?> and 


classify their fundamental elements, such as those of points, lines, polyhedrons, ---, etc.. 


Problem 7.7.2 Determine various surfaces and convex polyhedrons in Smarandache 
geometry of space R°, such as those of sphere, surface of cylinder, circular cone, torus, 
double torus, projective plane, Klein bottle and tetrahedron, pentahedron, hexahedron, 


-+, eLC.. 


Problem 7.7.3. Define the conception of volume in Smarandache geometry on space 
R? and find formulae for volumes of convex polyhedrons, such as those of tetrahedron, 


pentahedron or hexahedron, « :-, etc.. 


Problem 7.7.4 Apply s-lines in Smarandache geometry of space R? to knots and find new 


characteristics. 


7.7.2 As pointed out in last chapter, we can also establish map geometry on locally 
orientable surfaces and find its fundamental elements of points, lines, polyhedrons, - - -, 
etc., particularly, on sphere, torus, double torus, projective plane, Klein bottle, ---, 1.e., 
to establish an intrinsic geometry on surface. For this objective, open problems for such 


surfaces with small genus should be considered first. 


Problem 7.7.5 Establish an intrinsic geometry by map geometry on sphere or torus and 


find its fundamental elements. 


Problem 7.7.6 Establish an intrinsic geometry on projective or Klein bottle and find its 


fundamental elements. 


Problem 7.7.7 Define various measures of map geometry on a locally orientable surface 


S and apply them to characterize the surface S. 


Problem 7.7.8 Define the conception of curvature for map geometry (M, 1) on locally 


orientable surfaces and calculate the sum w(M) of curvatures on all edges in M. 
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We have a conjecture following, which generalizes the Gauss-Bonnet theorem. 


Conjecture 7.7.1. w(M) = 22y(M)s(M), where s(M) denotes the sum of length of edges 
in M. 


7.7.3 It should be noted that nearly all branches of physics apply Euclid space R? to a 
spacetime for its concise and homogeneity unless Einstein’s relativity theory. This has 
their own reason, also due to one’s observation because the moving of particle is more 
likely that in Euclid space R°. However, as shown in relativity theory, this realization is 
incorrect in general for the real world is hybridization and not homogenous. That is why 


a physical theory on R* can only find unilateral behavior of particles. 


Problem 7.7.9 Establish a suitable spacetime by space R? in Smarandache geometry 


with time axis t and find the global behaviors of particles. 


Problem 7.7.10 Establish a unified theory of mechanics, thermodynamics, optics, elec- 
tricity, ---, etc. by that of Smarandachely spacetime such that each of these theory is its a 


case. 


CHAPTER 8. 


Pseudo-Euclidean Geometry 


The essential idea in planar map geometry is associating each point in a planar 
map with an angle factor, which turns flatness of a plane to tortuous. When 
the order of a planar map tends to infinite and its diameter of each face tends 
to zero (such planar maps naturally exist, for example, planar triangulations), 
we get a tortuous plane at the limiting point, i.e., a plane equipped with a vec- 
tor and straight lines maybe not exist. Such a consideration can be applied to 
Euclidean spaces and manifolds. We discuss them in this chapter. Sections 
8.1-8.3 concentrate on pseudo-planes with curve equations, integral curves 
and stability of differential equations. The pseudo-Euclidean geometry on R” 
for n > 3 is introduced in Section 8.4, in where conditions for a curve existed 
in such a pseudo-Euclidean space and the representation for angle function 
by rotation matrix are found. Particularly, the finitely pseudo-Euclidean ge- 
ometry is characterized by graphs embedded in R”. The Section 8.5 can be 
viewed as an elementary introduction to smooth pseudo-manifold, i.e., differ- 
ential pseudo-manifolds. Further consideration on this topics will establish 
the application of pseudo-manifolds to physics (see [Mao33] or [Mao38] for 
details). 
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§8.1 PSEUDO-PLANES 


8.1.1 Pseudo-Plane. In the classical analytic geometry on plane, each point is correspon- 
dent with a Descartes coordinate (x, y), where x and y are real numbers which ensures the 
flatness of a plane. Motivated by the ideas in Chapters 6-7, we find a new kind of plane, 


called pseudo-plane, which distort the flatness of a plane and can be applied to sciences. 


Definition 8.1.1 Let >) be a Euclid plane. For Yu € >, if there is a continuous mapping 
w:u — Wu) where w(u) € R" for an integer n,n > 1 such that for any chosen number 
€ > 0, there exists anumber 6 > 0. anda point v € >, ||u-—v|| < 6 such that ||w(u)— w(v)|| < 
€, then >> is called a pseudo-plane, denoted by ()\, w), where ||u — v|| denotes the norm 


between points u and v in >. 


An explanation for Definition 8.1.1 is shown in Fig.8.1.1, in where n = 1 and w(u) 


is an angle function Vu € >. 


Fig.8.1.1 


We can also explain w(u), u € > to be the coordinate z in u = (x, y, z) € R? by taking 
also n = 1. Thereby a pseudo-plane can be viewed as a projection of a Euclid space R"*? 
on a Euclid plane. This fact implies that some characteristic of the geometry on space 
may reflected by a pseudo-plane. 

We only discuss the case of n = | and explain w(u), u € >) being a periodic function 
in this chapter, i.e., for any integer k, 4k7 + w(u) = w(u)(mod 47). Not loss of generality, 
we assume that 0 < w(u) < 47 for Vu € >). Similar to map geometry, points in a pseudo- 
plane are classified into three classes, i.e., elliptic points V.;, Euclidean points V., and 


hyperbolic points Vj, defined respectively by 


Vo. = {u E > lw(u) < an}, 
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a {v E a jw(v) = 2 
and 
Viy = {w E > lw(w) > Qn}. 
Then we get the following result. 


Theorem 8.1.1 There is a straight line segment AB in a pseudo-plane (>), w) if and only 
if for Yu € AB, w(u) = 22, i.e., every point on AB is Euclidean. 


Proof Since w(u) is an angle function for Vu € >), we know that AB is a straight line 


segment if and only if for Vu € AB, te = 7m. Thus w(u) = 27 and u is Euclidean. 
Theorem 8.1.1 implies that there maybe no straight line segments in a pseudo-plane. 
Corollary 8.1.1 Jf there are only finite Euclidean points in a pseudo-plane (>), w), then 


there are no straight line segments in (>), w). 


Corollary 8.1.2 There are not always exist a straight line between two given points u and 


v in a pseudo-plane (>), w). 


By the intermediate value theorem in calculus, we get the following result for points 


in pseudo-planes. 


Theorem 8.1.2 Jn a pseudo-plane (), w), if Ver # 9 and Vjy # 0, then V., # O. 


Proof By these assumptions, we can choose points u € V,; and v € V;,,. Consider 
points on line segment uv in a Euclid plane >’. Since w(u) < 27 and w(v) > 2z, there 


exists at least a point w,w € uv such that w(w) = 27, 1.e., w € V., by the intermediate 


value theorem in calculus. Whence, V,,, # . 


Corollary 8.1.3 In a pseudo-plane (>), w), if Vey = 0, then every point of (>), w) is elliptic 


or every point of > is hyperbolic. 


According to Corollary 8.1.3, we classify pseudo-planes into four classes following. 


C;(Euclidean): pseudo-planes whose each point is Euclidean. 
C2 (elliptic): pseudo-planes whose each point is elliptic. 
C}(hyperbolic): pseudo-planes whose each point is hyperbolic. 


C;(Smarandachely): pseudo-planes in which there are Euclidean, elliptic and hy- 


perbolic points simultaneously. 
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8.1.2 Curve Equation. We define the sign function sign(v) on point in a pseudo-plane 
(2, w) by 
1, if vis elliptic, 
sign(v) = 4 0, if v is euclidean, 
—l, if vis hyperbolic. 
Then we get a criteria following for the existence of an algebraic curve C in pseudo-plane 


(1, w). 


Theorem 8.1.3. There is an algebraic curve F(x,y) = 0 passing through (x0, yo) in 
a domain D of pseudo-plane (}\,w) with Descartes coordinate system if and only if 
F (x0, Yo) = 0 and for V(x, y) € D, 


w(x, y) dy\\ 
(«- 5) \(: + (2) = sign(x, y). 


Proof By the definition of pseudo-planes in the case of that w being an angle func- 


tion and the geometrical meaning of differential value, such as those shown in Fig.8.1.2 


following, 


Fig.8.1.2 


where 6 = 27 - 22+ 41, lim. 6 = w(x, y) and (x, y) is an elliptic point, we know that an 
Ax 


algebraic curve F(x, y) = 0 exists in a domain D of (>), w) if and only if 


d(arctan(2) 
dx , 


( - “ ») = sign(x, y) 


for V(x, y) € D, ie., 


(- _ w(, ») __sign(x, y) 
2 dy. 
Ist CD 
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Therefore, 


w(x, Y) dy\\_ 
(- aca \(: + (2) = sign(x, y). L] 


A plane curve C is called elliptic or hyperbolic if sign(x, y) = 1 or —1 for each point 
(x,y) on C. We get a conclusion for the existence of elliptic or hyperbolic curves in a 


pseudo-plane by Theorem 8.1.3 following. 


Corollary 8.1.4 An elliptic curve F(x,y) = 0 exists in pseudo-plane (>), w) with the 
Descartes coordinate system passing through (xo, yo) if and only if there is a domain 
Dc ¥ such that F(xo, yo) = 0 and for V(x, y) € D, 


(Ca) 


Similarly, there exists a hyperbolic curve H(x, y) = 0 in a pseudo-plane ()), w) with 


the Descartes coordinate system passing through (xo, yo) if and only if there is a domain 
U Cc & such that for H(xo, yo) = 0 and V(x, y) € U, 


(2a) 


Construct a polar axis (p, 9) in pseudo-plane (>), w). We get a result following. 


Theorem 8.1.4 There is an algebraic curve f(p,9) = 0 passing through (po, 4) in a 
domain F of pseudo-plane (}), w) with polar coordinate system if and only if f (P09, 9%) = 0 
and for V(p, 9) € F, 


ae > A eesante. ae. 

Proof Similar to that proof of Theorem 8.1.3, we know that jim 6 = w(x, y) and 
d=n- 22+ 1 if (9, 6) is elliptic, or 9 = x— 21+ 22 if (¢, @) is hyperbolic in Fig.8.1.2. 
Consequently, we get that 


w(p, 4) 
y) 


= sign(p, ae 


Corollary 8.1.5 An elliptic curve F(p,@) = 0 exists in pseudo-plane (>), w) with polar 
coordinate system passing through (0, 8) if and only if there is a domain F C > such 
that F (po, 9%) = 0 and for V(p, 0) € F, 

7 20.8) _ do 


2 dp 
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and there exists a hyperbolic curve h(x, y) = 0 in pseudo-plane (}), w) with polar coor- 
dinate system passing through (po, 9) if and only if there is a domain U C >, such that 
h(p0, 9%) = 0 and for V(p, @) € U, 


7 OD _ do 
2 #4dp 


8.1.3 Planar Presented R*. We discuss a presentation for points in R* by the Euclid 


plane R? with characteristics. 


Definition 8.1.2 For a point P = (x,y,z) € R° with center O, let 3 be the angle of 
vector OP with the plane XOY. Define an angle function w : (x,y) > 2(a — 1D), Le., the 
presentation of point (x,y, z) in R? is a point (x, y) with w(x, y) = 2(n - Z(OP, XOY)) in 
pseudo-plane (3), w). 


An explanation for Definition 8.1.1 is shown in Fig.8.1.3, where @ is an angle be- 
tween the vector OP and plane XOY. 


Z 


Y 
P (x,y, Z) 6. 
3 a (xy) 
eo Y 
(4,9, 0) 2 = 
X 
Fig.8.1.3 


Theorem 8.1.5 Let (X.,w) be a pseudo-plane and P = (x,y,z) a point in R*. Then the 
point (x, y) is elliptic, Euclidean or hyperbolic if and only if z > 0, z = 0 or z < 0. 


Proof By Definition 8.1.2, we know that w(x, y) > 27, = 27 or < 27 if and only if 


6 > 0,= 0 or < 0 by -5 < 6 < §, which are equivalent to that z > 0, = 0 or < 0. O 
The following result brings light for the shape of points in R? to that of points with 


a constant angle function value in pseudo-plane (>), w). 


Theorem 8.1.6 For a constant n,0 <n < 4q, all points (x,y,z) with w(x, y) = 7 in R? 
consist an infinite circular cone with vertex O and an angle x — ; between its generatrix 
and the plane XOY. 
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Proof Notice that w(x, y,) = w(x, y2) for two points A, B in R? with A = (x), y1, z1) 
and B = (x, y2, Z2) if and only if 


(OA, XOY) = L(OB, XOY) = 1 - 


thus points A and B are on a circular cone with vertex O and an angle  — 4 between OA 


or OB and the plane XOY. Since z > +c, we get an infinite circular cone in R? with 


vertex O and an angle a — 4 between its generatrix and the plane XOY. 


§8.2 INTEGRAL CURVES 


8.2.1 Integral Curve. An integral curve in Euclid plane is defined by the definition 


following. 

Definition 8.2.1 If the solution of a differential equation 
dy 
ax = ee y) 


with an initial condition y(x0) = yo exists, then all points (x, y) consisted by their solutions 


of this initial problem on Euclid plane > is called an integral curve. 


In the theory of ordinary differential equation, a well-known result for the unique 


solution of an ordinary differential equation is stated in the following. 
Theorem 8.2.1 Jf the following conditions hold: 
(1) f(x, y) is continuous in a field F: 
Fixp-QSx<x+a, y~—-bdD<y<yotD. 
(2) There exist a constant ¢ such that for V(x, y), (x, y) € F, 
If(x, 9) — FO YI < sly — yl, 
then there is an unique solution y = (x), v(X0) = yo for the differential equation 


d 
~ = f(x,y) 


b 
with an initial condition y(x9) = yo in the interval [x9 —ho, X» + ho], where hy = min (« | 


with M = max |f(x, y)l. 
(xy)eR 
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A complete proof of Theorem 8.2.1 can be found in textbook on ordinary differen- 
tial equations, such as the reference [Arn1]. It should be noted that conditions in Theo- 
rem 6.2.1 are complex and can not be applied conveniently. As we have shown in Sec- 
tion 8.1.1, a pseudo-plane (>, w) is related with differential equations in Euclid plane 
>. Whence, by a geometrical view, to find an integral curve in pseudo-plane (}}, w) is 
equivalent to solve an initial problem for an ordinary differential equation. Thereby we 
concentrate on to find integral curves in pseudo-plane in this section. 


According to Theorem 8.1.3, we get the following result. 


Theorem 8.2.2 A curve C, 


d 
C= ce ODI = f(x,y), ¥(%o) = mo} 


exists in pseudo-plane ()\, w) if and only if there is an interval I = [xo — h, Xp) +h] and an 


angle function w : >, > R such that 


_ sign(x, a 


w(x, yx) = 2(2 14+ f(y) 


for x € I with 


w(Xo, 9X0) = 2(n sign, 2) ) 


1+ f(x, ¥%0)) 
Proof According to Theorem 8.1.3, a curve passing through the point (xo, y(%o)) in 
pseudo-plane ()), w) if and only if y(xo) = yo and for Vx € J, 


w(x, WX) dy\\_ 
(= = —— (1 + (2) = sign(x, y(x)). 


Solving w(x, y(x)) from this equation, we get that 


7 


w(x, (x) = at . rae 7 2 _ Sign(x, oO) 


1+(2) 1+ f(x,y) 
Now we consider curves with an constant angle function at each of its point follow- 
ing. 
Theorem 8.2.3 Let (>), w) be a pseudo-plane and @ a constant with 0 < 6 < 4x. 
(1) A curve C passing through a point (xo, yo) with w(x, y) = n for V(x, y) € C is 
closed without self-intersections on (>), w) if and only if there exists a real number s such 


that 
sy = 2(s — 2)a. 
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(2) A curve C passing through a point (Xo, Yo) with w(x, y) = 6 for V(x, y) € C isa 
circle on (>), w) if and only if j 
n=2n--, 
7 


where r = ,|/x, + yo, i.e. C is a projection of a section circle passing through a point 


(Xo, Yo) on the plane XOY. 


Proof Similar to Theorem 7.3.1, we know that a curve C passing through a point 


(Xo, Yo) in pseudo-plane (>), w) is closed if and only if 


[(- as = 2n. 


0 


Now by assumption w(x, y) = 7 is constant for V(x, y) € C, we get that 


Whence, 
s(m — 5) =2%, 1.64 s7 = 2(s —2)a. 
Now if C is a circle passing through point (xo, yo) with w(x, y) = @ for V(x, y) € C, 
then by the Euclid plane geometry we know that s = 2mr, where r = ,/x¢ + yo. Therefore, 
there must be that 


2 
n= 2n- =. 
F 


This completes the proof. 


8.2.2 Spiral Curve. Two spiral curves without self-intersections are shown in Fig.8.2.1, 


in where (qa) is an input but (b) an output curve. 


(a) (b) 


Fig.8.2.1 
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The curve in Fig.8.2.1(q) is called an elliptic in-spiral and that in Fig.8.2.1(b) an elliptic 
out-spiral, correspondent to the right hand rule. In a polar coordinate system (p, 6), a 
spiral curve has equation 


p=ce", 


where c, f are real numbers and c > 0. If t < 0, then the curve is an in-spiral as the curve 
in Fig.8.2.1(a). If t > 0, then the curve is an out-spiral as shown in Fig.8.2.1(b). 

For the case t = 0, we get a circle p = c (or x7 + y* = c? in the Descartes coordinate 
system). 

Now in a pseudo-plane, we can easily find conditions for in-spiral or out-spiral 


curves. That is the following theorem. 


Theorem 8.2.4 Let (>), w) be a pseudo-plane and let n, € be constants. Then an elliptic 
in-spiral curve C with w(x, y) = n for V(x, y) € C exists in (X), w) if and only if there exist 


numbers 8; > 8, >°+++ > 8, >+++, 8; >O0fori>= 1 such that 
sin < 2(s; — 2i)x 


for any integer i,i = 1 and an elliptic out-spiral curve C with w(x, y) = ¢ for V(x, y) € C 
exists in (>), w) if and only if there exist numbers s; > 8. >-++: > 8; >°+:, 8; >Oforiz=1 
such that 

s;C > 2(s; — 2i)x 


for any integer i,i> 1. 


Proof Let L be an s-line like an elliptic in-spiral shown in Fig.8.2.2, in where x,, 


Xo,°++, X, are non-Euclidean points and x;x%¢6 is an auxiliary line segment. 


X4 — X3 


X5 X2 
Xn 


X6 


> aaa X 1 


Fig.8.2.2 
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Then we know that 


6 
Di@- fe) < 2, 
i=1 


12 
di@- fe) < 4a, 
i=l 


Similarly, from any initial point O to a point P far s to O on C, the sum of lost angles 
at P is 


Ss 


[e-B)ee= (0-3) 


Whence, the curve C is an elliptic in-spiral if and only if there exist numbers s,; > sz > 


+++ > §, >---+, 8; > O for > 1 such that 


(x- 1) S, < 2n, 


(x- 1) 5. < 4n, 


Therefore, 
Sin < 2(8; — 2i)x 
for any integer i,7 > 1. 
Similarly, consider an s-line like an elliptic out-spiral with x,, x2,---, x, non-Euclidean 


points. We can also find that C is an elliptic out-spiral if and only if there exist numbers 


S} > 8. >-++> 8, >--++, 8; > Ofori > 1 such that 
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G — =) S$, > 2In. 


Consequently, 


sin < 2(s; — 2i)x. 


for any integer i,i > 1. L 
Similar to elliptic in or out-spirals, we can also define a hyperbolic in-spiral or hy- 
perbolic out-spiral correspondent to the left hand rule, which are mirrors of curves in 


Fig.8.2.1. We get the following result for a hyperbolic in or out-spiral in pseudo-plane. 


Theorem 8.2.5 Let (>), w) be a pseudo-plane and let n, £ be constants. Then a hyperbolic 
in-spiral curve C with w(x, y) = n for V(x, y) € C exists in (X), w) if and only if there exist 


numbers 8; > 8. >°+++ > 8, >+++, 8; >O0fori>= 1 such that 
Sin > 2(s; — 2i)x 


for any integer i,i > 1 and a hyperbolic out-spiral curve C with w(x, y) = ¢ for V(x, y) € C 
exists in (>), w) if and only if there exist numbers s; > 8) >-++: > 8, >°++, 8;>Oforiz=1 
such that 

Sil < 2(s; -— 2i)x 


for any integer i,i > 1. 


Proof The proof is similar to that of the proof of Theorem 8.2.4. L] 


§8.3 STABILITY OF DIFFERENTIAL EQUATIONS 


8.3.1 Singular Point. For an ordinary differential equation system 


dx 

ae = PX Y), 

dy _ 

a O(x, y), (oT) 


where ¢ is a time parameter, the Euclid plane XOY with the Descartes coordinate system 
is called its a phase plane and the orbit (x(£), y(t)) of its a solution x = x(f),y = y(t) is 


called an orbit curve. If there exists a point (xo, yo) on XOY such that 


P(X0, Yo) = Q(X0, Yo) = 0, 
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then there is an obit curve which is only a point (x0, yo) on XOY. The point (Xo, yo) is 
called a singular point of (A*). Singular points of an ordinary differential equation are 
classified into four classes: knot, saddle, focal and central points. Each of these classes 


are introduced in the following. 


Class 1: Knot. A knot O of a differential equation is shown in Fig.8.3.1 where (a) 
denotes that O is stable but (b) is unstable. 


(a) (b) 


Fig.8.3.1 


A critical knot O of a differential equation is shown in Fig.8.3.2 where (a) denotes 
that O is stable but (b) is unstable. 


y y 
a Xx co Xx 
(a) (b) 


Fig.8.3.2 


A degenerate knot O of a differential equation is shown in Fig.8.3.3, where (a) de- 


notes that O is stable but (b) is unstable. 
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y y 
O - O . 
(a) (b) 
Fig.8.3.3 


Class 2: Saddle Point. A saddle point O of a differential equation is shown in 


JAM 
Wr 


Class 3: Focal Point. A focal point O of a differential equation is shown in 
Fig.8.3.5, where (a) denotes that O is stable but (b) is unstable. 


y y 


(ies .. L0e., 
ae, Sie. 


(a) (b) 


Fig.8.3.5 
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Class 4: Central Point. A central point O of a differential equation is shown in 


Fig.8.3.6, which is just the center of a circle. 


Bg 


<a 


Fig.8.3.6 


8.3.2 Singular Points in Pseudo-Plane. In a pseudo-plane ()), w), not all kinds of 
singular points exist. We get a result for singular points in a pseudo-plane as in the 


following. 


Theorem 8.3.1 There are no saddle points and stable knots in a pseudo-plane plane 
(i, @). 

Proof Ona saddle point or a stable knot O, there are two rays to O, seeing Fig.8.3.1(a) 
and Fig.8.3.5 for details. Notice that if this kind of orbit curves in Fig.8.3.1(a) or Fig.8.3.5 


appears, then there must be that 


w(O) = 4z. 


Now by Theorem 8.1.1, every point u on those two rays should be Euclidean, 1.e., w(u) = 
2m, unless the point O. But then w is not continuous at the point O, which contradicts 
Definition 8.1.1. 


If an ordinary differential equation system (8 — 1) has a closed orbit curve C but all 
other orbit curves are not closed in a neighborhood of C nearly enough to C and those 
orbits curve tend to C when t > +00 or f > —oo, then C is called a limiting ring of (8 — 1) 


and stable or unstable if t ~ +c or t — —ov. 


Theorem 8.3.2 For two constants (0,9, Po > 0 and 6 # 0, there is a pseudo-plane 
(>), w) with 
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or 
w(p, 8) = 2(r4 al 
Oop 
such that 
P= Po 
is a limiting ring in (>), w). 
Proof Notice that for two given constants (9, 4, Po > 0 and 6) # 0, the equation 
p(t) = poe*” 
has a stable or unstable limiting ring 
P= Po 


if O(t) — 0 when t > +00 or t — —co. Whence, we know that 


1 Po 
A(t) = — ln —. 
OM ptt) 
Therefore, 
dé _ Po 
dp Optt) 


According to Theorem 8.1.4, we get that 


w(p, 2) = 2 (> — sign(p, 05) : 


for any point (9, 8) € >," Le., 


w(p, 0) = 2 — or w(p,6) = 2(n4 fe). 
Oop Oop 


§8.4 PSEUDO-EUCLIDEAN GEOMETRY 


8.4.1 Pseudo-Euclidean Geometry. Let R" = {(%), x2,---,x,)} be a Euclidean space 
of dimensional n with a normal basis €, = (1,0,---,0), €& = (0,1,---,0),---, €& = 
(0,0,---,1), x € R” and Vs ay two vectors with end or initial point at X, respectively. A 
pseudo-Euclidean space (R", 4) is such a Euclidean space R” associated with a mapping 
pi: Va > ov for x € R", such as those shown in Fig.8.4.1, 
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sl 
sl 


(a) (b) 


Fig.8.4.1 


where Ve and Vv are in the same orientation in case (a), but not in case (b). Such points in 
case (a) are called Euclidean and in case (b) non-Euclidean. A pseudo-Euclidean (R", j1) 


is finite if it only has finite non-Euclidean points, otherwise, infinite. 


A straight line L passing through a point (x), coe ---,x°) with an orientation G6 = 
(X,, X2,---,X,) is defined to be a point set (x1, X%2,---,X,) determined by an equation 
system 
x) =x) + 1X 


X_ = x9 + (X, 
— 0 
Xq = x, + 1X, 
for Vt € R in analytic geometry on R", or equivalently, by the equation system 


— 79 _ x0 _ 0 
Xy—X,  %X2—Xy xp xX, 


xX X Xn 
Therefore, we can also determine its equation system for a straight line L in a pseudo- 
Euclidean space (R”, 4). By definition, a straight line L passing through a Euclidean point 
x = (x9, x9,--+,x°) € R” with an orientation O = (X;,X>,---,X,) in (R", 2) is a point set 


(x1, X2,°**,X,) determined by an equation system 


x, = x9 + (X, + 1 (%’)) 
xq = x9 + (Xp + po(R’)) 


Xpq = 22 + (X, + Un ®’)) 


for Vt € R, or equivalently, 


0 


= _— 79 0 
Xjy-X, MQ Hy Xn — X 


n 


Xiten@) XetwE) = Xn + pen)’ 
where HL) = (11) (X’), je): ee, [n(X)). Notice that this equation system dependent 


on Ub» it maybe not a linear equation system. 
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Similarly, let O be an orientation. A point u € R” is said to be Euclidean on orien- 
tation O if HB = 0. Otherwise, let HB = (1 (4), MoM), - ++, ,(4)). The point 7% is 
elliptic or hyperbolic determined by the following inductive programming. 


STEP 1. If 4,(@) < 0, then 7 is elliptic; otherwise, hyperbolic if u;(u) > 0; 


STEP 2. If uj) = to(@) = --- = wi(u = O, but 4; < 0 then 7 is elliptic; otherwise, 


hyperbolic if u;,;(4) > O for an integer 1,0 <i<n-1. 
Denote these elliptic, Euclidean and hyperbolic point sets by 
Vy, = {7 € R"|U an Euclidean point }, 
V.={0eR"|¥ an elliptic point }. 
Vis = {Ve R"|Wa hyperbolic point }. 
Then we get a partition 
R"=V., Cie UVix 


on points in R” with V., NV. = 0, Vex AViy =@ and V ») AViy = (. Points in Ver AV iy 
are called non-Euclidean points. 


Now we introduce a linear order < on @ by the dictionary arrangement in the fol- 


lowing. 
POP (Xig 05°**4.%,) GME (HM, 2,8) © Op Ay Syke = Rye aa = Hand 
Xi < %,, for any integer 1,0 <1 < n— 1, then define (X14, Xa,*** 5, Xn) ~ (ys X57? “5 


By this definition, we know that 
HA® <u) < HE) 


for Vu € Va VE Views We Vy and a given orientation O. This fact enables us to find an 


interesting result following. 


Theorem 8.4.1 For any orientation Ge Cina pseudo-Euclidean space (R’, ub) if 
Vi # Oand Viy #0, then Vey #0. 
Proof By assumption, Vv, # @ and Vi # 0, we can choose points u € Vs and w € 


Vis Notice that ue : R" > @ is a continuous and (@, <) a linear ordered set. Applying 


the generalized intermediate value theorem on continuous mappings in topology, i.e., 
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Let f : X — Y be a continuous mapping with X a connected space and Y a linear 
ordered set in the order topology. If a,b € X and y € Y lies between f(a) and f(b), then 
there exists x € X such that f(x) = y. 


we know that there is a point v € R” such that 
Hla) = 0, 


i.e., vis a Euclidean point by definition. 


Corollary 8.4.1 For any orientation Ge Cina pseudo-Euclidean space (R’, ub), if 


Va = Q, then either points in (R’ub) is elliptic or hyperbolic. 

A pseudo-Euclidean space (R’, rh) is a Smarandache geometry sometimes. 
Theorem 8.4.2 A pseudo-Euclidean space (R’, 13) is a Smarandache geometry if Veus 
Vai #0, or Vews Viy #0, or Vers Vy # 0 for an orientation O in (R’. 15} 


Proof Notice that UB® = 0 is an axiom in R”, but a Smarandachely denied axiom 


if Vey, Ver # 0, oF Vas Vig # Q, or VV # 0 for an orientation O in (R's) for 
Hea® = 0 or # 0 in the former two cases and Hea@®) < 0 or > 0 both hold in the last 


one. Whence, we know that (R’, ney is a Smarandache geometry by definition. 


Notice that there infinite points are on a straight line segment in R”. Whence, a 
necessary for the existence of a straight line is there exist infinite Euclidean points in 


(R’, phy} Furthermore, we get conditions for a curve C existing in (R’, 1h) following. 


Theorem 8.4.2 A curve C = (f(t), A(,---+, f,(0) exists in a pseudo-Euclidean space 
(R’, ug) for an orientation O if and only if 


df, (t) 


= 2 
dt lz cA @ 
df,(t) Li, 
ea) ih 
dt lg aay 
dfu(t) 


dt 77 ~ Co 
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for Yu € C, where ube = (U1, M2,°* +n): 


Proof Let the angle between ue and €; be 6;, 1 < 6; <n. 


e; 


Then we know that 


By geometrical implication of differential at a point vw € R", seeing also Fig.8.4.2, 
dfi(t) 


we know that 
1 
= t26; = —)?-] 
at |; = Va 


no for 1 < i < n. Therefore, if a curve C = (f,(4), A(,---, f,() exists in a pseudo- 


Euclidean space (R”, Hk) for an orientation OG, then 


df(t 1 
afi) = (——y=- 1, Laisa 
dt \z Ho(u) 
for Vu € C. On the other hand, if 
; 1 
Afi) = ,/(——)?- 1, l<i<n 
dt |r H2(V) 


hold for points v for Vt € R, then all points v, t € R consist of a curve C in (R’, rh) for 


the orientation O. L 


Corollary 8.4.2 A straight line L exists in (R’ a5) if and only fur Ww) = 0 for Va € L 
andO0 € ©. 
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8.4.2. Rotation Matrix. Notice that a vector V can be uniquely determined by the ba- 
sis of R". For x € R", there are infinite orthogonal frames at point x. Denoted by Oy 
the set of all normal bases at point x. Then a pseudo-Euclidean space (R, 1) is noth- 
ing but a Euclidean space R” associated with a linear mapping pw : {€1, €,°-:,€,} > 
{€,,©,°*+,€,} € Ox such that u(€;) = €), wo) = &, +++, (En) = E, at point X € R’. 
Thus if Vz = cy€, + cp€) +++ + Cy€,, then u(=V) = cy) + cx) + +++ + CME) = 
Cle, + CE Ho +E, 


Without loss of generality, assume that 


HM(E1) = X11€1 + X22 + +++ + XinEn, 
[(E2) = X21€1 + X22€2 + +++ + Xon€n, 


M(En) = Anil Anges hoe ob Xan En. 


Then we find that 


u(sV) = (r.cr. +++. en UE), ME), +++ WE) 


Nit X12 °°") Xin 
= neat) Gey Et 
Xnl Xn2 *** Xnn 
Denoted by 
Xyp X12 +" Xin (u(E1),€1)  (uCE1), €2) ++ (HCEL), En) 
ne Xo X22 +++ Xam |_| (HCE), €1) (H(E2),€2) +> (CED), En) 
Xnt %n2 °°" Xan (U(En), €1)  (UCEn)» €2) +> (UCEn)s End 


called the rotation matrix of X in (R", u). Then p : V- => <V is determined by p(x) = [x] 
for x € R". Furthermore, such an rotation matrix [x] is orthogonal for points ¥ € R” by 
definition, i.e., [X] [X]' = J,xn. Particularly, if ¥ is Euclidean, then such an orientation ma- 
trix is nothing but (x) = J,x,. Summing up all these discussions, we know the following 


result. 


Theorem 8.4.3 Jf (R",) is a pseudo-Euclidean space, then u(x) = [x] is ann xn 


orthogonal matrix for V Xx € R". 
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8.4.3 Finitely Pseudo-Euclidean Geometry. Let n > 2 be an integer. We can character- 
ize finitely pseudo-Euclidean geometry by that of embedded graph in R”. As we known, 
an embedded graph G on R” is a 1 — 1 mapping t : G > R" such that for Ve, e’ € E(G), 
t(e) has no self-intersection and t(e), tT(e’) maybe only intersect at their end points. Such 
an embedded graph G in R” is denoted by Gro. 

Likewise that the case of (R’, 1), the curvature R(L) of an s-line L passing through 
non-Euclidean points X|, %2,--+,%m € R" for m = 0 in (R", 2) to be a matrix determined 
by 


m 


RL) = | [ue 
i=l 


and Euclidean if R(L) = Inxn, otherwise, non-Euclidean. obviously, a point in a Euclidean 
space R” is indeed Euclidean by this definition. Furthermore, we immediately get the 


following result for Euclidean s-lines in (R", 1). 


Theorem 8.4.4 Let (R", 1) be a pseudo-Euclidean space and Lan s-line in (R", 4) passing 


through non-Euclidean points X,,X2,°**,Xm € R". Then L is closed if and only if L is 


Euclidean. 
Proof If Lis a closed s-line, then L is consisted of vectors X1X2, X2%3, °+:, X,X|. By 
definition, 
== =a 
Mis1Xi —  XMi-1Xi 
7 i 
Tier fa 


for integers 1 < i < m, where i + 1 = (modm). Consequently, 


—— =— = = 
X1X2Q = Xj XQ | | H(X)). 
i=1 
Thus [ | U(X) = Inxn, ie., L is Euclidean. 


i=l 
m 


Conversely, let L be Euclidean, i.e., [| MX) = Inxn. By definition, we know that 
i=1 


= =] XX; 
Xin Xj Xji1Xi . =z i+1i|] >» 
HO), Ki HE = es -1 : HO) 
Ti fra fr 


(modm). Whence, if [| pO) = ie, then there 


i=l 


for integers 1 < i < m, wherei+ 1 
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must be 
== ==> a = 
X1X2 = X1X2 [| H(X;) 
i=l 
Thus L consisted of vectors %|X2, %2X3, ++, X,X1 18 a closed s-line in (R”, 1). 


Similarly, an embedded graph Gp is called Smarandachely if there exists a pseudo- 
Euclidean space (R", 42) with a mapping « : X € R" — [x] such that all of its vertices 
are non-Euclidean points in (R",). It should be noted that these vertices of valency 
1 is not important for Smarandachely embedded graphs. We get a result on embedded 


2-connected graphs similar to that of Theorem 6.4.2 following. 


Theorem 8.4.5 An embedded 2-connected graph Gp is Smarandachely if and only if 


there is a mapping fu : X € R" > [x] and a directed circuit-decomposition 


such that these matrix equations 


[| Xe=Ixn 1si<s 


xV(C,) 
are solvable. 


Proof By definition, if Gg: is Smarandachely, then there exists a mapping pt : X € 
R’ > [X] on R” such that all vertices of Gg» are non-Euclidean in (R", ). Notice there are 
only two orientations on an edge in E(Gp-). Traveling on Gr: beginning from any edge 
with one orientation, we get a closed s-line 1c i.e., a directed circuit. After we traveled 
all edges in Gg» with the possible orientations, we get a directed circuit-decomposition 


e-@e) 


i=l 


with an s-line ren for integers 1 <i < s. Applying Theorem 9.4.6, we get 


|| (Ate Terese 
rev(C) 
Thus these equations 
[| Xz=Inxn Isis 


Xe uC) 
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have solutions Xz = u(x) for x € v(¢e i). 


Conversely, if these is a directed circuit-decomposition 


such that these matrix equations 


| | Xe=Inn 1<i<s 


xvi) 
are solvable, let X; = Az be such a solution for X € v(C;) , 1 <i<-s. Define a mapping 
pe: x € R" = [5] on R” by 
HX) = 


lose US VIG: 


Thus we get a Smarandachely embedded graph Gg: in the pseudo-Euclidean space (R", 1) 
by Theorem 8.4.4. L 


8.4.4 Metric Pseudo-Geometry. We can further generalize Definition 8.1.1 and get 


Smarandache geometry on metric spaces following. 


Definition 8.4.1 Let U and W be two metric spaces with metric p, W C U. ForMue U, if 
there is a continuous mapping w : u > w(u), where w(u) € R" for an integern,n = 1 such 
that for any number e€ > 0, there exists anumber 6 > 0 and a point v € W, p(u-v) < 6 
such that p(w(u) — w(v)) < «, then U is called a metric pseudo-space if U = W ora 
bounded metric pseudo-space if there is anumber N > 0 such that Vw € W, p(w) < N, 
denoted by (U, w) or (U~, w), respectively. 


By choice different metric spaces U and W in this definition, we can get various 
metric pseudo-spaces. Particularly, form = 1, we can also explain w(u) being an angle 


function with 0 < w(u) < 47, i.e., 


w(u)(mod4r), if ue W, 
wu) = 
2, ifueU\W. 


The following result convinces us that there are Smarandache geometries in metric 


pseudo-spaces. 
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Theorem 8.4.5 For any integer n > 1, there are infinite Smarandache geometries in metric 


pseudo-spaces or bounded metric pseudo-spaces M. 


Proof Let A and A be subset of R” or C” with A() A = @, W a bounded subspace of 
M and let W,, W2 c W with W; () W2 = @. Since M is a metric space and W, () W2 = 9, 


A() A = 90, we can always define a continuous mapping w : u > w(u) on W such that 
w(w) € A for w; € Wi; w(w2) € A for w2 € Wo. 


Therefore, the statement w(u) € A for any point u € M is Smarandachely denied by the 
definition of w, i.e., w(w,) € A for w, € Wy, w(w2) € A for w. € W, and w(w) for 
w € M\(W, LU W2) or w(u) for u € (M \ W) can be defined as we wish since W; () W2 = 0 
and W \ (Wi J W2) # 0, M\ W # O. By definition, we get a Smarandache geometry 


(M, w) with or without boundary. 


§8.5 SMOOTH PSEUDO-MANIFOLDS 


8.5.1 Differential Manifold. A differential n-manifold (M", A) is an n-manifold M”, 
where M” = |) U; endowed with a C’-differential structure A = {(U,, g,)|la € J} on M" 
for an integer r with following conditions hold. 

(1) {Ug; a € I} is an open covering of M"; 

(2) For Ya, € I, atlases (Ug, Ya) and (Ug, yg) are equivalent, i.e., Ua (\ Ug = 0 or 
U. () Ug # O but the overlap maps 


Pols > Op Uarrup) > OpUp) and gpy,' : Ys(Uarus) > PaUa) are C’; 
(3) Ais maximal, i.e., if (U, y) is an atlas of M” equivalent with one atlas in A, then 
(U,Q) EA. 
An n-manifold is called to be smooth if it is endowed with a C~-differential structure. 


It has been known that the base of a tangent space T,, M” of differential n-manifold (M", A) 


0 
consisting of ax? 1<i<nforVp € (M.A). 
be 


8.5.2 Pseudo-Manifold. An n-dimensional pseudo-manifold (M", A“) is a Hausdorff 
space such that each points p has an open neighborhood U, homomorphic to a pseudo- 
Euclidean space (R’, 13) where A = {(U,, gl p € M"} is its atlas with a homomor- 


phism gj, : U, > (R’ a5) and a chart (U,, ¥,). 
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Theorem 8.5.1 For a point p € (M", A“) with a local chart (U,, ¢,), Gp = Pp if and only 
if ula (P) = 0. 


Proof For Vp € (M", A“), if ¢(p) = ¢,(p), then (y,(p)) = y,(p). By the definition 
of pseudo-Euclidean space (R”, Hk), this can only happens while pu(p) = 0. 


A point p € (M", A*) is elliptic, Euclidean or hyperbolic if u(y,(p)) € (R' ue) is 
elliptic, Euclidean or hyperbolic, respectively. These elliptic and hyperbolic points also 


called non-Euclidean points. We get a consequence by Theorem 8.5.1. 


Corollary 8.5.1 Let (M", A“) be a pseudo-manifold. Then ¢, = py if and only if every 


point in M” is Euclidean. 


Theorem 8.5.2 Let (M", A“) be an n-dimensional pseudo-manifold, p € M". If there are 
Euclidean and non-Euclidean points simultaneously or two elliptic or hyperbolic points 


onan orientation O in (Uy, @p), then (M", A") is a paradoxist n-manifold. 


Proof Notice that two lines L, Ly are said locally parallel in a neighborhood (U,, gy) 
of a point p € (M", A“) if g(L1) and y,(L2) are parallel in (R’, rh} If these conditions 
hold for (M", A“), the axiom that there is exactly one line passing through a point locally 
parallel a given line is Smarandachely denied since it behaves in at least two different 
ways, 1.e., one parallel, none parallel, or one parallel, infinite parallels, or none parallel, 
infinite parallels, which are verified in the following. 

If there are Euclidean and non-Euclidean points in (U,, ¢;,) simultaneously, not loss 


of generality, let u be Euclidean but v non-Euclidean, Y,(V) = (U1, f2,°°*, Mn) With yy, < 0. 


o 
tN 
rs) 
<i 


7 
L — L ——> 
(a) (b) 


Fig.8.5.1 


Let L be a line parallel the axis €; in (R’, rh} Then there is only one line L, locally 
parallel to (y,)"'(L) passing through the point u since there is only one line y/,(L,) parallel 
to Lin (R’, ney) However, if t4; > 0, then there are infinite many lines passing through 


u locally parallel to yg, (L) in (U,, yp») because there are infinite many lines parallel L in 
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(R’uls), such as those shown in Fig.8.5.1(a), in where each line passing through the 
point w= y,(U) from the shade field is parallel to L. But if 4; > 0, then there are no lines 
locally parallel to (¢/,)"'(L) in (U,, ¢) since there are no lines passing through the point 
v= gv) parallel to L in (R’.uls), such as those shown in Fig.8.5.1(b). 


If there are two elliptic points u,v along a direction O, consider the plane >) de- 
termined by go (u), po) with CG in (R’ ot, } Let L be a line intersecting with the 
line g?(u)ys(v) in );. Then there are infinite lines passing through wu locally parallel 
to (ye) (L) but none line passing through v locally parallel to yg, (L) in (U,, Yp) because 
there are infinite many lines or none lines passing through u = y)(u) or v = y?(v) parallel 


to Lin (R’, ols), such as those shown in Fig.8.5.2. 


Fig.8.5.2 


For the case of hyperbolic points, we can similarly get the conclusion. Since there 


exists a Smarandachely denied axiom to the fifth Euclid’s axiom in (M", A”), it is indeed 


a paradoxist manifold. 


If M = R", we get consequences for pseudo-Euclidean spaces (R’, lg) following. 
Corollary 8.5.2 For an integer n > 2, if there are Euclidean and non-Euclidean points 
simultaneously or two elliptic or hyperbolic points in an orientation O in (R’, ob ) then 


(R’, lg) is a paradoxist n-manifold. 


Corollary 8.5.3 If there are points p,q € (R’, 15) such that ola (P) # (0,0,0) but 
aly (g) = (0,0, 0) or Dp, g are simultaneously elliptic or hyperbolic in an orientation O in 
(R’ wks | then (R’ obs) is a paradoxist n-manifold. 

8.5.3 Differential Pseudo-Manifold. For an integer r > 1, a C’-differential pseudo- 


manifold (M", A”) is a pseudo-manifold (M", A”) endowed with a C’-differentiable struc- 
ture A and ob for an orientation O. A C*-differential pseudo-manifold (M", A’) is also 


262 Chap.8 Pseudo-Euclidean Geometry 


said to be a smooth pseudo-manifold. For such pseudo-manifolds, we know their differ- 


entiable conditions following. 


Theorem 8.5.3. A pseudo-Manifold (M", A®) is a C’-differential pseudo-manifold with 


an orientation O for an integer r > 1 if conditions following hold. 
(1) There is a C'-differential structure A = {(U,, Qa)|a € I} on M’; 
(2) wb isc’; 
(3) There are Euclidean and non-Euclidean points simultaneously or two elliptic or 


hyperbolic points on the orientation O in (U,, Pp) for a point p € M". 


Proof The condition (1) implies that (M", A) is a C’-differential n-manifold and 
conditions (2) and (3) ensure (M", A”) is a differential pseudo-manifold by definitions 
and Theorem 8.5.2. L 


§8.6 RESEARCH PROBLEMS 


Definition 8.4.1 is a general way for introducing pseudo-geometry on metric spaces. How- 
ever, even for Euclidean plane >’, there are many problems not solved yet. We list some 


of them on Euclidean spaces R” and m-manifolds for m > 2 following. 


8.6.1 Let C be a closed curve in Euclid plane >’ without self-intersection. Then the curve 
C divides >) into two domains. One of them is finite, denoted by Dyin. We call C the 
boundary of Dyin. Now let U = >) and W = Dyin in Definition 8.4.1 with n = 1. For 


example, choose C be a 6-polygon such as those shown in Fig.8.6.1. 


I4 


Fig.8.6.1 
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Then we get a geometry (>) , w) partially Euclidean, and partially non-Euclidean. Then 


there are open problems following. 


Problem 8.6.1 Find conditions for parallel bundles on (3), w). 


Problem 8.6.2 Find conditions for existing an algebraic curve F(x, y) = 0 on ()) , w). 
Problem 8.6.3 Find conditions for existing an integer curve C on () ,w). 


8.6.2 For any integer m,m > 3 and a point uw € R”. Choose U = W = R” in Definition 


8.4.1 form = 1 and w(u) an angle function. Then we get a pseudo-space geometry (R”, w). 
Problem 8.6.4 Find conditions for existing an algebraic surface F(x), X2,+++,Xm) =O in 
(R”, w), particularly, for an algebraic surface F(x, X2, x3) = 0 existing in (R°, w). 
Problem 8.6.5 Find conditions for existing an integer surface in (R”, w). 


If we take U = R™ and W a bounded convex point set of R” in Definition 8.4.1. Then 
we get a bounded pseudo-space (R”’, w), which is also partially Euclidean, and partially 


non-Euclidean. A natural problem on (R”, w) is the following. 
Problem 8.6.6 For a bounded pseudo-space (R”, w), solve Problems 8.6.4 and 8.6.5. 


8.6.3 For a locally orientable surface S and Vu € S$, choose U = W = S in Definition 
8.4.1 for n = 1 and w(u) an angle function. Then we get a pseudo-surface geometry 
(S, w). 


Problem 8.6.7 Characterize curves on a surface S by choice angle function w. Whether 
can we classify automorphisms on S by applying pseudo-surface geometry (S,w)? 


Notice that Thurston [Thu1] had classified automorphisms of surface $, y(S) < 0 
into three classes: reducible, periodic or pseudo-Anosov. If we take U = S and Wa 
bounded simply connected domain on S' in Definition 8.4.1, we get a bounded pseudo- 


surface (S~, Ww). 
Problem 8.6.8 For a bounded pseudo-surface (S~,w), solve Problem 8.6.7. 


8.6.4 A Minkowski norm on manifold M” is a function F : M” — [0, +00) such that 


(1) F is smooth on M™ \ {0}; 
(2) F is |-homogeneous, i.e., F(A“) = AF (u) foru € M” and A > 0; 
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(3) for Vy € M” \ {O}, the symmetric bilinear form g, : M” x M™ — R with 


3) 10 F?(y + su+ fv) 
Ah Vy) = 
8) 2 OsOt —_ 


is positive definite and a Finsler manifold is such a manifold M” associated with a func- 
tion F : TM” — [0, +00) that 


(1) F is smooth on TM” \ {0} = U{T=M” \ {0} : x © MM}; 

(2) Firm — [0, +00) is a Minkowski norm for Vx « MM”. 

As a special case of pseudo-manifold geometry, equip a pseudo-manifold (M”, w) 
with a Minkowski norm and choose w(x) = F(x) for x € M”, then (M”,w) is a Finsler 
manifold, particularly, if w&) = gx(y, y) = F?(x, y), then (M, w) is a Riemann manifold. 
Thereby, we conclude that the Smarandache manifolds, particularly, pseudo-manifolds 
include Finsler manifolds as a subset. Open problems on pseudo-manifold geometry are 


listed in the following. 


Problem 8.6.9 Characterize the pseudo-manifold geometry (M",w) without boundary 


and apply it to classical mathematics and mechanics. 


Similarly, if we take U = M” and W a bounded submanifold of M” in Definition 
8.4.1, we get a bounded pseudo-manifold (M”", w). 


Problem 8.6.10 Characterize the pseudo-manifold geometry (M"~,w) with boundary 
and apply it to classical mathematics and mechanics, particularly, to hamiltonian me- 


chanics. 


CHAPTER 9. 


Spacial Combinatorics 


Are all things in the WORLD out of order or in order? Different notion an- 
swers this question differently. There is well-known Chinese ancient book, 
namely TAO TEH KING written by LAO ZI claims that the Tao gives birth to 
One; One gives birth to Two; Two gives birth to Three; Three gives birth to 
all things and all things that we can acknowledge is determined by our eyes, 
or ears, or nose, or tongue, or body or passions, i.e., these six organs, which 
implies that all things in the WORLD is in order with patterns. Thus human 
beings can understand the WORLD by finding such patterns. This notion 
enables us to consider multi-spaces underlying combinatorial structures, 1.e., 
spacial combinatorics and find their behaviors to imitate the WORLD. For 
this objective, we introduce the inherited combinatorial structures of Smaran- 
dache multi-spaces, such as those of multi-sets, multi-groups, multi-rings 
and vector multi-spaces in Section 9.1 and discuss combinatorial Euclidean 
spaces and combinatorial manifolds with characteristics in Sections 9.2 and 
9.3. Section 9.4 concentrates on the combination of topological with those of 
algebraic structures, i.e., topological groups, a kind of multi-spaces known in 
classical mathematics and topological multi-groups. For multi-metric spaces 
underlying graphs, we get interesting results, particularly, a generalization of 
Banach’s fixed point theorem in Section 9.5. All of these are an application of 
the combinatorial principle to Smarandace multi-spaces, 1.e., Conjecture 4.5.1 
(CC Conjecture) for advancing the 21st mathematical sciences presented by 
the author in 2005. 
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§9.1 COMBINATORIAL SPACES 


9.1.1 Inherited Graph in Multi-Space. Let (=: R) be a Smarandache multi-space con- 
sisting of m spaces (21;j), (2232), ++, (2m3 Rm) for an integer n > 2, different two by 


y= UJ. and R= UR: 
i=l i=1 


Its underlying graph is an edge-labeled graph defined following. 


two with 


m 


Definition 9.1.1 Let (=; R) be a Smarandache multi-space with r= ) x; and R= L) Ri. 
i=l i=l 


Its underlying graph G (=. R| is defined by 
V(G[E,R]) = (21, E2,-++, Ends 
E(G[E.R]) ={ 2,2) 1LiN2; #01 ij sm} 


with an edge labeling 
F: &,2)) € £(G [S.R]) — Fd, 2,) = a(%:( )%)), 


where @ is a characteristic on X; (2X; such that X;(\ 2X; is isomorphic to X (|X; if and 
only if @(%; (Xj) = @ (2 () Z)) for integers 1 < i, j,k, 1 < m. 


For understanding this inherited graph G & R| of multi-space (3; R), we consider a 
simple case, i.e., all spaces (2;;;) is nothing but a finite set S$; for integers 1 < i < m. 
Such a multi-space § is called a multi-set. Choose the characteristic @ on S;(\S ; to 


be the set S;(\S;. Then we get an edge-labeled graph G [S]. For example, let S; = 
= A 

{a,b,c}, Sz = {c,d,e}, S3 = {a,c,e} and S4 = {d,e, f}. Then the multi-set S = |) 8; = 
i=l 


(a,b, c,d, e, f} with its edge-labeled graph G|S| shown in Fig.9.1.1. 


{c} 


Sy 82 
{a, c} {c, e} {d, e} 
5} ia 63 
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Theorem 9.1.1 Let S be a multi-set with S = US; and i; € {1,2,---,m} for integers 
i=l 
1 <s<m. Then, 


S]ztL J Sil+m-s-1. 
jl 


Particularly, 


S| > |S;| +m -— 1 for any integeri, 1 <i<m. 


Proof Notice that sets S;, 1 < i < mare different two by two. thus |S; —S | > 1 for 


integers | < i, j] < m. Whence, 


Isle Js 


j=l 


Particularly, let s = 1. We get that [S| > |S] +m—1 for any integer i, 1 <i<m. 


— m nN 
Let S = (US; be an n-set. It is easily to know that there are | jer sets 
i=l m 


S1,S,°+:,S, different two by two such that their union is the multi-set 5. Whence, 


? | n hers 
2<m<n m 


m such sets S 1, 5,---, 5 consisting the multi-set S. By Definition 9.1.1, we can classify 


there are 


Smarandache multi-spaces combinatorially by introducing the following conception. 


Definition 9.1.2. Two Smarandache multi-spaces (21;R:) and (=; Ro) are combinatori- 
ally equivalent if there is a bijection p : G [= : Ri| -G [=>: Ro| such that 

(1) y is an isomorphism of graph; 

(2) Ify: 2%, € vV(G [=1;Ri]) > bEG [2; Ro], then op is a bijection on X,, X» with 
(Ri) = Ro and g(lE(E;,E;)) = FSi, Z))) for V1, 22) € E(G [E15 Ri). 

Similarly, we convince this definition by multi-sets. For such multi-spaces, there is 


a simple result on combinatorially equivalence following. 


Theorem 9.1.2 Let S;, S» be multi-sets with S; = U S; and S,=U S?. Then S, is 
ma a 


combinatorially equivalent to S35 if and only if there is a bijection o : $1 — S> such that 
o(S}) € V(G[So]) and o(S | S83) = o(S!) NM o(S}), where a(S!) = { ole) |e € S} } for 


any integer i, 1 <i<m. 
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Proof If the multi-set S$, is combinatorially equivalent to that of S>, then there 
are must be a bijection c : S; 3 S» such that o(S}) € vV(G [S2]) and o(S!()S3) = 
o(S})(\ a(S) by Definition 9.1.2. 

Conversely, if o(S}) € V (G [S2]) and a(S; () S35) = o(S})(\o(S5), we are easily 
knowing that o : v(G [S,]) > v(G [S2]) is a bijection and (S}, Si) € E(G [S:]) if and 
only if (7(S!), 0(S})) € E(G[So]) because o(S1 $4) = o(S1)Mo(S}). Thus o is an 
isomorphism from graphs G [S| toG [S2| by definition. Now if a : S} € v(G [S:]) > 
SteVv (G [S2]). it is clear that o is a bijection on S;, S; because o is a bijection from Si 
to S>. Applying o(S} (S35) = o(S})( a(S5), we are easily finding that o(/*(S}, Si)) = 
1(o(S},82)) by F(S},81) = $} 8} for VS1, 81) € E(G[S;]). So the multi-set 5, is 


combinatorially equivalent to that of S>. L 


If S; = S> =S, such a combinatorial equivalence is nothing but a permutation on S. 
This fact enables one to get the following conclusion. 


Corollary 9.1.1 Let S = ()S; be a multi-set with |S| = n, |S;| =n; 1 <i< m. Then 
i=l 
there are n! — [| n; multi-sets combinatorially equivalent to S with elements in S. 


i=l 
Proof Applying Theorem 9.1.2, all multi-sets combinatorially equivalent S should 
be S®, where @ is a permutation on elements in S. The number of such permutations is 


n!. It should be noted that S” = S if a = @|@2**:@m, Where each @; 1s a permutation 
m 
on S;, 1 <i < m. Thus there are n! — i n; multi-sets combinatorially equivalent to 5.0 
i=l 
. a m : . m 
A multi-set S = L) S; is exactifS;= \ (S;{)\S;). For example, let S$; = {a,d, e}, 
i=l j=l j#i 


Sa = {a,b,e|,09 = {b,c f) and Sa = [c,d ft. Then the multi-set § = Si Sal Sel) Sa 


is exact with an inherited graph shown in Fig.9.1.2. 


51) ial ($2 
{e} 
{d} {b} 
(fh 
S4) (S3 
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Then the following result is clear by the definition of exact multi-set. 


Theorem 9.1.3 An exact multi-set S uniquely determine an edge-labeled graph G [Ss]. 


and conversely, an edge-labeled graph G" also determines an exact multi-set s uniquely. 


Proof By Definition 9.1.1, a multi-space S determines an edge-labeled graph G' 
uniquely. Similarly, let G’= be an edge-labeled graph. Then we are easily get an exact 


multi-set 


S= g S, with S,= eS ale). 


veV(GIE) e€N ol (V) 


9.1.2 Algebraic Exact Multi-System. Let (A; 0) be an algebraic multi-system with 
A= U Ai and O = {o;, 1 < i < n}, ie., each (A‘; 0;) is an algebraic system for integers 
i=l 


1 <i<n. By Definition 9.1.1, we get an edge-labeled graph G [4; o| with edge labeling 


I, determined by 
Ip(AojAo,) = (Ao, {) Ao,3 {07 0) 
for any (AguAs,)' E(G |G: O)). such as those shown in Fig.9.1.3, where A., = (Al; 0/) 


for integers 1 </ <n. 


(Ao, [VAs 19;, © j}) 


Fig.9.1.3 


For determining combinatorially equivalent algebraic multi-systems, the following 


result is useful. 
Theorem 9.1.4 Let (Ai; O1), (Ao; 0) be algebraic multi-systems with A. = J Aj, O; 7 
i=l 
{0}, 1<i<njand Ap = U A?, O> = {or, 1 <i<n}. Then (Ai; O1) is combinatorially 
i=l 


equivalent to (Ao; 0») if and only if there is a bijection & : A, — A» such that a(A;) € 
V(G[A2]) and o(A;()\A3) = o(A})()o(A}), where o(A;) = { o(h)|h € Aj } for any 


integeri, 1<i<m. 


Proof The proof is similar to that of Theorem 9.1.2. 


Now let (A; 0) be an algebraic system. If there are subsystems (A;;°) < (A; 0°) for 


integers | <i </ such that 
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(1) for Vg € A, there are uniquely a; € A; such that g = a; 9a) 0---0 a); 


(2) aob=boaforacA;andbe Aj, where 1 <i,j<s,i# j, 


i 
then we say that (A; 0) is a direct product of (A;; 0), denoted by A = GC) Aj. 
i=1 


Let (A; 0) be an algebraic multi-system with A= J A’ and O= {o;, 1 <i < n}. 
i=l 
Such an algebraic multi-system is said to be favorable if for any integer i, 1 < i 


lA 


n, 
(A'() A’; 0;) is itself an algebraic system or empty set 0 for integers 1 < j <n. Similarly, 
such an algebraic multi-system is exact if for VA. € v(G [4; O)). 


A= (+) (Acf{ )A.). 


AsENGii-d) (A.) 


An algebraic multi-system (A; 0) with A = |) A‘ and O= {o;, | < i < n} is said to be 
i=l 


in-associative if 
(a0; b)0;c =ao;(bo,c) and (a0;b)oj;c =ao0;(bo;c) 


hold for elements a, b,c € A'() A/ for integers 1 < i, j < n providing they exist. 


9.1.3 Multi-Group Underlying Graph. For favorable multi-groups, we know the fol- 


lowing result. 


Theorem 9.1.5 A favorable multi-group is an in-associative system. 
Proof Let (G: 0) be a multi-group with G= ) G' and O= {o;, 1 <i <n}. Clearly, 
i=l 
G'(.\G/ c G' and G'(\G’ c G/ for integers 1 < i,j < n. Whence, the associative 
laws hold for elements in (G' (| G/;0,) and (G'() G/;0;). Thus (G' () G’; {0;, 0;}) is an 


in-associative system for integers 1 < i, j < n by definition. O 


Particularly, if 0; = 0, i.e., (G'; 0) is a subgroup of a group for integers 1 < i < nin 


Theorem 9.1.5, we get the following conclusion. 


Corollary 9.1.2 Let (G'; 0) be subgroups of a group (G;°) for integers 1 <i<n. Thena 
multi-group (G;{0}) with G = |) G' is favorable if and only if (G' Q\ G!; {o}) is a subgroup 
=I 


of group (GY; °) for any integers 1 <i, j <n, i.e, G le {o}| 2 Ky: 


Proof Applying Corollary 1.2.1 with G'(\ G/ 2 {1g} for any integers 1 < i, j < n, 


we know this conclusion. im 
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Applying Theorem 9.1.4, we have the following conclusion on combinatorially equiv- 


alent multi-groups. 


Theorem 9.1.6 Let (Gi; 01), (G; 0) be multi-groups with G; = U Gi O, ={ol,1< 
=i 


jee 


i<njandG,=U G?, O) = {o?, 1 <i<n}. Then (Gi; 01) is combinatorially equivalent 
=i 


to (G; 0) if and only if there is a bijection ¢ : GC > Gs such that #(G;) eV (G |G: O,}) 
is an isomorphism and (G; (\G3) = &(G;) 1) @(G)) for any integer i, 1 <i <n. 


By Theorem 9.1.3, we have known that an edge-labeled graph G’= uniquely deter- 
mines an exact multi-set S. The following result shows when such a multi-system is a 


multi-group. 


Theorem 9.1.7 Let (G;O) be a favorable exact multi-system determined by an edge- 
labeled graph G'® with G= g G,, where G,, = (-) E(u, v) and O= fo, l<i< 


ueV(GIE) VEN op (U) 
n}. Then it is a multi-group if and only if for Yu € V(G"£), there is an operation ©, in 


Ie(u, v) for all v € Ngig(u) such that for Va € lg(u,v,), b € lg(u, v2), there is ao, b' € 


In(u, v3), where V1, V2, V3 © Nig (U). 


Proof Clearly, if (G; O) is a multi-group, then for Vu € V(G), there is an operation 
o, € G, for all v € Ngiz(u) such that for Va € I(u, v1), b € lg(u, v2), there is ao, b7' € 
le(u, v3), where v1, V2, V3 € Noize (u). 

Conversely, let u € V(G'“). We prove that the pair (G,; 0,) with G, = (-) FF(u, v) 

vEN ig () 

is a group. In fact, 

(1) There exists anh e G,and1lg,=hoh'€G,; 

(2) Ifa,b€ G,, then a! = 1g, 0, a"! € G,. Thus ao, (b"')"! = a0, bE G,; 

(3) Notice that 


goh= [| By On hy, 


veN ole (uw) 


where g = [| g, €G,h= [| h, € G, because of G, = () E(u, v). We 
vEeN ole (u) veN alg (u) veN og (uw) 
know that the associative law ao, (bo, c) = (ao, b) 0, c for a,b,c € G, holds by Theorem 


9.1.4. Thus (G,,; 0,) is a group for Vu € V(G"*). 
Consequently, (G; O) is a multi-group, 


Let O = {o} in Theorem 9.1.7. We get the following conclusions. 


272 Chap.9 Spacial Combinatorics 


Corollary 9.1.3 Let (G: {o}) be an exact multi-system determined by an edge-labeled 
graph G® with subgroups 1" (u, v) of group (4; °) for (u, v) € E(G) such that l¥(u, v1) O) 
IF(u, v2) = {1g} for V(u, v1), (u, v2) € E(G"). Then (G; {o}) is a multi-group. 


Particularly, let (Y;0) be Abelian. Then we get an interesting result following by 
applying the fundamental theorem of finite Abelian group. 


Corollary 9.1.4 Let (G: {o}) be an exact multi-system determined by an edge-labeled 
graph G® with cyclic p-groups |" (u, v) of a finite Abelian group (G; 0) for (u, v) € E(G") 
such that lF(u, v,) Q E(u, v2) = {1g} for V(u, v1), (us v2) € E(G""). Then (G; {o}) is a finite 
Abelian multi-group, i.e., each (G,,, ©) is a finite Abelian group for u € V(G'.). 


9.1.4 Multi-Ring Underlying Graph. A multi-system (A; 0, 02) with A = UA‘, 
i=! 

O; = (i; 1 <i < n}and Op = {+;; 1 < i < n}is in-distributed if for any integeri, 1 <i <n, 

a-;(b+,c) = a-;b+;a-;c hold for Va, b,c € A'() A’ providing they exist, usually denoted 


by (A; Oi, 02). For favorable multi-rings, we know the following result. 


Theorem 9.1.8 A favorable multi-ring is an in-associative and in-distributed multi- 


system. 


Proof Let (R; OO, 02) be a favorable multi-ring with R= LR; O, = C51 < 

i=l 
i< n} and Or = {+3 1 <i< n}. Notice that R; (\Rj C R,, ragyss: Cc R; and (Ris +i, +;), 
(Rj;+j;,+;) are rings for integers 1 < i, j < n. Whence, if Rj()R; # 0 for integers 1 < 


i,j <n, leta,b,c € R;(\ Rj. Then we get that 


(a:-;b)-;c=a-+;(b:, 0c), (a+b) +70 = a+; (0 +70) 


(a+; b)+;c =a+t;(b+; 0), (at+j;b)+j;c=at;(b+t+;c) 


and 
ay(bt+;c)=a-;bt+a-jc, BADE) =a 0 +;0%C. 
Thus (R; 0, 0») is in-associative and in-distributed. Oo 
Particularly, if -; = - and +; = + for integers 1 < i < n in Theorem 9.1.8, we get a 


conclusion following for characterizing favorable multi-rings. 


Corollary 9.1.5 Let (R';-,+) be subrings of ring a (R;-, +) for integers 1 <i <n. Then 

a multi-ring (R3{-} © {+}) with R = UR’ is favorable if and only if (R'() R!;-, +) is a 
i=l 

subring of ring (R;-, +) for any integers 1 <i, j <n, ie, G [R: {-}<o {+} ~ Ky. 
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Proof Applying Theorems 1.3.2 and 9.1.8 with R'() R/ 2 {0,} for any integers 1 < 
i, j <n, we are easily knowing that (R: {[} {+}) is favorable if and only if (R' (1) R’;-, +) 


is a subring of ring (R; -, +) for any integers 1 < 7, 7 <n andG [R: {}< {+}| ~ K,. 
Similarly, we know the following result for combinatorially equivalent multi-rings 
by Theorem 9.1.6. 


Theorem 9.1.9 Let (R';O0} — 03), (R?; Of > 03) be multi-rings with R' = UR, 
O, = {;, L<i<n} and R? = |) GC. O> = {-?, 1 <i<n)}. Then (R'; O° 03) is combi- 
i=1 


natorially equivalent to (R’; 0, 03) if and only if there is a bijection : R' > R® such 
that y(R;) € vV(G [R: OC; Oo 03) is an isomorphism and y(R} () R3) = y(R}) () $(R3) for 


any integer i, 1 <i<n. 


Let (R1,-, +), (Ro, :, +), °, (Ri, :, +) be / rings. Then we get a direct sum 


rR @RP-Pe 
by the definition of direct product of additive groups (R;; +), 1 <i < l. Define 
(4), @2, +++, ai) + (By, bo, +++, bi) = (ay + 1, a2 + bo, +++, a; + by) 


for (a), d2,°+-, a), (bi, b2,---,b)) € R. Then it is easily to verify that (R;-,+) is also a 
ring. Such a ring is called the direct sum of rings (Rj, -, +), (Ro, -, +), -, (Ri, -, +), denoted 


i 
by R= OR’. 
i=l 


A multi-ring (R; 0;  O2) with R = U Ri, O1 = (431 <i < nj and Oy = {+;51 
i=1 


lA 


i < n} is said to be exact if it is favorable and R; = BR; () Rj) for any integeril <i< 
jel 
n. Thus R; = B a@(R;, R;) in its inherited graph G'e [R: O12 O2|. The 
(Ri, R)EE(G[R{O1 90>) 
following result is an immediately consequence of Theorem 9.1.7. 


Theorem 9.1.10 Let (R: OO 02) be a favorable exact multi-system determined by an 
edge-labeled graph G'* withR = |} Ry where Rv = ED) Mu,v), 01 = fi, 1 < 


ucV(G'E) VEN lp (W) 
i <n} and Oy = {+;, 1 < i < n}. Then it is a multi-ring if and only if for Yu € V(G®), 


there are two operations +4, +, in lg(u,v) for all v € Ngiz(u) such that for Va € Ig(u, v1), 


b € Iz(u, v2), there is a —, b € Ig(u, v3) and a+, b € Ig(u, v4), where v1, V2, V3, V4 € Noi (U). 
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Particularly, if -; = - and +; = + for integers 1 < i < n in Theorem 9.1.10, we get the 


following consequence. 


Corollary 9.1.6 Let (R: {-}<O {+}) be an exact multi-system determined by an edge- 
labeled graph G'® with subrings 1"(u, v) of a ring (R;-, +) for (u,v) € E(G") such that 
Fu, vi) 1) E(u, v2) = {04} for WU, v1), (us v2) € E(G"®). Then (R; {+} 3 {+}) is a multi- 


ring. 


Let p;, 1 < i < s be different prime numbers. Then each (p;Z;-,+) is a subring 
of the integer ring (Z; -, +) such that (p;Z) (\(p;Z) = {0}. Thus such subrings satisfy the 
conditions of Corollary 9.1.6, which enables one to get an edge-labeled graph with its 
correspondent exact multi-ring. For example, such an edge-labeled graph is shown in 


Fig.9.1.4 for n = 6. 


Dy1Z 

Ry) Re 

DsZ 
p4Z p2Z 

DoZ 

R,) (R 

4 pi 4 

Fig.9.1.4 


9.1.5 Vector Multi-Space Underlying Graph. According to Theorem 1.4.6, two vector 
spaces V; and V> over a field F are isomorphic if and only if dimV; = dimV>. This 
fact enables one to characterize a vector space by its basis. Let (V; F) be vector multi- 
space. Choose the edge labeling Ip : (Vi, V,) > A(Vu Vo) for ¥(Vu, Vo) € E(G[V]) 
in Definition 9.1.1, where A(V,, () V,) denotes the basis of vector space V, (| V,, such as 
those shown in Fig.9.1.5. 


BViul) Wy) 
Vue -V, 


Fig.9.1.5 


Let A cC B. An inclusion mapping : A — Bis sucha | — 1 mapping that c(a) = a for 


Va € BifaeA. The next result combinatorially characterizes vector multi-subspaces. 
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Theorem 9.1.11 Let (Vi; F i) and (Vo; F)) be vector multi-spaces with V, = | J V} and 
i=l 


Fi=U Fi, and W=lU V? and Fi =U F?. Then (Vi: F\) is a vector multi-subspace 
=1 i] =i 
of (V2; Fa) if and only if there is an inclusion t : V, — V> such that i(G [Vi: Fi]) = 
G [ V2: F,|. 

Proof If (Vi; F. 1) is a vector multi-subspace of (Vo; F. 2); by definition there are must 
bev c Vi, and F} c es for integers 1 < i < n, where i; € {1,2,---,m}. Then there is an 
inclusion mapping z : V; > V> determined by iWij=Vec Vi, such that «(G [Vi: F. i) < 
G [Va: Fy]. 

Conversely, if there is an inclusion ¢ : Vv > Vo such that z (G [Vi: F. i) <G [ V2: F. AR 
then there must be u(V;) C Ve and u(F}) ¢ i for some integers j; € {1,2,---,n}. Thus 


Y= WV = Lye Vie = V, and F, = Ur = Uae OF a = Fy, ie., 
i=l i=l jel pa fl 


i=l 


(Vi; F i) is a vector multi-subspace of (Vo; F. 2) 

Let V be a vector space and let V,, V, c V be two vector subspaces. For Va € V, if 
there are vectors b € V, and € V> such that @ = b + @ is uniquely, then V is said a direct 
sum of V; and V3, denoted by V = V; @ V2. It is easily to show that if Vi (\ V2 = 0, then 
V=V,AQ vo. 


A vector multi-space (V: F ) with V= L) V; and F= |) F; is said to be exact if 
i=l i=l 


Vi= Dwi \vp 
iti 
holds for integers 1 < i < n. We get a necessary and sufficient condition for exact vector 


multi-spaces following. 


Theorem 9.1.12 Let (V; F) be a vector multi-space with V= L) V; and F= |) F;. Then 
i=l i=l 
it is exact if and only if 


BV) = So BV) V’) and B(v{) v’) (Av) v")=0 
(V,V)eE(G[V;F]) 
for V',V" € Now.m(V).- 


Proof If (V; F) is exact, i.e., Vj = BV; () V;), then it is clear that 


j#i 


BV)= (J AlV[)Vv’) and A(vV( \Vv)( av \v")=0 


(V,V’)eE(G[V:F]) 
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by the fact that (V, V’) € E(G[V; F]) if and only if VV’ # 0 for YW’, V" € Now.n(V) 
by definition. 


Conversely, if 
BV) = oS B(v{) v’) and B(v( | v’) () BV) v")=0 
(V,V)eE(G[V;F]) 


for V’,V” € Naw.z(V), notice also that (V,V’) € E(G|V; F]) if and only if VQ V’ #9, 
G[V;F] 


we know that 
v= D(vil vi) 
ji 
for integers | < i < n by Theorem 1.4.4. This completes the proof. O 


§9.2 COMBINATORIAL EUCLIDEAN SPACES 


9.2.1 Euclidean Space. A Euclidean space on a real vector space E over a field F is a 


mapping 
(:) EXER with (€),@) > (@1,@) forVé),é. ¢ E 


such that for @,@|,@2 € E,~aé F 

(El) (2, @1 + @2) = (2, 1) + (2, @2); 

(E2) (@, @é)) = a (2, e1); 

(E53) 421, @2) = 22,21); 

(E4) (2,2) > 0 and (2,2) = 0 if and only if 2 = 0. 

In a Euclidean space E, the number +/(@, é) is called its norm, and denoted by |[él|. It 
can be shown that 

(1) (0,2) = (2,0) = 0 for Ve € E; 

(2) (3 xel, vi] = ¥ yxy; (2,2), for 2 ¢ E, where 1 < i < max(m,n} and 

i=l rl i=1 i=1 

In fact, let 2} = @ = 0 in (El). Then (2, 0) = 0. Applying (E3), we get that 
(0, ro) = 0. This is the formula in (1). For the equality (2), applying conditions (E1)-(E2), 
we know that 


n m m n m n 
—1 —2 _ =1 =2\ _ sl 2 
Xi€i» 2 Viej} = Xi€;j » Vij) = Ji XiGj Cj 
i=l jel 


j=l \izl 
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m 
— y : 
=] 
not 
= ) Xiy 


i=l j=l 


=1 


—1 
i@; 
-1 —2 
€,8;) 


~. 


n n m 
— _ —2 -l 
ie; x = XiVi \C joe; 
nm 


Theorem 9.2.1 Let E be a Euclidean space. Then for Vé,, @) € E, 


(1) | (@1, é2)| < lleilllleall: 

(2) ler + oll < [leill + lleall. 

Proof Notice that the inequality (1) is hold if @; or @ = 0. Assume 2, # 0. Let 

(@1, €2) Sj 
= ——. since 

(@1,@1) 

(@2 — X€1, €2 — X€1) = (€n, €r) — 2 (€1, €2) X + (E1, 1) a > 0. 


Replacing x by aie -: a in it, then 


(1, €1) (€2, €2) — (@1,@)° 20) 


Whence, we get that 


12,2) | < [lei|llleall. 


For the inequality (2), applying inequality (1), we know that 


(é + 2, €; + 2) 


II (1, @2) IP? 


(€1,€1) + 2 (€1, 2) + (2, €2) 


(@1, 21) + 2| (€1, €2)| + (2, &2) 


IA 


(€1,@1) + Il (er, &1) lll (22, &1) Il + (€2, 2) 


((l€ill + [leall)°. 


Thus 


le. + eall < leill + lezll. 


Let E be a Euclidean space, a,b € E,a#0,b #0. The angle between a and b is 
defined by 
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Notice that by Theorem 9.2.1(1), the inequality 
a,b 
-l< 5) == 
[alll 


always holds. Thus the angle between @ and b is well-defined. Let x, y € E. Call X and y to 


be orthogonal if (x, y) = 0. For a basis @1, @2,---,@» of E if @), @2,---,e,, are orthogonal 
two by two, such a basis is called an orthogonal basis. Furthermore, if |{é;|| = 1 for 
integers 1 < i < m, an orthogonal basis @1, @2,---,@, 1s called a normal basis. 


Theorem 9.2.2 Any n-dimensional Euclidean space E has an orthogonal basis. 


Proof Let a), a, +--+, a, be a basis of E. We construct an orthogonal basis Di, boc Dy 
of this space. Notice that (1,1) # 0. Choose by = @, and let 


Then D> is a linear combination of a; and a> and 


5,5) = ta.) — 2 55) <0 
(b2.b1) = (abi) 5) i) = 0, 


i.e., D> is orthogonal with bi. 


If we have constructed by, by, tee Dy for an integer 1 < k < n—1, and each of them is a 
linear combination of @,,@,---,d;, 1 <i<k. Notice (1,1) F (bx, b2) pitty (Bit, B.-1) # 
0. Let _ 

a (a,b) (Gj, b>) (Gi, be-1) 
De = 0, = SS k-1 
(b1,b1) (br, ba) (Bit, Di-1) 


(5) 


| 
—-. 
Sy 
= 
= 
~~ 
es 
Q 
a 
ol 
ed ed 
PS 
si 
S| 
~—S_- 
| 
—. 
—-. 
Q 
a 
S| 
T 
ee 
sa] 
T 
SI 
SS 


| 
—- 
Ql 
= 
| 
~~ 
| 
—. 
g 
=~ 
a 


fori = 1,2,---,k — 1. Apply the induction principle, this proof is completes. is 


Corollary 9.2.1 Any n-dimensional Euclidean space E has a normal basis. 
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Proof According to Theorem 9.2.2, any n-dimensional Euclidean space E has an 


orthogonal basis G1, @,°-+,@m. Now let é; = . Q = —s On = us Then we 
Ila1\| I|@2]| lanl 
find that 
__\ (%a)) a, _ Wail 
ej, e;) = —=——_ = 0 and |lel| = |||] = = = 1 
( i Ilail|lla ll lal lal 
for integers | < i, j < m by definition. Thus @), @2,---,@,, is a normal basis. 


9.2.2 Combinatorial Euclidean Space. Let R” be a Euclidean space with normal 
basis A(R") = {€1, &,---,€,}, where €; = (1,0,---,0), & = (0,1,0---,0), ---, & = 
(0,---,0, 1), namely, it has n orthogonal orientations. Generally, we think any Euclidean 
space R” is a subspace of Euclidean space R”~ with a finite but sufficiently large dimen- 
SiON No, then two Euclidean spaces R™ and R” have a non-empty intersection if and only 
if they have common orientations. 

A combinatorial Euclidean space is a geometrical multi-space (R: R) with R = 


U R” underlying an edge-labeled graph G” with edge labeling 
i=l 


le: (R",R") > B(R" a R") 


for V(R", R") € E(G"), where R consists of Euclidean axioms, usually abbreviated to R. 
For example, a combinatorial Euclidean space (R; R) is shown by edge-labeled graph G” 
in Fig.9.2.1, 


R? {€} R? 
{€1} {E} 
R? {€} R? 

Fig.9.2.1 


determine the dimension of a combinatorial Euclidean space by its underlying structure 


G' following. 
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Theorem 9.2.3 Let R be a combinatorial Euclidean space consisting of R", R™, ---, R™ 


with an underlying structure G'®. Then 


dimR = > (-1)**! dim (R™ () R™ () seas () R") , 


(vie V(G'E)|1<i<s)ECL(G'E) 


where n,, denotes the dimensional number of the Euclidean space in v; € V(G"") and 


CL,(G") consists of all complete subgraphs of order s in G'.. 


Proof By definition, R" Q R™ # 0 only if there is an edge (R", R”) in G”, which 
can be generalized to a more general situation, 1.e., R™ A R™ 9---AR™ ¢ O only if 
(V1, V2,°°*,ViGie = Kj). In fact, if R™ AR™ O---AR™ #O, then R™ OR” # 0, which 
implies that (R”, R”’)) ¢ E(G"*) for any integers i, j, 1 < i, j < 1. Thus (11, v2,-++, vie 
is a complete subgraph of order / in graph G”. 


Notice that the number of different orthogonal elements is dimR = nf is) R” 
veV(G'E) 


Applying the inclusion-exclusion principle, we get that 


dimR = anf LU R” 
veV(GIE) 


(-1)**'dim(R™ () R™ () ve a R™) 
(—1)°*!dim (R™ () R”™ () sis () R™:) ; 


(vie V(G'E)|1<iss)ECL,(G'E) 


{vp .vs}CV(GIE) 


Notice that dim (R™ 9 R™) # 0 only if (R™,R"™2) €¢ E(G). We get an applicable 
formula for dimR on K;-free graphs G', i.e., there are no subgraphs of G isomorphic to 
K3 by Theorem 9.2.3 following. 


Corollary 9.2.2 Let R be a combinatorial Euclidean space underlying a K3-free edge- 
labeled graph G'". Then 


dimR = » ny — SS dim(R™{ )R”). 
veV(G'E) (u,v) E(G'E ) 


Particularly, if G = v\V2-++ Vm a circuit for an integer m = 4, then 


m 


dimR =) n,- 3 dim(R™ ( )R"=), 
1 i=] 


i= 
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where each index is modulo m. 


9.2.3. Decomposition Space into Combinatorial One. A combinatorial fan-space 
R(n, -++,Mm) 18 a combinatorial Euclidean space R consists of R", R”, ---, R” such 
that for any integers i,j, 1 <i# j<m, 


m 


R"( \)R"=( \R". 


k=1 


The dimensional number of R(711,-- +, 7) iS 
m 
dimR (11, +++ 51%) = m+) (ni =m), 
i=l 


m 


determined immediately by definition, where m = dim| () R” }. 

For visualizing the WORLD, weather is there a Lop aaicnal Euclidean space, par- 
ticularly, a combinatorial fan-space R consisting of Euclidean spaces R", R"™, «++, R' 
for a Euclidean space R" such that dimR"™ UR” U---UR”™ = n? We know the following 


decomposition result of Euclidean spaces. 


Theorem 9.2.4 Let R" be a Euclidean space, nj, n2,-++,Nm integers with m <n; <n for 


1 <i < mand the equation 
m 
m+) (nj -m) =n 
i=1 


holds for an integer m,1 < m <n. Then there is a combinatorial fan-space R(n,, no, 


+++, Mm) Such that 
R® ~ R(m, 1, ++, Mm). 


Proof Not loss of generality, we assume the normal basis of R” is €; = (1,0,---,0), 
2) = (0, 1,0- . -,0), ar) En = (0,- . +, 0, 1). Since 


Mm 
n-m=) (nj-m), 
i=1 


choose 
R, = (€\, ©, aie Cop enpaks a Ege) > 
R, = (€1,€, oe » in» Gnjts Eny ods oe ae 3 


R;3 = (€1, €, er) Ems Entl> En 42> er) En) 3 
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R,, = (€1, €2, ns Ch Cri gs Cig 8 = - Gia) - 
m ~ 
Calculation shows that dimR; = n; and dim(() R;) = m. Whence R(1, 12,---, Mn) is a 
i=l 


combinatorial fan-space. Thus 


R’ ~ R(n,, Ny," **, Mm): O 


Corollary 9.2.3. For a Euclidean space R", there is a combinatorial Euclidean fan-space 


R(n, 12, +++, Mn) underlying a complete graph Ky, with m <n; <n for integers 1 <i < m, 
m 


m+ > (n; — m) =n such that R" ~ R(m, Nn, +++, Nm). 
i=l 


§9.3 COMBINATORIAL MANIFOLDS 


9.3.1 Combinatorial Manifold. For a given integer sequence 1), 12,---,%m,m => 1 with 
0 <n, < Ny < +++ < My, a combinatorial manifold M is a Hausdorff space such that for 
any point p € M, there is a local chart (U p> Pp) OF p, 1.e., an open neighborhood U, of 
pin Manda homoeomorphism ¢, : U, > R(n,(p), Nx(P),***,Ms(p)(p)), a combinatorial 


fan-space with 


{n\(p), no(Pp), ae Ns(p(P)} GC {n1, N2,°*", Mn} 


and 


Olan nz(P), aber | Nsp)(P)} = {n, Ny,°*", Mids 


peM 


denoted by M (11, 19,°**, Mm) OF M on the context, and 


A= (ueee YpIP = M(n, no, vik tin): 


an atlas on M(n,m, -++,Mm). The maximum value of s(p) and the dimension ‘s(p) = 
s(p) = 

aim () Rn} are called the dimension and the intersectional dimension of M(n,,---,1%m) 
i=l 


at the point p, respectively. 
A combinatorial manifold M is finite if it is just combined by finite manifolds with 
an underlying combinatorial structure G without one manifold contained in the union of 


others. Certainly, a finitely combinatorial manifold is indeed a combinatorial manifold. 
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Two examples of such combinatorial manifolds with different dimensions in R? are 
shown in Fig.9.3.1, in where, (a) represents a combination of a 3-manifold with two tori, 


= 
Oy Lor 


(a) (b) 


Fig.9.3.1 


By definition, combinatorial manifolds are nothing but a generalization of mani- 
folds by combinatorial speculation. However, a locally compact n-manifold M” without 
boundary is itself a combinatorial Euclidean space R(n) of Euclidean spaces R” with an 


underlying structure G'é shown in the next result. 


Theorem 9.3.1 A locally compact n-manifold M" is a combinatorial manifold Me(n) 
homeomorphic to a Euclidean space Rn, A € A) with countable graphs G'® inherent in 
M", denoted by G[M"]. 


Proof Let M" be a locally compact n-manifold with an atlas 
AA[M") = { (Uns pa) |A€ A}, 


where A is a countable set. Then each Uj, A € A is itself an n-manifold by definition. 


Define an underlying combinatorial structure G”” by 
V(G"*) = {U,\A € A}, 
E(G"2) = { (Ua, U)i, 1 Sis ky +1 Ua U, #0,a,0€ A} 


where ky, is the number of non-homotopic loops formed between U) and U,. Then we get 
a combinatorial manifold M" underlying a countable graph G”. 


Define a combinatorial Euclidean space R(n, A € A) of Euclidean spaces R” by 
V(G"") = {ya(U,)|A € A}, 


EG") = { Yaa), P(UD))in 1 SiS Ky + MW PA(Ua) NV GU.) # 0, a,c € A}, 
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where x’, is the number of non-homotopic loops in formed between y,(U,) and ¢,(U,). 
Notice that y,(U,) (| ¢(U.) # 0 if and only if U, () U, # @ and ky, = Kk’, for a,c Ee A. 
Now we prove that M” is homeomorphic to R(n, 2 € A). By assumption, M” is 
locally compact. Whence, there exists a partition of unity c, : U; — R", A € A on the 
atlas c/[M"]. Let A, = supp(y,). Define functions h, : M” — R" and H: M" > 6@(n) 
by 
| ca(xpala) ifxe Uy, 
h,(x) = : 
0=(0,---,0) ifxe U,—Ay. 


and 


H= D1 pacar and J= » Ce 


AEA AcA 
Then hj, H and J all are continuous by the continuity of yg, and c, for VA € A on M". 


Notice that cy'yj'~aca =the unity function on M". We get that J = H™',ie., His a 


homeomorphism from M” to 6G (n, a € A). LJ 


9.3.2 Combinatorial d-Connected Manifold. For two points p,q in a finitely combi- 
natorial manifold M (N1,2,°**,Mm), If there is a sequence B,, Bo,---, B; of d-dimensional 
open balls with two conditions following hold: 

(1) Bc M(n,m, ++, Mm) for any integeri,1 <i< sandpe B,qé B;; 

(2) The dimensional number dim(B; () B;,,) > d for Vi, 1 <i< s-1, 
then points p, g are called d-dimensional connected in M (N1,N2,°**,Mm) and the sequence 
B,, B>,---, B. a d-dimensional path connecting p and g, denoted by P“(p, q). If each pair 
p,q of points in M (N1,M2,°--,Mm) 18 d-dimensional connected, then M (N,N2,°**,Mm) 1S 
called d-pathwise connected and say its connectivity> d. 

Not loss of generality, we consider only finitely combinatorial manifolds with a 
connectivity> 1 in this book. Let M (11, 2,°**,Mm) be a finitely combinatorial manifold 


and d > 1 an integer. We construct a vertex-edge labeled graph G4 [M(n,12,---, Nm)| by 
V(G4M (m1, 1,-++ m1) = Vi _) Vo, 
where, 
V, = {n; — manifolds M” in M(n, m, -++,Nn)|1 <i < m} and 


V> = {isolated intersection points O yn; yr; ofM™, M" in M (n1,N2,°*+,nN,) for l < 


i, j < m}. Label n; for each n;-manifold in V; and 0 for each vertex in V2 and 


E(GTM(n,1,+++,%m))) = Ei] Bo, 
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where FE = {(M", M”/) labeled with dim(M” () M"/) | dim(M” (\ M") > d,1 <i, j < m} 
and Ey = {(Oyu yi, M™), (Oynyri,M") labeled with 0 | M" tangent M” at the point 
Oy for 1 <i, j < m}. 

For example, these correspondent labeled graphs gotten from finitely combinatorial 
manifolds in Fig.9.3.1 are shown in Fig.9.3.2, in where d = 2 for (a) and (b). Notice if 
dim(M" 1 M"/) < d—1, then there are no such edges (M”, M”/) in GM(n, N2,°++,Nm)). 


Fig.9.3.2 


Theorem 9.3.2 Let G4 [M (n,N2,°+*,Mm)| be a labeled graph of a finitely combinatorial 
manifold Mn, Ny,°°*,Np). Then 


(1) G4[M(ny, 22, +++,%m)| is connected only if d < ny. 


(2) there exists an integer d,d < n, such that G4 [M (11, N2,°**,Mm)| is connected. 


Proof By definition, there is an edge (M", M”/) in G4 [M(n, nm, -++,Mm)| for 1 < 
i, j < mif and only if there is a d-dimensional path P“(p, g) connecting two points p €« M" 


and gq € M". Notice that 
(P"(p,q) \ M") © M" and (P“(p, q) \ M"') © M". 
Whence, 
d < min{n;,n}}. (9-3-1) 


Now if GM(n, N2,***,Mm)] is connected, then there is a d-path P(M”, M”’) con- 
necting vertices M” and M") for VM", M"i € V(G4 [M (N1,N2,°**,Mm)]). Not loss of gen- 
erality, assume 

P(M™, M")) = M"M*' M”.--M*"'M"™, 


Then we get that 
d < min{n;, Sip Rosey Siete Te) (9 =3= 2) 
by (9 — 3 — 1). However, by definition we know that 


Jt), n2(P), +++ tap (P)} = (ms 5M: (9-3-3) 


peM 
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Therefore, we get that 


d < min] (_}{m(p),m2(p), +++. )(P)}| = min, M2, -++ Mm} = 1 
peM 
by combining (9 — 3 — 2) with (9 — 3 — 3). Notice that points labeled with 0 and 1 are 
always connected by a path. We get the conclusion (1). 
For the conclusion (2), notice that any finitely combinatorial manifold is always 
pathwise 1-connected by definition. Accordingly, G'[M(n, m, -++,Mm)| 1S connected. 


Thereby, there at least one integer, for instance d = 1 enabling G4 [Mon m, .: -.Mn)| 


to be connected. This completes the proof. 


According to Theorem 9.3.2, we get immediately two conclusions following. 


Corollary 9.3.1 For a given finitely combinatorial manifold M, all connected graphs 
G4 [| are isomorphic if d < n,, denoted by G* [4]. 


Corollary 9.3.2 If there are k 1-manifolds intersect at one point p in a finitely combina- 
torial manifold M, then there is an induced subgraph K**! in G* [1]. 


Now we define an edge set E@ (™) in G* [Z| by 
E!(M) = £(6"|M])\ E(o*"[m}). 
Then we get a graphical recursion equation for graphs of a finitely combinatorial manifold 
Masa by-product. 


Theorem 9.3.3 Let M be a finitely combinatorial manifold. Then for any integer d,d > 1, 
there is a recursion equation G*"! [| = G! [| — E4 (™) for labeled graphs of M. 


Proof It can be obtained immediately by definition. 

Now let H(71,---,/m) denotes all finitely combinatorial manifolds Mn, +++, Mm) 
and G[0,n,,] all vertex-edge labeled graphs G“ with 6, : V(G") U E(G*) = {0, 1,-++, mn} 
with conditions following hold. 

(1)Each induced subgraph by vertices labeled with | in G is a union of complete 
graphs and vertices labeled with 0 can only be adjacent to vertices labeled with 1. 

(2)For each edge e = (u,v) € E(G), T2(e) < min{T)(w), T)(V)}. 

Then we know a relation between sets H(n,12,--+,Nm) and G([0,n,], [0,,]) fol- 


lowing. 
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Theorem 9.3.4 Let 1 < ny < nm < ++: < My,m = 1 be a given integer sequence. Then 
every finitely combinatorial manifold MeH (n,°++,Mm) defines a vertex-edge labeled 
graph G([0,n»]) € G[O,n,,]. Conversely, every vertex-edge labeled graph G({0,nm]) € 
G(0, n,,] defines a finitely combinatorial manifold Me H(n1,--++,m) witha 1-1 mapping 
8: G([0, ml) M such that Au) is a O(u)-manifold in M, T1(u) = dim@(u) and T2(v, w) = 
dim(4(v) () @(w)) for Vu € V(G((0, n,,])) and Vv, w) € E(G([0, mJ). 


Proof By definition, for YWMeH (n\,°**,Mm) there is a vertex-edge labeled graph 
G([0,%m]) € G({0,n,]) and a 1 — 1 mapping 6 : M- G({0, 7,,.]) such that @(u) is a 
6(u)-manifold in M. For completing the proof, we need to construct a finitely combi- 
natorial manifold M « H (n1,°°*,Mm) for VG({0, mmJ]) € GO, mm] with T;(u) = dimé(u) 
and T2(v, w) = dim(@(v) (} @(~w)) for Vu € V(G([0, m])) and V(v, w) € E(G([0, n»])). The 
construction is carried out by programming following. 

STEP 1. Choose |G({0,7,,])| — |Vo| manifolds correspondent to each vertex u with a di- 
mensional n; if T;(u) = n;, where Vo = {ulu € V(G([0,7,,])) and t,(u) = 0}. Denoted by 
V., all these vertices in G([0, 7,,]) with label> 1. 

STEP 2. For Vu; € Vs; with 7)(u;) = nj,, if its neighborhood set Neon, (41) () Ve = 
(i122) with T1(vj) = mu, T1(Vt) = mo, °°, m1 (vi?) = Mis), then let the 
manifold correspondent to the vertex u, with an intersection dimension T2(U,V) with 


manifold correspondent to the vertex vi for 1 <i < s(u,) and define a vertex set A; = {uj}. 


STEP 3. If the vertex set A; = {u, u2,---, uj} G Vs, has been defined and V., \ A; # 9, let 


Uj41 © Vs \ A; with a label n;,,,. Assume 


ti 33 s(ure1) 
(NG (0,2) U1) () Va Ae ee) 


s(ui+1) 
I+1 


with 7)(v7,,) = main, T1V,4) = Maia TRY) = Matsa). Then let the man- 
ifold correspondent to the vertex w;,, with an intersection dimension T2(Uj41V} .p with 
the manifold correspondent to the vertex vi appl < i < s(uj41) and define a vertex set 
Aint = Ay U{ui1}- 

STEP 4. Repeat steps 2 and 3 until a vertex set A, = V5, has been constructed. This 
construction is ended if there are no vertices w € V(G) with T;(w) = 0, 1.e., Vs; = V(G). 


Otherwise, go to the next step. 


STEP 5. For Vw € V(G([0, Nmnl)) \ Vs1, assume NG({0,1m1)(W) = {w1, W525 We}. Let all 


these manifolds correspondent to vertices w), W2,--:,We intersects at one point simulta- 
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neously and define a vertex set A*_, = A, U{w}. 


t+1 
STEP 6. Repeat STEP 5 for vertices in V(G([0, ])) \ Vs1. This construction is finally 


ended until a vertex set A* 


teh = V(G[n1, N2,°++,Mm]) has been constructed. 


* 


A finitely combinatorial manifold M correspondent to G([0, 1,,]) is gotten when A‘, 


has been constructed. By this construction, it is easily verified that MeH (11,°°+5Mm) 
with T(u) = dim6(u) and T2(v, w) = dim(@(v) (\ A(w)) for Vu € V(G([0, n»])) and V(v, w) € 
E(G((0, 1, ])). This completes the proof. i 


9.3.3 Euler-Poincaré Characteristic. the Euler-Poincaré characteristic of aC W-complex 
IN is defined to be the integer 


[oe] 


XM) = D'-Dia; 


i=0 
with a; the number of i-dimensional cells in 9Jt. We calculate the Euler-Poincaré charac- 
teristic of finitely combinatorial manifolds in this subsection. For this objective, define a 


clique sequence {C/(i)};s; in the graph G“ |“ | by the following programming. 


STEP 1. Let C/ (Gt [™]) = I). Construct 


Cllp) = {K?,KS,--+,K°|K? > G'[M] and K? 0 K? = 0, 


jeg 
or a vertex € V(G"|M]) fori# j,1<ij< ph. 


STEP 2. LetG; = (J K’and c1(G" |] \ G,) = L. Construct 
K'eCi() 


Cl) = {Ki}, Kj,--+,Ki'|K? > G'[M] and K! 0 Ki = 0 
or a vertex € Vv(Gt [M)]) fori#j,l<ij< qj. 


STEP 3. Assume we have constructed C/(J,_;) for anintegerk>1.LetG,= (J Ki 
K'k-1 eC) 


and C/ (Gt [| \ (Gj U+++U Gi) = |,. We construct 


Cli.) = es Ke sot, KBIK?S — G*{M] and Ke fa Ke = 0, 


12? 


or a vertex € v(G" [M)]) for? # 7,1 <7, f< r}. 
STEP 4. Continue STEP 3 until we find an integer rf such that there are no edges in 
a t 
G'[M]\ UG. 
i=l 
By this clique sequence {C/(i)}i+1, we can calculate the Euler-Poincaré characteristic 


of finitely combinatorial manifolds. 
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Theorem 9.3.5 Let M be a finitely combinatorial manifold. Then 


B= YY enema) 


KkeCl(k),k>2 Mj, €V(K*),1<jsssk 


Proof Denoted the numbers of all these i-dimensional cells in a combinatorial mani- 
fold M or in a manifold M by a; and a;(M). If G* |“ | is nothing but a complete graph K* 
with V (Gt [7]) = {M,, Mp,:--,M;}, k = 2, by applying the inclusion-exclusion principe 


and the definition of Euler-Poincaré characteristic we get that 

VCdDa, 

i=0 

= Vey Yo cysai(m, (fm) 
i=0 


Mj ,€V(K*),1<jsssk 


x(M) 


co 


_ > (-1)*! CViai (Mi, ( (mM) 


Mj ,€V(K*),1< jsssk i=0 


-— cea) 


Mj,€V(K*),1<jsssk 


for instance, y(M) = (M1) + (Mo) — (Mi 9 Mp) if Gt [| = K? and V(G! [42]) = 
{M,, M}. By the definition of clique sequence of G* |“ | we finally obtain that 


x(M)= >) Yep y (i, mi): n 


KkeCl(k),k>2 Mi, EV(K*),1< j<s<k 


Particularly, if G“ [| is one of some special graphs, we can get interesting conse- 


quences by Theorem 9.3.5. 


Corollary 9.3.3 Let M be a finitely combinatorial manifold. If G“ [™ | is K>-free, then 


i= SD ean-  Y _ x(on)m). 


MeV(G_[M]) (M,,Mz)€E(G[M]) 


Particularly, if dim (M, (\ M2) is a constant for any (M,, Mz) € E (Gt [7]). then 


uli)= Y ean-x(m Am) |e(HL), 


MeV(GE[M]) 
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Proof Notice that G“[M] is K3-free, we get that 


c(i) = (ean +08) 9) 


(M\,M)eE(G“[M]) 


YOM +x0May)- xe (M (nr) 


(M,,M)eE(GE[M]) (M,,M2)eE(GE[M]) 
2 

= 2, ¥M- —— d)  x(m{\m). 

MeV(G4[M]) (M,,M)eE(GE[M]) 


O 


Since the Euler-Poincaré characteristic of a manifold M is 0 if dimM = 1(mod2), we 


get the following consequence. 


Corollary 9.3.4 Let M be a finitely combinatorial manifold with odd dimension number 


for any intersection of k manifolds with k > 2. Then 


x(M)= dx, 


MeV(G4[M]) 


§9.4 TOPOLOGICAL SPACES COMBINING WITH MULTI-GROUPS 


9.4.1 Topological Group. A topological group is a combination of topological space 


with that of group formally defined following. 


Definition 9.4.1 A topological group (G;°) is a Hausdorff topological space G together 


with a group structure on (G; ©) satisfying conditions following: 


(1) The group multiplication o : (a,b) — ao bof GX G => G is continuous; 


(2) The group inversion g > g"' of G > G is continuous. 


Notice that these conditions (1) and (2) can be restated following by the definition of 


continuous mapping. 


(1’) Let a,b € G. Then for any neighborhood W of ao b, there are neighborhoods 
U, V of aand b such that UV C W, where UV = {xo y|x € U, ye V}; 

(2') Fora € Gand any neighborhood V of a”', there is aneighborhood U of a such 
that U Cc V. 
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It is easily verified that conditions (1) and (2) can be replaced by a condition (3) 


following: 


(3’) Let a,b € G. Then for any neighborhood W of ao b“', there are neighborhoods 
U, V of aand b such that UV"! c W. 


A few examples of topological group are listed in the following. 


(1) CR"; +) and (C”; +), the additive groups of n-tuple of real or complex numbers 


are topological group. 
(2) The multiplicative group (S; -) of the complex numbers with S = { z| |z| = 1} is 
a topological group with structure S!. 


(3) Let (C*; -) be the multiplicative group of non-zero complex numbers. The topo- 


logical structure of (C*;-) is R* — {(0,0)}, an open submanifold of complex plane R?. 


Whence, it is a topological group. 


(4) Let Gl(n, R) be the set of n x n non-singular matrices M,,, which is a Euclidean 


space of IR” — (0,0,---,0). Notice that the determinant function det : M,, — R is contin- 
—$——’ 


uous because it is nothing but a polynomial in the coefficients of M,,. Thus (Gl(n, R); det) 
is a topological group. 


Some elementary properties of a topological group (G; 0) are listed following. 


(P1) Let a; € G for integers 1 < i < n anda‘! oa} o---oa;" = b, where g is 
an integer. By condition (1’), for a V(b) neighborhood of b, there exist neighborhoods 
U;, Us,:++, U, of ay, a2,+*+, a, such that Uj! o Uj! 0---o Uc V(b). 

(P2) Let a € G be achosen element and f(x) = xo a, f’(x) = ao xand A(x) = x"! 
for Vx € G. It is clear that f, f’ and ¢ are bijection on G. They are also continuous. In 
fact, let b’ = x’- a for x’ € Gand V a neighborhood of b’. By condition (1’), there are 
neighborhoods U, W of x’ anda such that UW c V. Notice that a €¢ W. Thus Ua c V. By 
definition, we know that f is continuous. Similarly, we know that f’ and ¢ are continuous. 
Whence, f, f’ and ¢ are homeomorphism on G. 

(P3) Let E,F Cc be open and closed subsets, respectively. Then for Va € G, by 
property (P2), Ea, aE, E~' are open, and Fa, aF, F~ are closed also. 


(P4) A topological space S is homogenous if there is ahomeomorphism T : S > S 


for Vp,g € S such that T(p) = qg. Let a = p™' oq in (P2). We know immediately that the 


topological group (G; °) is homogenous. 
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9.4.2 Topological Subgroup. Let (G; 0) be a topological group and H Cc G with condi- 


tions following hold: 


(1) (H, 0) is a subgroup of (G; 0); 
(2) H is closed. 


Such a subgroup (H; 0) is called a topological subgroup of (G; °). 


Theorem 9.4.1 Let (G; 0°) be a topological group and let (H; ©) be an algebraic subgroup 
of (G;0). Then (H; 0°) is a topological subgroup of (G;°) with an induced topology, i.e., 
S is open if and only if S = H()\T, where T is open in G. Furthermore, (H; irc) is a 
topological subgroup of (G; 0) and if H <1G, then (H; 0) is a topological normal subgroup 
of (G; 9). 


Proof We only need to prove that o : H x H — H is continuous. Let a,b € H with 
aob' =c and W aneighborhood of c in H. Then there is an open neighborhood W’ of c 
in G such that W = H()\ W’. Since (G; 0) is a topological group, there are neighborhoods 
U’, V’ of a and b respectively such that U’(V’)"! c W’. Notice that U = H(\U’ and 
V = A()V' are neighborhoods of a and b in H by definition. We know that UV"! c W. 
Thus (H; ©) is a topological subgroup. 

Now let a,b € H. Thenaob™! € H. In fact, by a,b € H, there exist elements 
x,y € H such that x oy"! € H() W, which implies that ao b"! € H. Whence (H; irc) isa 
topological subgroup. 

For Vc € Ganda € H, if HG, thencoaoc! € H. Let V be a neighborhood of 
coaoc’!. Then there is a neighborhood of U such that cUc"! c V. Since a € H, there 
exist x € H() U such that co xoc! € H() V Thusco xoc! € H. Whence, (H;0) isa 
topological normal subgroup of (G; 0). 


Similarly, there are two topological normal subgroups in any topological group (G; ©), 
i.e., {1g} and (G; 0) itself. A topological group only has topological normal subgroups {1G} 
and (G; ©) is called a simple topological group. 


9.4.3 Quotient Topological Group. Let (G; 0) be a topological group and let H<IG bea 
normal subgroup of (G; 0). Consider the quotient G/H with the quotient topology, namely 
the finest topology on G/H that makes the canonical projection g : G — G/H continuous. 
Such a quotient topology consists of all sets gq(U), where U runs over the family of all open 
sets of (G; 0). Whence, if U c G is open, then g-!q(U) = UH = {Uhh € H} is the union 
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of open sets, and so it is also open. 

Choose A, B € G/H, a € A. Notice that B = bH is closed and a ¢ B. There exists a 
neighborhood U(a) of a with U(a)()\ B = 0. Thus the set U’ consisting of all xH, x € U 
is a neighborhood of A with U’ () B = 0. Thus (G/H; 0) is Hausdorff space. 

By definition, g(a) = aH. Let U’ be a neighborhood of a, i.e., consisting of xH 
with x € U and U a neighborhood of (G;0). Notice that UH is open anda € UH. 
Whence, there is a neighborhood V of a such that V c UH. Clearly, g(V) c U’. Thus g 
is continuous. 

It should be noted that o : G/HxG/H — G/H is continuous. In fact, let A, B € G/H, 
C = AB" and W’ aneighborhood of C. Thus W’ consists of elements zW, where W is a 
neighborhood in (G; 0) and z € W. Because C € W’, there exists an element c € W such 
that C = cH. Letb € Banda =cob. Thena € A. By definition, there are neighborhoods 
U, V of a and b respectively such that UV"! c W in (G; 0). Define 


U’ ={xH|xeU} and V’={yH|ye V}. 
There are neighborhoods of A and B in (G/H; 0), respectively. By H < G, we get that 
(xH)(yH)! = xHH"'y = xHy! =(xoy|)He W’. 


Thus U’(V’)"! Cc W’, ie., 0 : G/H x G/H => G/H is continuous. Combining these 


discussions, we get the following result. 


Theorem 9.4.2 For any normal subgroup H of a topological group (G;°), the quotient 
(G/H; °) is a topological group. 


Such a topological group (G/H; 0) is called a quotient topological group. 


9.4.4 Isomorphism Theorem. Let (G; 0), (G’; e) be topological groups and f : (G; 0) > 
(G’;e) be a mapping. If f is an algebraic homomorphism, also continuous, then f is 
called a homomorphism from topological group (G; 0) to (G’; e). Such a homomorphism 
is opened if it is an opened topological homeomorphism. Particularly, if f is an algebraic 
isomorphism and a homeomorphism, f is called an isomorphism from topological group 
(G; 0) to (G’;e). 


Theorem 9.4.3 Let (G;0), (G’;e) be topological groups and g : (G;°) — (G’;e) be 
an opened onto homomorphism, Kerg = N. Then N is a normal subgroup of (G;°) and 
(G;0)/N = (G5). 
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Proof Clearly, N is closed by the continuous property of g and N = Kerg. By 
Theorem 1.2.4, Kerg <1 G. Thus (N; 0) is a normal subgroup of (G; 0). Let x’ € G’. Then 
g(x’N) = x’. Define f : G/N > G' by f(X’N) = x’. We prove such a f is homeomorphism 
from topological space G to G/N. 

Let a’ € G’, f(a’) = A. Denoted by U’ the a neighborhood of A in (G/N; 0). Then 
U’ consists of cosets xN for x € U, where U is a neighborhood of (G;0). Let a € U 
such that A = aN. Since g is opened and g(a) = a’, there is a neighborhood V’ of a’ 
such that g(U) > V’. Now let x’ € V’. Then there is x € U such that g(x) = x’. Thus 
f(x’) = xN € U’, which implies that f(V’) C U’, i.e., f is continuous. 

Let A = aN € G/N, f(A) = a’ and U’ a neighborhood of a’. Because g is 
continuous and g(a) = a’, there is a neighborhood of a such that g(V) Cc U’. Denoted by 
V’ the neighborhood consisting of all cosets xN, where x € V. Notice that g(V) C U’. We 
get that f-!(V’) c U’. Thus f~! is also continuous. 

Combining the above discussion, we know that f : G/N — G’ is a homeomorphism. 


Notice that such a f is an isomorphism of algebraic group. We know it is an isomorphism 


of topological group by definition. L 


9.4.5 Topological Multi- Group. A topological multi-group (.%¢; @) is an algebraic 
multi-system (a; OC ) with / = U HG, and C = Ute i} with conditions following hold: 


(1) (4@;9;) is a group for each integer 7, 1 < i < m, namely, (#%, @) is a multi- 
group; 

(2) Lisa combinatorially topological space .%, i.e., a combinatorial topological 
space underlying a structure G; 

(3) the mapping (a,b) > ao b“' is continuous for Va, b € H, Yo € O;, 1 <i<m. 

For example, let R”, 1 < i < m be Euclidean spaces with an additive operation +; 


and scalar multiplication - determined by 


(Aggy Ag Age * pkg? Mn) Hi (C1 Yas G2? P25 85 Say * Veg) 

= (Ay + xy + bry, An * Xo + or + Yar++ An; * Xn; + Sn; * Ynj) 
for VA), Z; € R, where 1 < 4),f; < n;. Then each R” is a continuous group under +;. 
Whence, the algebraic multi-system (éG(, +++, mn); 0 ’) isa ance multi-group with 
a underlying structure G by definition, where @ = Ut+ . Particularly, if m = 1, ie., 
an n-dimensional Euclidean space R” with the vector additive + and multiplication - is a 


topological group. 
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A topological space $ is homogenous if for Va,b € S, there exists a continuous 


mapping f : S — S such that f(b) = a. We know a simple characteristic following. 


Theorem 9.4.4 Jf a topological multi-group (.%G; @) is arcwise connected and associa- 


tive, then it is homogenous. 


Proof Notice that .“¢ is arcwise connected if and only if its underlying graph G is 


connected. For Va, b € Wg, without loss of generality, assume a € “% and b € A and 
Pla, by = 209.40 «= £,,. & = 0; 


a path from .“% to % in the graph G. Choose c) € MN MH, 02 € HN By, 
Cs € FE_1 1 FE. Then 


A C1 % eo 07 C2 03 C3 04°77 05-1 CF! 0, DT! 
is well-defined and 
aC; OF Ge 07 Cp 03 €3 047+ 05-1 CF! 0,b 1 0, b =a. 


Let L = a09c1 01 C7! 02€2 03€304:* +051 C,'0,b7!0,. Then L is continuous by the definition 
of topological multi-group. We finally get a continuous mapping L : .%g — -% such that 
L(b) = Lb = a. Whence, (.%; @) is homogenous. 


Corollary 9.4.1 A topological group is homogenous if it is arcwise connected. 


A multi-subsystem (4; O) of (.%; @) is called a topological multi-subgroup if it 
itself is a topological multi-group. Denoted by 4%, < -%. A criterion on topological 


multi-subgroups is shown in the following. 


Theorem 9.4.5 A multi-subsystem (Lj; O;) is a topological multi-subgroup of (.%G; @), 
where O, C O if and only if it is a multi-subgroup of (-%G; @) in algebra. 


Proof The necessity is obvious. For the sufficiency, we only need to prove that for 


any operation o € O;, ao db"! is continuous in %,. Notice that the condition (3) in the 


definition of topological multi-group can be replaced by: 


for any neighborhood N y,(aob“') of aob™! in .Yg, there always exist neighborhoods 
Ny,(a) and Ny,(b"') of a and b“! such that Ny,(a) 0 Ny,(b-') © Ny,(a 0 b"'), where 
Ny,(a)° Ny,(b"') = {xo yx € Ny,(a),y € Ny,(b')} 


by the definition of mapping continuity. Whence, we only need to show that for any 
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neighborhood Nv,(xoy"!) in Yy, where x, y € Yy and o € O;, there exist neighborhoods 
Nyz,(x) and Ny,(y"') such that Nz,(x) o Nyv,(y"!) C Ny,(x 0 y!) in Gy. In fact, each 
neighborhood N.v,(x0 y"') of xo y' can be represented by a form Ny,(xo y"!)A Ly. By 
assumption, (.“¢; @) is a topological multi-group, we know that there are neighborhoods 
Ny,(x), Ny¥,(y!) of x and y"! in .Y% such that Ny,(x)o Ny,(y!) C Nyv,(xo y!). Notice 
that Ny, (x)N-Ly, Ny, (y | )N-Ly are neighborhoods of x and y"! in-Z,. Now let Ny, (x) = 
Ny,(x) 0 Yy and Nz,(y'!) = Nyv,(y') A Ly. Then we get that Ny,(x) o Ng,(y!) c 
Ny,(xoy')in Gy, ie., the mapping (x, y) > xo y"! is continuous. Whence, (4; O)) is 


a topological multi-subgroup. O 


Particularly, for the topological groups, we know the following consequence. 


Corollary 9.4.2 A subset of a topological group (T; 0°) is a topological subgroup if and 
only if it is a closed subgroup of ({; ©) in algebra. 


For two topological multi-groups (.%G,; @) and (.%¢,; @2), amapping w : (.%G,; 0) > 


(.%G,3 G2) is a homomorphism if it satisfies the following conditions: 


(1) w is a homomorphism from multi-groups (.%,; @) to (.%G,; G2), namely, for 
Va,b€ .%, ando €O;, w(ao b) = w(a)w(0)w(d); 


(2) wis acontinuous mapping from topological spaces .%G, to -%G,, i.e., for Vx € .%G, 


and a neighborhood U of w(x), w~!(U) is a neighborhood of x. 


Furthermore, if w : (.%,; 01) — (%G,; @2) is an isomorphism in algebra and a 
homeomorphism in topology, then it is called an isomorphism, particularly, an auto- 
morphism if (.%G,;@1) = (%G,; G2) between topological multi-groups (.%G,; @1) and 
(YG; 2). 


§9.5 COMBINATORIAL METRIC SPACES 


es, m 
9.5.1 Multi-Metric Space. A multi-metric space is a union M = |) M; such that each 
i=l 
M,; is a space with a metric p; for Vi, 1 < i < m. Usually, as we say a multi-metric space 
—_— m 
M =  M,, it means that a multi-metric space with metrics (1, 02, - +, Om such that (Mj, p;) 
i=l 
a m a 
is a metric space for any integer i, 1 < i < m. For a multi-metric space M = |) Mj, x « M 
i=l 
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and a positive number r, a r-disk B(x, r) in M is defined by 
B(x, r) = { y| there exists an integer k, 1 < k < m such that p;,(y, x) <rny€ M} 


Remark 9.5.1 The following two extremal cases are permitted in multi-metric spaces: 
(1) there are integers i),i2,---,i, such that M;, = Mi, = --- = Mj,, where i; € 
{1,2,-+-,m}, lsjss; 
(2) there are integers /,,1,,---,/, such that p, = p, = ++: = py,, where 1; € 


{12g}, LZ 7 =... 


Theorem 9.5.1 Let 0, 2,°++,m be m metrics on a space M and let F be a function on 


R” such that the following conditions hold: 


(1) F(x, X, ao ee any 2 FO, y2, ae *, Ym) for Vi, 1 < i < Mm, Xj; 2 Vis 
(2) F(x, X2,°++,%m) = 0 only if x1 = x2 = +++ = Xm = 0; 
(3) for two m-tuples (x1, X2,+*+, Xm) and (V1, y2,°*+,Ym) 


EM ag? td) EP Oi 4 in) 2 ON Ei Ae Bg ee Fe 


Then F(p,, 02,°**, Pm) is also a metric on M. 


Proof We only need to prove that F'(p1, 02, :--, Pm) satisfies those conditions of met- 
ric for Vx,y,z € M. By the condition (2), F(p;(x, y), p2(%, y),°**,Pm(x, y)) = 0 only if 
pi(x, y) = 0 for any integer i. Since p; is a metric on M, we know that x = y. 

For any integer i, 1 < i < m, since p; is a metric on M, we know that p;(x, y) = p;(y, x). 
Whence, 


F(pi(x, y), P2(x, y), re Pla, y)) = F(oi, x), po, x), . Pal; x)). 
Now by (1) and (3), we get that 


F (p(x, y), p2(x, y), ue »Pm(X, y)) ae F(oiQ, Z), P20, z), ad Pals z)) 
2 F(p\(x, y) + pil), Z), P2(x, y) + poly, rar hes Pity) + Dl), z)) 
Z F(p\ (x, z), p2(x, 2); ede sin Z)): 


Therefore, F'(01, 02,°**,m) 1S a metric on M. 


Corollary 9.5.1 If p1,2,---, Om are m metrics on a space M, then p; + p2 +--+: +P, and 
Pt 4 Pm _ are also metrics on M. 
1+p, 1+ py 1+ Pm 
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9.5.2 Convergent Sequence in Multi-Metric Space. A sequence {x,} in a multi-metric 


—_— m —_— 
space M = |) M; is said to be convergent to a point x,x € M if for any number e > 0, 
i=l 
there exist numbers N and i, 1 < i < m such that 


DAN) <€ 


provided n > N. If {x,} is convergent to a point x, x € M , we denote it by lim x, = x. 
n 
We get a characteristic for convergent sequences in multi-metric spaces following. 
—_— m 
Theorem 9.5.2 A sequence {x,} in a multi-metric space M = \) M; is convergent if and 
i=l 
only if there exist integers N and k,1 < k < m such that the subsequence {x,|n => N} is a 


convergent sequence in (Mx, px). 
Proof If there exist integers N and k, 1 < k < m such that {x,|n => N} is a convergent 


sequence in (M,;, p;), then for any number e€ > 0, by definition there exist an integer P and 


a point x, x € M; such that 
Pk(Xn,X) < € 
ifn > max{N, P}. 
Now if {x,} is a convergent sequence in the multi-space M, by definition for any 


positive number € > 0, there exist a point x,x € M , natural numbers N(e) and integer 
k, 1 <k<msuch that ifn > N(e), then 


PK(Xns x) < €. 


Thus {x,|n => N(e)} Cc M; and {x,|n => N(e)} is a convergent sequence in (M;, px). O 


Theorem 9.5.3 Let M = U Mi be a multi-metric space. For two sequences {Xn}, {Yn} 
in M, if lim Xe = -XG) limy, = yo and there is an integer p such that xo, yo € My, then 
lim pp(%n, Yn) = Pp(Xo; Yo). 

Proof According to Theorem 9.5.2, there exist integers N,; and N> such that if n > 
max{N,, No}, then x,, ¥, € M,. Whence, 


Pp(Xns Yn) S Pp(Xns Xo) + Pp(Xo. Yo) + PpWns Yo) 


and 


Pp(X0, Yo) S Pp(Xn, Xo) + Pp(Xns Yn) + PpWns Yo): 
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Therefore, 
lPp(Xns Yn) — Pp(Xo. Yo)l S Pp(%ns X0) + Pp(n, Yo): 
Now for any number e€ > 0, since lim Xn, = Xo and lim Yn = Yo, there exist numbers 
N\(e), Ni(e) = N; and No(e), No(€) = No such that p,(%,%0) < 7 ifn > N,(e) and 
PpWn Yo) < > if n > N>(e). Whence, if we choose n > max{N,(e), N2(6)}, then 


[Ppl ne Vn) — Pp, ¥o)| < €. 


Can a convergent sequence has more than one limiting points? The following result 
answers this question. 


Theorem 9.5.4 [f {x,} is a convergent sequence in a multi-metric space M = L) Mi, then 
i=l 
{x,} has only one limit point. 


Proof According to Theorem 9.5.2, there exist integers N and i, 1 < i < m such that 
x, € M; ifn => N. Now if 


lim x, = x; and lim x, = Xo, 
n n 


and n > N, by definition, 


0 ps4) S Pi Xi) + PAX 42): 


Thus p;(x;, x2) = 0. Consequently, x, = x9. 


Theorem 9.5.5 Any convergent sequence in a multi-metric space is a bounded points set. 


Proof According to Theorem 9.5.4, we obtain this result immediately. 


9.5.3 Completed Sequence in Multi-Metric Space. A sequence {x,} in a multi-metric 


m 


space M = lJ Mis called a Cauchy sequence if for any number e€ > 0, there exist integers 
i=l 
N(e) and s, 1 < s < msuch that for any integers m,n > N(€), Ps(%m; Xn) < €. 


m 


Theorem 9.5.6 A Cauchy sequence {x,} in a multi-metric space M= U M,; is convergent 
if and only if \{x,}(\ M,| is finite or infinite but {x,}(\ My is soimersent in (Mi, px) for 
Vk, 1<k<m. 

Proof The necessity of conditions in this theorem is known by Theorem 9.5.2. Now 
we prove the sufficiency. By definition, there exist integers s, 1 < s < mand N, such that 
Xn € M, ifn > N,. Whence, if |{x,} 1 MJ is infinite and lim{%n} (\M, = x, then there 


must be k = s. Denote by {x,} (1) Mg = (X11, Xh25°°* Xkns°*}- 
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For any positive number e€ > O, there exists an integer N2,N2 > N, such that 
€ €, : 
Di iinetey = a and px(Xin, x) < 5 if m,n > Ny. According to Theorem 9.5.3, we 
get that 


Pe(Xns x) < Pe(Xns Xin) + Pk Xen» x) <€ 


ifn > Ny. Whence, lim x, = x. O 


A multi-metric space M is said to be completed if its every Cauchy sequence is 
convergent. For a completed multi-metric space, we obtain two important results similar 


to Theorems 1.5.3 and 1.5.4 in metric spaces. 


Theorem 9.5.7 Let M = \) M,; be a completed multi-metric space. For an €-disk sequence 
i=l 
{B(€,, Xn)}, where €, > O forn = 1,2,3,---+, if the following conditions hold: 


(1) Ble, 01) > Ble, .%2) > Ble, %3) D >< D> Bley ty) D7 
(2) lim 6, =0, 
n— +00 

+00 
then ()\ B(€,, X,) only has one point. 

n=1 

Proof First, we prove that the sequence {x,} is a Cauchy sequence in M. By the con- 
dition (1), we know that if m > n, then x, € B(6n, Xm) C BCE, Xn). Whence p;(%m, Xn) < & 
provided x», x, € M; for Vi, 1 <i<m. 

Now for any positive number e, since lim €, = O, there exists an integer N(€) such 


n- 


that if n > N(e), then e, < ¢€. Therefore, if rs - M,, then lim x, = x,. Thereby there 
m—-+oo 


exists an integer N such that if m > N, then x,, € M; by Theorem 9.5.2. Choice integers 


m,n > max{N, N(e)}, we know that 
Pi Xms Xn) < G& < €. 


So {x,} 1s a Cauchy sequence. 

By the assumption that M is completed, we know that the sequence {x,,} is convergent 
to a point xo, Xo ¢ eM. By conditions of (i) and (ii), we get that p;(x0, %») < & ifm — +00, 
Whence, xo € fai B(Ens Xn): 


n=l 


+co 
Now if there is a point y € () B(é€, x,), then there must be y € M;. We get that 


n=l 


0 < ply, Xo) = lim p(y, x) < lim «, = 0 
n n—-+0o0 


by Theorem 9.5.3. Thus p;(y, xo) = 0. By the definition of metric function, we get that 


y= Xo. im 
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Let M, and M> be two multi-metric spaces and let f : M, > Mp bea mapping, xo € 
M,, f(x) = yo. For Ve > 0, if there exists a number 6 such that f(x) = y € Ble, yo) C Mp 
for Vx € B(6, Xo), 1.e., 


S(BE, x0) © BCE, yo); 


then f is called continuous at point x9. A mapping f : M, > Mj is called a continuous 
mapping from M, to Mb, if f is continuous at every point of M,. 
For a continuous mapping f from M 1 to M, and a convergent sequence {x,} in M I 


lim x, = Xo, we can prove that 
n 


lim f(%n) = F(X). 


For a multi-metric space M =U M,anda mapping T : M = M, if there is a point 
i=l 
x" € M such that Tx* = x*, then x* is called a fixed point of T. Denote the number of 
fixed points of a mapping T in M by *@(7T). A mapping T is called a contraction on a 
multi-metric space M if there are a constant a,0 < a < | and integers i, j,1 < i,j < m 
such that for Vx, y € Mj, Tx, Ty € M; and 


p(Tx, Ty) < ap;(x, y). 


Theorem 9.5.8 Let M = (J M,; be a completed multi-metric space and let T be a con- 
i=l 
traction on M. Then 


1 <* @(T) <m. 
Proof Choose arbitrary points xo, yo € M; and define recursively 


Xn+1 = yA em Yn+1 = ee 


for n = 1,2,3,---. By definition, we know that for any integer n,n > 1, there exists an 


integer i, 1 < i < m such that x,, y, € M;. Whence, we inductively get that 


0 < PAX Yn) < a" (x0, yo): 


Notice that 0 < a@ < 1, we know that lim a” = 0. Thereby there exists an integer ig 


n—-+0co 
such that 


po (iin x,; hiny,) = 0. 
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Therefore, there exists an integer N; such that x,,y, € M;, ifn => Ni. Now ifn = Ni, we 


get that 


Pi eis) = Pel Nas 1 5-4) 


lA 


Ope Nas Xn-1) = Cp Tx; TXp-2) 


n-N, 


2 
= O' pelGeti te) SS "py, ais SH: 


and generally, 


Pili) S Pe astral Hgts Sead) Fo + Pee Xe) 
(a! $a? +++) +a") pig (XN, 415 XN, ) 

n 
Ta gh io mitt Xu) —>0 (m,n — +00). 


IA 


lA 


form =n = N,. Therefore, {x,} is a Cauchy sequence in M. Similarly, we can also prove 
{y,} is a Cauchy sequence. 


Because M is a completed multi-metric space, we know that 
him x, = limiy, =z". 
n n 


Now we prove z* is a fixed point of T in M. In fact, by p;, (lim x, lim y,) = 0, there exists 
an integer N such that 


Xn» Yn> ieee LY € M,, 


ifn > N+ 1. Whence, 


A 


0 < Pin(Z’, TZ) > pie Xn) + Pil Yy» iz) + pi, (Xns Yn) 


lA 


pile. Xa) tr Opi lvls ra) + Di tn Vi: 


Notice that 
Him pig" %n) = lim pig(Yn-1, 2°) = Lim pig(%n, Yn) = 0. 
We vet o. (2°, TO) = 016,72 = 2. 
For other chosen points uo, vo € M,, we can also define recursively uj; = Tuy, Vas, = 
Tu’ € M,,. Since 


Tv, and get a limiting point limu, = limv, = u* € M,,, 
n n 


plz) =p, 712 Tw) < op,@ 0) 


and 0 < a < 1, there must be z* = u*. 
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Similarly, consider the points in M;,2 < i < m. We get that 


1 <* O(T) <m. 


Particularly, let m = 1. We get Banach theorem in metric spaces following. 


Corollary 9.5.2(Banach) Let M be a metric space and let T be a contraction on M. Then 
T has just one fixed point. 


§9.6 RESEARCH PROBLEMS 


9.6.1 The mathematical combinatorics, particularly, spacial combinatorics is a universal 
theory for advancing mathematical sciences on CC conjecture [Maol19], a philosophi- 
cal thought on mathematics. Applications of this thought can be found in references 
[Mao10]-[Mao1 1], [Mao17]-[Mao38], Particularly, these monographs [Mao37]-[Mao38]. 


9.6.2 The inherited graph of a multi-space S= U x; 1s uniquely determined by Definition 
9.1.1, which enables one to classify multi- space » comibinatorally. The central problem is 


to find an applicable labeling /”, i-e., the characteristic @ on ¥; () Zj. 


Problem 9.6.1 Characterize multi-spaces with an inherited graph G € &, where & is 
a family of graphs, such as those of trees, Euler graphs, Hamiltonian graphs, factorable 
graphs, n-colorable graphs, ---, etc.. 


Problem 9.6.2 Characterize inherited graphs of multi-systems (A; 0) with A = L) A; 

i=l 
and O = {o,\1 < i < n} such that (A;;°;) is a well-known algebraic system for integers 
1 <i<_n, for instance, simple group, Sylow group, cyclic group, --:, etc.. 


9.6.3 Similarly, consider Problems 9.6.1-9.6.2 for combinatorial Euclidean spaces. 


Problem 9.6.3 Characterize a combinatorial Euclidean space underlying graph G and 


calculate it characteristic, for example, dimension, isometry, «+ :, etc.. 


9.6.4 For a given integer sequence | < n; <n) <-++ <n, acombinatorial C"-differential 
manifold (M(m,m,--- tA is a finitely combinatorial manifold M(n, m, -+*.Mm)s 
M(n,m,-°- »Nm) = U U;, endowed with aatlas A = {(Uo; Gala € T} on M(n,m, +++ \Mm) 


for an integer h, h > ca with conditions following hold. 
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(1) {Ua;a@ € J} is an open covering of Mn, No,°**,Nm). 


(2) For Va, # € I, local charts (U,; ~_) and (Ug; gg) are equivalent, 1.e., Uy (| Ug = 9 
or U, (| Ug # % but the overlap maps 


Lo : 05 (Ua () Us) - p( Uz) and LpY," > Da (Us () Us) > Yo(Uq) 


are C'-mappings, such as those shown in Fig.9.6.1 following. 


yp(Ua (| Up) 
yp(Ua (| Up) 


Fig.9.6.1 


(3) Ais maximal, i.e., if (U; y) is a local chart of Mn, N2,***,Mm) equivalent with 
one of local charts in A, then (U; ye A. 

Such a combinatorial manifold M (n1, N2,°**,Mm) 1s Said to be smooth if it is endowed 
with a C®-differential structure. Let A be an atlas on M (1, N2,°**,Mm). Choose a local 
chart (U; @) in A. For Vp €(U; 9), ifo,:U, > U B®) and s(p) = dim Br?) the 


following s(p) X nyp) matrix [w(p)] 


Pee EO FICO gus gi _— 0 

s(p) s(p) 

can rary x28) 26(P)+) aes xen eer 0) 
[a(p)] = s(p) s(p) 

x5P)] aes SPH?) x (PG(P)+1) Sede shod x5(P)ns(p)- 1 xP Ns(p) 


s(p) s(p) 


with x’ = x/* for 1 < i,j < s(p),1 < s < S(p) is called the coordinate matrix of p. 
For emphasize @ is a matrix, we often denote local charts in a combinatorial differential 
manifold by (U; [@]). Applying the coordinate matrix system of a combinatorial differen- 


tial manifold (M (nN, N2,°°*,Mm)3 A), we can define C” mappings, functions and establish 
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differential theory on combinatorial manifolds. The reader is refereed to [Mao33] or 
[Mao38] for details. 


9.6.5 Besides topological multi-groups, there are also topological multi-rings and multi- 
fields in mathematics. A distributive multi-system (a; OO 0») with / = U H;, O, = 
Uta and 0 = Ute is called a topological multi-ring if 

(1) (#4; +i,-i;) is a ring for each integer i, 1 < i < m, ie., (77,0, — Oo) isa 
multi-ring; 

(2) Aisa combinatorially topological space .%G¢; 

(3) the mappings (a, b) > a-;b™'!, (a,b) — a+; (—;b) are continuous for Va, b € %, 
Lei 76 

Denoted by (.%; @; — Gy) a topological multi-ring. A topological multi-ring 
(%G;O; — G) is called a topological divisible multi-ring or multi-field if the condi- 
tion (1) is replaced by (.%; +;, -;) is a divisible ring or field for each integer 1 < i < m. 
Particularly, if m = 1, then a topological multi-ring, divisible multi-ring or multi-field is 
nothing but a topological ring, divisible ring or field in mathematics, 1.e., a ring, divisible 
ring or field (R; +, -) such that 


(1) Ris a topological space; 

(2) the mappings (a,b) > a- b™', (a,b) — a — b) are continuous for Va, b € R. 
More results for topological groups, topological rings can be found in [Pon1] or [Pon2]. 
The reader is refereed to [Mao30], [Mao33] or [Mao38] for results on topological multi- 
groups, topological multi-rings and topological multi-fields. 

9.6.6 Let M = |) M; be a completed multi-metric space underlying graph G and T a 
i=l 

contraction on M. We have know that 1 < *®(T) < m by Theorem 9.5.8. Such result is 

holds for any multi-metric space. Generally, there is an open problem on the number of 


fixed points of a contraction on multi-metric spaces following. 


Problem 9.6.4 Generalize Banach’s fixed point theorem, or determine the lower and up- 
per boundary of *®(T) for contractions T on a completed multi-metric space underlying 


a graph G, such as those of tree, circuit, completed graph, \-factorable graph, --:, etc.. 


CHAPTER 10. 


Applications 


There are many simpler but more puzzling questions confused the eyes of hu- 
man beings thousands years and does not know an answer even until today. 
For example, Whether are there finite, or infinite cosmoses? Is there just one? 
What is the dimension of our cosmos? The dimension of cosmos in eyes of 
the ancient Greeks is 3, but Einstein’s is 4. In recent decades, 10 or 11 is the 
dimension of cosmos in superstring theory or M-theory. All these assump- 
tions acknowledge that there is just one cosmos. Which one is the correct? 
We have known that the Smarandache multi-space is a systematic notion deal- 
ing with objective, particularly for one knowing the WORLD. Thus it is the 
best candidate for the Theory of Everything, 1.e., a fundamental united theory 
of all physical phenomena in nature. For introducing the effect of Smaran- 
dache multi-space to sciences, the applications of Smarandache multi-spaces 
to physics, particularly, the relativity theory with Schwarzschild spacetime, 
to generalizing the input-output model for economy analysis and to knowing 
well infection rule for decreasing or eliminating infectious disease are pre- 


sented in this chapter. 
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§10.1 PSEUDO-FACES OF SPACES 


10.1.1 Pseudo-Face. For find different representations of a Euclidean space R", we 


introduce the conception of pseudo-face following. 


Definition 10.1.1 Let R” be a Euclid space and (R",w) a Euclidean pseudo-space. 
If there is a continuous mapping p : R™ — (R",w), then the pseudo-metric space 
(R”, w(p(R”))) is called a pseudo-face of R” in (R", w). 


For example, these pseudo-faces of R? in R? have been discussed in Chapter 8. For 


the existence of pseudo-faces of a Euclid space R” in R”, we know a result following. 


Theorem 10.1.1 Let R” be a Euclid space and (R", w) a Euclidean pseudo-space. Then 
there exists a pseudo-face of R” in (R", w) if and only if for any number € > 0, there exists 


a number 6 > 0 such that for Wu, V € R” with ||u — || < 6, 


lo(p@)) — o(PO))I < €, 
where ||u|| denotes the norm of vector u in Euclid spaces. 


Proof We show that there exists a continuous mapping p : R” — (R", w) if and only 
if all of these conditions hold. By the definition of Euclidean pseudo-space (R", w), w is 
continuous. We know that for any number € > 0, ||w(X) — wG)|| < € for Vx, y € R" if and 
only if there exists a number 6; > 0 such that ||X — y)|| < 61. 

By definition, a mapping g : R” — R" is continuous if and only if for any number 
6, > O, there exists a number 6, > O such that ||g(x) — gQ)|| < 6, for Va,v € R” with 
||“ — V)|| < 62. Whence, p : R” — (R",w) is continuous if and only if for any number 


€ > O, there is a number 6 = min{6;, 6} such that 


lwp) — w(PM))Il < € 


for Vu, v € R™ with ||“ — V)|| < 6. 


Corollary 10.1.1 Jfm > n+ 1, letw : R" — R”™ be a continuous mapping, then 


(R”, w(p(R”))) is a pseudo-face of R” in (R", w) with 
P(X, X2,°° Xn» Xnt1s °° "> Kai) = W(X, X2,°°*s Xi): 


Particularly, ifm = 3,n = 2 and w is an angle function, then (R", w(p(R"))) is a pseudo- 


face with p(x, X2, X3) = W(X), X2). 
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A relation for a continuous mapping of Euclid space and that of between pseudo- 


faces is established in the next. 


Theorem 10.1.2 Let g: R” — R” and p: R” > (R", @) be continuous mappings. Then 
pgp | : (R",w) > (R", wv) is also a continuous mapping. 

Proof Because the composition of continuous mappings is also a continuous map- 
ping, we know that pgp”! is continuous. 

Now for V(x), x2, +++, Xn) € (R", w), assume that p(y, y2,+ ++, ¥m) = O(%1, X2,°++, Xn) 


(V1, 2; oe Vn) = (Z1, 220° 745 Zi) and P(215 225 ean en) = w(t, fo,82*, tn): Calculation 
shows that 


P&P (W(X, X2,°°* Xn) = PBO1,Y20°°* + Ym) 


= P(21; 225 aie 5a) = w(t, Egy 8%, in) € (R", w). 


Whence, pgp! : (R", w) > (R", w) is continuous. oO 


Corollary 10.1.2 Let C(R”) and C(R", w) be sets of continuous mapping on Euclid space 
R” and pseudo-metric space (R", w), respectively. If there is a Euclidean pseudo-space 
for R” in (R", w). Then there is a bijection between C(R") and C(R", w). 


10.1.2 Pseudo-Shape. For an object 8 in a Euclid space R”, its shape in a pseudo- 
face (R", w(p(R”))) of R” in (R", w) is called a pseudo-shape of 8. We get results for 


pseudo-shapes of balls in the following. 
Theorem 10.1.3 Let 8 be an (n + 1)-ball of radius R in a space R"", i.e., 
Meat + VPtP sR’. 
Define a continuous mapping w : R" > R" by 
CX], X25°** 4 Xn) = SEX, X25°* +5 Xn) 
for a real number ¢ and a continuous mapping p : R"*! — R" by 


P(X, X2, tty Xn t) = W(X), X2, = ee a8 


2 


VR? - 7 
Then the pseudo-shape of 8 in (R",w) is a ball of radius —a for any parameter 
S 


1 
t,-R < t < R. Particularly, ifn = 2 ands = 5 it is a circle of radius VR? — t? for 


parameter t and an elliptic ball in R? as shown in Fig.10.1.1. 
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(0, 0, -2R) 


Fig.10.1.1 


Proof For any parameter f, an (n + 1)-ball 
txt +2P4+P sR 
can be transferred to an n-ball 
tate +P <R-2 
of radius VR? — £2. Whence, if we define a continuous mapping on R” by 
CX], X25° ++, Xn) = SEX, X25°+ +5 Xn) 


and 
P(X, X2,°°* Xn» t) = W(X, X2,° "5 Xn); 
then we get easily an n-ball 
R-r 
ae 2 
Xp PX te tS ap? 
of S under p for parameter t, which is just a pseudo-face of S on parameter ¢ by definition. 


For the case of n = 2 and ¢ = > since its pseudo-face is a circle on a Euclid plane 


and —R < t < R, we get an elliptic ball as shown in Fig.10.1.1. 


Similarly, if we define w(x1, %2,°++,X,) = 2/(OP, Ot) for a point P = (x1, %2,°°-, 
Xn, t), 1.e., an angle function, we can also get a result like Theorem 10.1.2 for pseudo- 


shapes of an (n + 1)-ball. 
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Theorem 10.1.4 Let 8 be an (n + 1)-ball of radius R in space R"™|, i.e., 
tte tere sR’. 
Define a continuous mapping w : R" > R" by 
ww(X1, X2,°**, Xn) = 2Z(OP, OF) 
for a point P on 8 and a continuous mapping p : R"*! > R" by 
P(X, X2,° ++, Xn t) = W(X, X2,° ++, Xn). 


Then the pseudo-shape of B in (R",w) is a ball of radius VR? — t* for any parameter 
t,-R<t<R. Particularly, if n = 2, it is a circle of radius VR? — t? on parameter t and a 
body in R? with equations 


t t 
> arctan(—) = 2a and > arctan(—) = 27 
x y 


for curves of its intersection with planes XOT and YOT. 


Proof The proof is similar to that of Theorem 10.1.3, and these equations 


t t 
> arctan(—) = 27 or $ arctan(—) = 27 
x y 


are implied by the geometrical meaning of an angle function in the case of n = 2. L 
10.1.3 Subspace Inclusion. For a Euclid space R", we can get a subspace sequence 
Ry > R, D-:-DR,_) DR,, 


where the dimension of R; is n — i for 1 < i < n and R, is just a point. Generally, we can 


not get a sequence in a reversing order, 1.e., a sequence 


Ro CR, c-:-cR,_; CR, 


in classical space theory. By applying Smarandache multi-spaces, we can really find this 
kind of sequence, which can be used to explain a well-known model for our cosmos in 
M-theory. 


Theorem 10.1.5 Let P = (x1, %2,°++,%) be a point in R". Then there are subspaces of 


dimensional s in P for any integer s,1 <5 <n. 
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Proof Notice that there is a normal basis e; = (1,0,0,---,0), e2 = (0,1,0,---,0), 
--, e; = (0,---,0,1,0,---,0) (every entry is 0 unless the i-th entry is 1), ---, e, = 
(0,0,---,0, 1) in a Euclid space R” such that 


(Aig Aas? 9 Xp) = ei + en +2 2° + Re, 


for any point (x), X2,---,X,) in R". Now consider a linear space R™ = (V, t+news Onew) ON A 
field F = {a;,b;,c;,---, dj;i = 1}, where V = {x,, x2,---,x,}. Not loss of generality, we 


assume that x), x2,---,x, are independent, i.e., if there exist scalars a), a2,---,a, such that 
Q) Onew X1 Fnew 42 Onew X2 Fnew *** tnew As Cnew Xs = 0, 
then a, = ad =--- = Oye and there are scalars b;, c;,---,d; with | <i < sin R™ such that 
Xs41 = by new X1 +new by Onew X2 tnew *** Fnew bs Cnew X35 


X542 = C1 Onew X1 tnew C2 Cnew X2 tnew *** tnew Cs Cnew Xs3 


Xn = d Onew X1 +new dy Onew X2 tnew *** thew tl Onew Xs- 


Consequently, we get a subspace of dimensional s in point P of R”. 


Corollary 10.1.3. Let P be a point in a Euclid space R". Then there is a subspace 


sequence 


R, CR, c-::-cR_, CR, 


such that R,, = {P} and the dimension of the subspace R; isn —i, where 1 <i<n. 


Proof Applying Theorem 10.1.5 repeatedly, we can get such a sequence. 


§10.2 RELATIVITY THEORY 


10.2.1 Spacetime. In theoretical physics, these spacetimes are used to describe various 
states of particles dependent on the time in a Euclid space R*. There are two kinds of 
spacetimes. One is the absolute spacetime consisting of a Euclid space R? and an inde- 
pendent time, denoted by (x1, x2, x3|t). Another is the relative spacetime, 1.e., a Euclid 


space R*, where time is the f-axis, seeing also in [Car1] for details. 
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A point in a spacetime is called an event, i.e., represented by (x), X2,.x3) € R°® and re 
R* in an absolute spacetime in Newton’s mechanics and (x1, x2, x3,f) € R‘ with time 
parameter f in a relative spacetime in Einstein’s relativity theory. 

For two events Ay = (x1, X2, x3|f;) and Ay = (yj, yo, y3|f2), the time interval At is 


defined by At = ft; — f2 and the space interval A(A,, Az) by 


A(Ay, Az) = ¥(%1 — 1)? + 2 — yo)? + (3 — 3). 


Similarly, for two events By = (x1, X2,.%3,f,) and By = (1, y2, 3, f2), the spacetime 
interval As is defined by 
A?s =’ AP + A*(Bi, Bo), 
where c is the speed of the light in vacuum. For example, a spacetime only with two 


parameters x, y and the time parameter f is shown in Fig.10.2.1. 
fro | 


Fig.10.2.1 


10.2.2 Lorentz Transformation. The Einstein’s spacetime is a uniform linear space. 
By the assumption of linearity of spacetime and invariance of the light speed, it can be 


shown that the invariance of space-time intervals, 1.e., 


For two reference systems S , and S 3 with a homogenous relative velocity, there must 
be 
As =A. 
We can also get the Lorentz transformation of spacetime or velocities by this as- 


sumption. For two parallel reference systems S$; and S2, if the velocity of S> relative to 


Sec.10.2 Relativity Theory 313 


S, along x-axis is v, such as shown in Fig.10.2.2, 


Z1 £2 
v 
O; y1 : Or y2 
X{ X2 


Fig.10.2.2 


then the Lorentz transformation of spacetime, transformation of velocity are respectively 


Xx, — Vy Ve —¥ 
 —————— Vy = [ta 
— (2/2 ra 
«fl () ra 
Vy aft - (4) 
y2 = _ ¢ 
and Vyo —- Wry 
£9 = hi. L= @ 
t, — “2x Vv\2 
(os Vay yl-@ 


fi-ep va ra 


In a relative spacetime, the general interval is defined by 


ds =gyadx'dx', 


where gy = 2,,(x’,t) is a metric both dependent on the space and time. We can also 


introduce the invariance of general intervals, i.e., 
ds’ = B,ax ax = ee sae ae 
Then the Einstein’s equivalence principle says that 


There are no difference for physical effects of the inertial force and the gravitation 


in a field small enough. 


An immediately consequence of the this equivalence principle is the idea that the 
geometrization of gravitation, i.e., considering the curvature at each point in a spacetime 
to be all effect of gravitation), which is called a gravitational factor at that point. 

Combining these discussions in Section 10.1.1 with Einstein’s idea of the geometriza- 


tion of gravitation, we get a result for spacetimes following. 
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Theorem 10.2.1 Every spacetime is a pseudo-face in a Euclid pseudo-space, especially, 


the Einstein’s space-time is R" in (R*, w) for an integer n,n > 4. 


By the uniformity of spacetime, we get an equation by equilibrium of vectors in 


cosmos following. 


Theorem 10.2.2 For a spacetime in (R*,w), there exists an anti-vector Wo Of Wo along 


any orientation O in R' such that 
Wo + Wo = 0. 


Proof Since R* is uniformity, by the principle of equilibrium in uniform spaces, 


along any orientation O in R‘, there must exists an anti-vector wz of wo such that 


Wo + Wo = 0. 
10.2.3 Einstein Gravitational Field. For a gravitational field, let 


1 
Oa = Ky ZR8uy + AR wy 


in Theorem 10.2.2. Then we get that 
Oyy = —8AGTyy. 
Consequently, we get the Einstein’s equations 


1 
Kige ZF8uv + Agyy = —8AGT,y 


of gravitational field. For solving these equations, two assumptions following are needed. 


One is partially adopted from that Einstein’s, another is suggested by ours. 


Postulate 10.2.1 At the beginning our cosmos is homogenous. 


Postulate 6.2.2. Human beings can only survey pseudo-faces of our cosmos by observa- 


tions and experiments. 


10.2.4 Schwarzschild Spacetime. A Schwarzschild metric is a spherically symmetric 
Riemannian metric 
asa gar” 


used to describe the solution of Einstein gravitational field equations in vacuum due to 


a spherically symmetric distribution of matter. Usually, the coordinates for such space 
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can be chosen to be the spherical coordinates (r,6,¢), and consequently (t, 7,0, @) the 
coordinates of a spherically symmetric spacetime. Then a standard such metric can be 


written as follows: 
ds’ = B(r, t)dt? — A(r, t)dr’ — r°(d@ + sin’ 6d¢”). 


Solving these equations enables one to get the line element 


1 
as = fol = “)ae -7o3 dr* — r°(d@ + sin’ 6dd”) 
r & 


for Schwarzschild spaces. See [Carl] or [Mao36] for details. 
The Schwarzschild radius r, is defined to be 


rg 2Gm 


At its surface r = r,, these metric tensors g,, diverge and g,, vanishes, which giving the 
existence of a singularity in Schwarzschild spacetime. 

One can show that each line with constants t,6 and @ are geodesic lines. These 
geodesic lines are spacelike if r > r, and timelike if r < r,. But the tangent vector of 
a geodesic line undergoes a parallel transport along this line and can not change from 
timelike to spacelike. Whence, the two regions r > r, and r < r, can not join smoothly at 
the surface r = ry. 

We can also find this fact if we examine the radical null directions along dé = ¢ = 0. 


In such a case, we have 
-1 
ae (1 : *)ar -(1 : *) GPs: 
r Fr 


Therefore, the radical null directions must satisfy the following equation 


in units in which the speed of light is unity. Notice that the timelike directions are con- 
tained within the light cone, we know that in the region r > r, the opening of light cone 
decreases with r and tends to 0 at r = r,, such as those shown in Fig.10.2.3. 

In the region r < r, the parametric lines of the time t become spacelike. Conse- 
quently, the light cones rotate 90°, such as those shown in Fig.10.2.3, and their openings 


increase when moving from r = 0 to r = r;. Comparing the light cones on both sides of 
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r = rs, we can easy find that these regions on the two sides of the surface r = r, do not 


join smoothly at r = r,. 


Fig. 10.2.3 


10.2.5 Kruskal Coordinate. For removing the singularity appeared in Schwarzschild 
spacetime, Kruskal introduced a new spherically symmetric coordinate system, in which 
radical light rays have the slope dr/dt = +1 everywhere. Then the line element will has a 
form 

ds’ = f°dt — fdr — r°(d@ + sin’ 6d”). 
By requiring the function f to depend only on r and to remain finite and nonzero for 
u = v = 0, we find a transformation between the exterior of the spherically singularity 


r > rs and the quadrant u > |v| with new variables following: 


r 2 r t 
i= (= - | exo ("| cosh (5), 


The inverse transformations are given by 


r id 
| Bae oer eee 


L 
or, = arctanh (~) 
and the function f is defined by 

p 32Gm* - ( a 


r ls 


= a transcendental function of uw? — v’. 
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This new coordinates present an analytic extension E of the limited region S of the 
Schwarzschild spacetime without singularity for r > r,. The metric in the extended region 
joins on smoothly and without singularity to the metric at the boundary of S atr = r,. This 
fact may be seen by a direction examination of the geodesics, i.e., every geodesic followed 
in which ever direction, either runs into the barrier of intrinsic singularity at r = 0, 1.e., 
v’ — wv = 1, or is continuable infinitely. Notice that this transformation also presents a 
bridge between two otherwise Euclidean spaces in topology, which can be interpreted as 


the throat of a wormhole connecting two distant regions in a Euclidean space. 


10.2.6 Friedmann Cosmos. Applying these postulates, Einstein’s gravitational equa- 
tions and the cosmological principle, i.e., there are no difference at different points and 
different orientations at a point of a cosmos on the metric 10*1.y., we can get a standard 
model for cosmos, called the Friedmann cosmos by letting 

ar 


ds’ =-c'dt +a°(t 
s c +a Ol yn 


+1r°(d@ + sin’ 6dy’)] 


in Schwarzschild cosmos, seeing [Carl] for details. Such cosmoses are classified into 


three types: 


Static Cosmos: da/dt = 0; 
Contracting Cosmos: da/dt < 0; 
Expanding Cosmos: da/dt > 0. 


By Einstein’s view, our living cosmos is the static cosmos. That is why he added a cos- 
mological constant A in his equation of gravitational field. But unfortunately, our cosmos 


is an expanding cosmos found by Hubble in 1929. 


§10.3 A COMBINATORIAL MODEL FOR COSMOS 


As shown in Chapter 2, a graph with more than 2 vertices is itself a multi-space with 
different vertices, edges two by two. As an application, we consider such multi-spaces for 


physics in this section. 


10.3.1 M-Theory. Today, we have know that all matter are made of atoms and sub- 


atomic particles, held together by four fundamental forces: gravity, electro-magnetism, 
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strong nuclear force and weak force. Their features are partially explained by the quantum 
theory and the relativity theory. The former is a theory for the microcosm but the later is 
for the macrocosm. However, these two theories do not resemble each other in any way. 
The quantum theory reduces forces to the exchange of discrete packet of quanta, while 
the relativity theory explains the cosmic forces by postulating the smooth deformation of 
the fabric spacetime. 

As we known, there are two string theories : the Ey x Ex heterotic string, the SO(32) 
heterotic string and three superstring theories: the SO(32) Type I string, the Type ITA and 


Type ITB in superstring theories. Two physical theories are dual to each other if they 


have identical physics after a certain mathematical transformation. There are 7-duality 


and S-duality in superstring theories defined in the following table 10.3.1({Duf1]). 


T-duality Radiuse 1/(radius) charge 1/(charge) 
Kaluza-Kleine Winding Electrics Magnet 


S -duality charges 1/(charge) Radiuse 1/(Radius) 
Electric Magnetic Kaluza-Kleine Winding 
table 10.3.1 


We already know some profound properties for these spring or superspring theories, 


such as: 


(1) Type JIA and //B are related by T-duality, as are the two heterotic theories. 

(2) Type J and heterotic $ O(32) are related by S-duality and Type //B is also S-dual 
with itself. 

(3) Type // theories have two supersymmetries in the 10-dimensional sense, but the 
rest just one. 

(4) Type J theory is special in that it is based on unoriented open and closed strings, 
but the other four are based on oriented closed strings. 

(5) The JIA theory is special because it is non-chiral(parity conserving), but the 
other four are chiral(parity violating). 

(6) In each of these cases there is an 11th dimension that becomes large at strong 
coupling. For substance, in the JA case the 11th dimension is a circle and in //B case 
it is a line interval, which makes 11-dimensional spacetime display two 10-dimensional 


boundaries. 
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(7) The strong coupling limit of either theory produces an 11-dimensional space- 
time. 
(8) ---, etc.. 


The M-theory was established by Witten in 1995 for the unity of those two string 
theories and three superstring theories, which postulates that all matter and energy can be 
reduced to branes of energy vibrating in an 11 dimensional space. This theory gives one 
a compelling explanation of the origin of our cosmos and combines all of existed string 
theories by showing those are just special cases of M-theory, such as those shown in the 
following. 

Eg X Eg heterotic string 
S O(32) heterotic string 
M - theory > 5 S$ O(32) Type I string 
Type IIA 
Type IIB. 
See Fig.10.3.1 for the M-theory planet in which we can find a relation of M-theory 


with these two strings or three superstring theories. 
The M-theory Planet 


IIA Superstring Type I superstring 


Heterotic SO(32) 


IIB Superstring 


Heterotic £8 x E8 


IIB Superstring Uncharted water 


Fig.10.3.1 


A widely accepted opinion on our cosmos is that itis in accelerating expansion, 1.e., 
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it is most possible an accelerating cosmos of expansion. This observation implies that it 


should satisfies the following condition 


a 
dt? 


The Kasner type metric 
ds’ = —dt’ + a(t)’d,, + b(t)’ ds*(T”) 
solves the 4 + m dimensional vacuum Einstein equations if 
a(t) = t and b(t) = tv 


with 


3+ y3m(m + 2) 3 = V3m(m + 2) 


3(m+3) SO + 3) 
These solutions in general do not give an accelerating expansion of spacetime of dimen- 


sion 4. However, by applying the time-shift symmetry 
t > bho —F, a(t) = (fee ~ ae 


we see that yields a really accelerating expansion since 


da(t) oan da(t) 


0. 
dt dt? e 


According to M-theory, our cosmos started as a perfect 11 dimensional space with 
nothing in it. However, this 11 dimensional space was unstable. The original 11 dimen- 
sional spacetime finally cracked into two pieces, a 4 and a 7 dimensional cosmos. The 
cosmos made the 7 of the 11 dimensions curled into a tiny ball, allowing the remaining 4 
dimensional cosmos to inflate at enormous rates. This originality of our cosmos implies 


a multi-space result for our cosmos verified by Theorem 10.1.5. 


Theorem 10.3.1 The spacetime of M-theory is a multi-space with a warping R! at each 
point of R*. 


Applying Theorem 10.3.1, an example for an accelerating expansion cosmos of 
4-dimensional cosmos from supergravity compactification on hyperbolic spaces is the 


Townsend-Wohlfarth type in which the solution is 


ds’ =e ™0 (-s “de 2S *dx3) + a ee 
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where 


m m+2 


1 
=(In K(f) ~ 3ot), $7 = Kwere fi 


p(t) = 


and 

a il) a + fl] 
with £ = ¥3+6/m. This solution is obtainable from space-like brane solution and if 
the proper time ¢ is defined by dg = S$3(f)dt, then the conditions for expansion and 


7 


2: = . . 
acceleration are = - > 0 and oS > 0. For example, the expansion factor is 3.04 if m = 7, 


Le., a really ae aiiie cosmos. 


10.3.2 Pseudo-Face Model of p-Brane. In fact, M-theory contains much more than just 
strings, which is also implied in Fig.10.3.1. It contains both higher and lower dimensional 
objects, called branes. A brane is an object or subspace which can have various spatial 
dimensions. For any integer p > 0, a p-brane has length in p dimensions, for example, a 
0-brane is just a point; a 1-brane is a string and a 2-brane is a surface or membrane - - - 


For example, two branes and their motion have been shown in Fig.10.3.2, where (a) 


is a 1-brane and (b) is a 2-brane. 


Combining these ideas in the pseudo-spaces theory and M-theory, a model for R” 


7 


Fig.10.3.2 


by combinatorial manifolds is constructed in the below. 


Model 10.3.1 For each m-brane B of a space R", let (n\(B), n2(B), ---,n)(B)) be its unit 


vibrating normal vector along these p directions and q : R™ — R* a continuous mappine. 
&§ &§ P q IPpIng 
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Now for VP € B, define 
w(q(P)) = (m1 (P), n2(P), +++, Mp(P)). 


Then (R*, w) is a pseudo-face of R", particularly, if m = 11, it is a pseudo-face for the 
M-theory. 


If p = 4, the interesting conclusions are obtained by applying results in Chapters 9. 


Theorem 10.3.2 Fora sphere-like cosmos B’, there is a continuous mapping q : B* — R? 


such that its spacetime is a pseudo-plane. 


Proof According to the classical geometry, we know that there is a projection g : 
B’ > R’ from a 2-ball B’ to a Euclid plane R’, as shown in Fig.10.3.3. 


N 


R? plu) 


Fig. 10.3.3 


Now for any point wu € B? with an unit vibrating normal vector (x(u), y(w), z(u)), 
define 


w(q(u)) = (z(u), t), 


where f is the time parameter. Then (R’, w) is a pseudo-face of (B’, 2). L 


Generally, we can also find pseudo-surfaces as a pseudo-face of sphere-like cos- 


moses. 


Theorem 10.3.3 For a sphere-like cosmos B? and a surface S, there is a continuous 


mapping q : B’ > S such that its spacetime is a pseudo-surface on S.. 
q 


Proof According to the classification theorem of surfaces, an surface $ can be com- 
binatorially represented by a 2n-polygon for an integer n,n > 1. If we assume that each 


edge of this polygon is at an infinite place, then the projection in Fig.6.6 also enables us 
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to get a continuous mapping gq : B’? > S. Thereby we get a pseudo-face on S for the 


cosmos B?. 


Furthermore, we can construct a combinatorial model for our cosmos. 


Model 10.3.2 For each m-brane B of a space R", let (n\(B), n2(B), - ++ ,,(B)) be its unit 
vibrating normal vector along these p directions and gq : R™ — R* a continuous mapping. 


Now construct a graph phase (G, w, A) by 


VG) = tp — branes q(B)}, 


E(G) = {(q(B), q(B2))|there is an action between B, and B>}, 
w(q(B)) = (n,(B), nn(B), er) n,(B)), 


and 
A(q(B,), g(B2)) = forces between B, and By. 


Then we get a graph phase (G, w, A) in R*. Similarly, if m = 11, it is a graph phase for 
the M-theory. 


If there are only finite p-branes in our cosmos, then Theorems 10.3.2 and 10.3.3 can 


be restated as follows. 


Theorem 10.3.4 For a sphere-like cosmos B? with finite p-branes and a surface S, its 


spacetime is a map geometry on §. 


Now we consider the transport of a graph phase (G, w, A) in R” by applying conclu- 


sions in Chapter 2. 


Theorem 10.3.5 A graph phase (G,,w,, A;) of space R” is transformable to a graph 
phase (G2, W2, A2) of space R" if and only if G, is embeddable in R" and there is a con- 


tinuous mapping T such that W2 = T(w,) and Ay = T(A}). 


Proof \f (G;,w 1, A;) is transformable to (G2, w2, Az), by the definition of transfor- 
mation there must be G, embeddable in R” and there is a continuous mapping T such that 
W2 = T(w,) and Ay = T(A)). 

Now if G, is embeddable in R” and there is a continuous mapping T such that w2 = 
T(w,), Az = T(A}), let ¢ : G; — G2 be a continuous mapping from G to G, then (¢, T) is 
continuous and 

(¢,7) : (Gi, @1, Ar) — (G2, Wo, Az). 
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Therefore (G1, w;, A;) is transformable to (G2, w2, Az). O 


Theorem 10.3.5 has many interesting consequences as by-products. 


Corollary 10.3.1 A graph phase (G,, w;, A,) in R” is transformable to a planar graph 
phase (G2, W2, Az) if and only if G2 is a planar embedding of G, and there is a contin- 
uous mapping T such that wz = T(w), Ao = T(A;) and vice via, a planar graph phase 
(G2, W2, Ax) is transformable to a graph phase (G, w;, A,) in R” if and only if G, is an 
embedding of G2 in R" and there is a continuous mapping tT! such that w, = T'(w2), 
Ay =T (Ad). 


Corollary 10.3.2 For a continuous mapping T, a graph phase (G,, W;, Ay) in R” is trans- 
formable to a graph phase (G2, T(w,), T(A)) in R” with m,n > 3. 


Proof This result follows immediately from Theorems 5.2.2 and 10.3.5. L 


Theorem 10.3.5 can be also used to explain the problems of travelling between cos- 
moses or getting into the heaven or hell for a person. We all know that water can go 
from liquid phase to steam phase by heating and then come back to liquid phase by cool- 
ing because its phase is transformable between liquid phase and steam phase. Thus it 
satisfies the conditions of Theorem 10.3.5. For a person on the earth, he can only get 
into the heaven or hell after death because the dimensions of the heaven and that of the 
hell are respectively more or less than 4 and there are no transformations from a pattern 
of alive person in cosmos to that of in heaven or hell by the biological structure of his 
body. Whence, if the black holes are really these tunnels between different cosmoses, the 
destiny for a cosmonaut unfortunately fell into a black hole is only the death ([Haw1]- 
[Haw3]). Perhaps, there are other kind of beings found by human beings in the future 
who can freely change his phase from one state in space R” to another in R” with m > n 


or m <n. Then at that time, the travelling between cosmoses is possible for those beings. 


10.3.3 Combinatorial Cosmos. Until today, many problems in cosmology are puzzling 
one’s eyes. Comparing with these vast cosmoses, human beings are very tiny. In spite of 
this depressed fact, we can still investigate cosmoses by our deeply thinking. Motivated by 
this belief, a multi-space model for cosmoses, called combinatorial cosmos is introduced 


following. 
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Model 10.3.3 A combinatorial cosmos is constructed by a triple (Q, A, T), where 


Q=( Ja, A=|Jo, 


iz0 iz0 


and T = {t;;i > O} are respectively called the cosmos, the operation or the time set with 


the following conditions hold. 


(1) (Q, A) is a Smarandache multi-space dependent on T, i.e., the cosmos (Q;, O;) is 
dependent on time parameter t; for any integer i, i > 0. 


(2) For any integer i,i > 0, there is a sub-cosmos sequence 
CS): QD ++ D Qi D Qi 


in the cosmos (Q;, O;) and for two sub-cosmoses (Qi;, Oj) and (Qi, O1), if Qi; D Qi, then 
there is a homomorphism pg,;,0, + (Qij, Oi) > (Qi, Oj) such that 


(i) for VQ, O7), (Qi, O07), (Qi3, O71) € ($+), FQ D Qi2 D Qjz, then 


PQi1,.Qi3 = PQi1Qi2 P PO2,Q)3> 


where “o” denotes the composition operation on homomorphisms. 
(ii) for Vg,h € Q,, if for any integer i, po.o,(g) = Pao,(h), then g = h. 
(iii) for Vi, if there is an f; € Q; with 


9,0; 9.2; Fi) = P2;,9;7.9,F)) 


for integers 1, j,Q:() Q; # 0, then there exists an f € Q such that poof) = fi for any 


integer I. 


These conditions in (2) are used to ensure that a combinatorial cosmos posses the 
general structure sheaf of topological space, for instance if we equip each multi-space 
(Q;,O;) with an Abelian group G; for any integer i,i > 0, then we get structure sheaf 
on a combinatorial cosmos. This structure enables that a being in a cosmos of higher 
dimension can supervises those in lower dimension. For general sheaf theory, the reader 
is referred to the reference [Har1] for details. 


By Model 10.3.3, there is just one cosmos Q and the sub-cosmos sequence is 


R* > R? 5 ROR! DR®={P}DRD--- DR DR = {Q}. 
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in the string/M-theory. In Fig.10.3.4, we have shown the idea of the combinatorial cos- 


mos. 


visual cosmos dimension> 4 


higher cosmos 


Fig. 10.3.4 


For 5 or 6 dimensional spaces, it has been established a dynamical theory by this 
combinatorial speculation([Pap1]-[Pap2]). In this dynamics, we look for a solution in the 
Einstein’s equation of gravitational field in 6-dimensional spacetime with a metric of the 


form 


2 
ds’ = —n’(t,y,z)dt” + a(t, y,2)d >, +b°(t,y,2)dy’ + d°(t,y, dz 
k 


where d >; represents the 3-dimensional spatial sections metric with k = —1,0, 1 respec- 
tive corresponding to the hyperbolic, flat and elliptic spaces. For 5-dimensional space- 
time, deletes the indefinite z in this metric form. Now consider a 4-brane moving in a 


6-dimensional Schwarzschild-ADS spacetime, the metric can be written as 


2 2 
ds? = —h(2dt? + =4)) +h "(Qdz, 
k 


where 
= dr 2412 here: 
a) = Taya + Pd + (1 - ke? )dy 
k 
and 5 
Zz M 
h(z) = k+ a = a 


Then the equation of a 4-dimensional cosmos moving in a 6-spacetime is 


4 4 
K K 5 
(6) 2 (6) K 


R R 
pre nee eee 
RR 64” ~ 8 RP 
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by applying the Darmois-Israel conditions for a moving brane. Similarly, for the case of 
a(z) # b(z), the equations of motion of the brane are 


A 


°-dR-dR V1l+d?R2(... 0. K 
cas [ane " at — (dd,n - nd.ae?) = = (3(p + p)+ p), 
V+ PR n 


4 
: K 
Mt 1+ PR =~“ p+ p-p), 
a 


4 
0b : K 
ay Vit PR = -—> (0 - 3p - p)), 
where the energy-momentum tensor on the brane is 


; 1 
Py = hal — ZT hyn 


with T/; = diag(—p, Pp, p, p, p) and the Darmois-Israel conditions 
[Kind = Skeet ais 
where K,,, is the extrinsic curvature tensor. 
10.3.4 Combinatorial Gravitational Field. A parallel probe on a combinatorial Eu- 
clidean space R= U R” is the set of probes established on each Euclidean space R”™ for 


i=l 
integers 1 < i < m, particularly for R” = R° for integers 1 < i < m which one can detects 


a particle in its each space R? such as those shown in Fig.10.3.5 in where G = Ky and 


there are four probes P;, P2, P3, P4. 


(1) Ce 


Fig. 10.3.5 
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Notice that data obtained by such parallel probe is a set of local data F(x;1, Xj2, Xi3) 
for 1 < i < m underlying G, i.e., the detecting data in a spatial € should be same if 
€ € R? 7 R®, where R> denotes the R* at u € V(G) and (R3, R°) € E(G). 

For data not in the R? we lived, it is reasonable that we can conclude that all are the 
same as we obtained. Then we can analyze the global behavior of a particle in Euclidean 
space R” with n > 4. Let us consider the gravitational field with dimensional> 4. We 
know the Einstein’s gravitation field equations in R° are 


1 
Kae 78k = KT yy, 


where Ry = Ray a BPR siays R = gR,, are the respective Ricci tensor, Ricci scalar 


curvature and 
82G 


kK = —~ = 2.08 x 10° 8cm!.g!. s? 
c 
Now for a gravitational field R” with n > 4, we decompose it into dimensional 3 Euclidean 


spaces R?, R?, ---, R’. Then we find Einstein’s gravitational equations as follows: 


u? 


1 
Ruy, ax Snir = —81G Env,» 


1 
Ruy, = 78k = —87GEn,v,, 


1 
Ruyry = ZShurwk = —87GEj,,v,, 
for each R}, R3,---, R>. If we decompose R” into a combinatorial Euclidean fan-space 
RG, 3,---,3), then u,v,---,w can be abbreviated to 1,2---,m. In this case, these gravi- 
— 


m 


tational equations can be represented by 


1 
Rwyor) — F8qmonR = —8rGEquryor) 


2 

with a coordinate matrix 
gil cas ol? ae yf 
gl wee 92 ae. G8 


xl wee yen, x3 
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for a point p € R", where m = aim(( R”] a constant for Vp € (R" and x" = x for 
1<i<m,1<I1<™m. Because the local behavior is that of the eceen of the global. 
Whence, the following principle for determining behavior of particles in R”, n => 4 hold. 
Projective Principle A physics law in a Euclidean space R" ~ R= U R? with n > 4 is 
invariant under a projection on R3 in R. 7 

Applying this principe enables us to find a spherically symmetric solution of Ein- 


stein’s gravitational equations in Euclidean space R”. 


A combinatorial metric is defined by 
ds’ = Sumuend dx", 


where 2(»)«a) 18 the Riemannian metric in (mM «fs D). Generally, we can choose a orthog- 


a = = — : ———— Q 
onal basis {211,-++,2in+***+Expnqp} for gpLU], p € M(0), ive., (Guys Bea) = 5}. Then 


2 2 
ds = Suny (dx"”) 
s(p) stp) s(p) S(p)+1 


= >, > Suu (xy + ys > Beniuntax’ 


ual v=l H=1 v=l1 
1 ‘s(p) s(p) s(p) s(p)+1 
ar v v\2 
= 2G) dd, Pingayar * » di Cimnmlar ) 


which enables one find an important relation of combinatorial metric with that of its pro- 


jections following. 
Theorem 10.3.6 Let ,ds* be the metric of ¢,,'(B™”) for integers 1 <u < s(p). Then 
ds* = ids” + ods* 5 ea as. 
Proof Applying the projective principle, we immediately know that 
as = AS" |g 1p, 1 < L < S(p). 


Whence, we find that 


S(p) ni(p) 


Bunun”? = 1 >) Bun (dP 


u=l v=l 


ds* 


s(p) s(p) 


2 = 2 
2», ds Re 7 y pds”. 
p=l ual 
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Let M be a gravitational field. We have known its Schwarzschild metric, i.e., a 


spherically symmetric solution of Einstein’s gravitational equations in vacuum is 


2 
ds =(1-4)ar- sal 
r 1-= 


— rd — r’ sin’ 6d¢’, 


where r, = 2Gm/c*. Now we generalize it to combinatorial gravitational fields to find the 


solutions of equations 


1 
Rimes ZS8uononR = —81GEwyyor) 


in vacuum, i.€., E07) = 0. For such a objective, we only consider the homogenous 


m 
i= 


combinatorial Euclidean spaces M= U;_, R”, ie., for any point p € M, 


xi! — xin xl@+D — xi ae 0 
21 |, x2 x2im+1) xen 0 
Ppl = 

yn is xen xinm+1) iti ate ae alti 


m m : ; = 
with m = dim(( R™) a constant for Vp € () R” and x = x forl<i<m,l<l<m. 
i=l i=l 


Let M (t) be a combinatorial field of gravitational fields M,, M2,---, M,, with masses 
m,M,***,M, respectively. For usually undergoing, we consider the case of n, = 4 
for 1 < uw < m since line elements have been found concretely in classical gravitational 
field in these cases. Now establish m spherical coordinate subframe (t,; r,, 4,,,) with 
its originality at the center of such a mass space. Then we have known its a spherically 


symmetric solution to be 


xi 
eo Tis \ 32 Tus a Lee 2 
ds), = f = “i dt, -( = “i dr, — 1,(d@, + sin” 0,d¢7,). 


Tu Hl 


for 1 << mwithr,; = 2Gm,/c’. By Theorem 8.3.1, we know that 
as = 4ds + 6d Hoe + yas, 


where ,,ds* = ds’, by the projective principle on combinatorial fields. Notice that 1 < 


m < 4. We therefore get combinatorial metrics dependent on m following. 


Case l. m= Lie, t,=tforl<u<m. 
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In this case, the combinatorial metric ds is 
= 2Gm, = 2Gm, _ = = 
ds” = >, (1 - ad dt = xe — ae? a, - > ri(de, + sin 0,d¢;,). 
u=l H u=l H y=l 
Case 2. m = 2, i.e. t, = tandr, = 1, ort, = t and 6, = 6, ort, = t and ¢, = ¢ for 


l<us<sm. 


We consider the following subcases. 


Subcase 2.1. ¢, = 1, 7, =. 


In this subcase, the combinatorial metric is 


m pe: m IC -1 m 
a=) f : a ae = (1 = “| dr? — Y* P(aé? + sin? 6,483), 


H=1 H=1 H=l 


which can only happens if these m fields are at a same point O in a space. Particularly, if 
m, = M for 1 < uw <™m, the masses of M), M2,---,M,, are the same, then r,. = 2GM is a 


constant, which enables us knowing that 


m 


if 
ds = (1 2 ot mar 7 (1 —— ] mdr? — Y* P (dé + sin? 6,d02). 
Cr 


cr 
H=1 


Subcase 2.2. t, = 1, 6, = @. 


In this subcase, the combinatorial metric is 


m 2G 
Gos > (1- Sar 
=1 


m IG -1 m 
- (1- m1 dr, — ) r,(d0? + sin” 6d¢;). 
1 HM 


H=1 


rN 


Subcase 2.3. t, = 1, ¢, = ¢. 


In this subcase, the combinatorial metric is 


m 


m ae! m IG =1 
ae =)" (1 . aa? -> (1 - “1 dr — S* A(de + sin? Odd"). 


2 
E 
i=l H i=l orn pal 


Case 3. m= 3,164, =%, 7, = 7 and 0, = 0, orig = 1 ra =r and dy = ¢, or or t, =f, 


6, = and 6, = ¢forl<u<m. 
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We consider three subcases following. 


Subcase 3.1. t, = 14, 7, = rand 6, = 6. 


In this subcase, the combinatorial metric is 


m 2G m IG -1 m 
ds* = (I = a) a? - »(1 - “| dr’ — mre? - r sin’ 6) dy. 
Cc 


2 
= 
Hal . H=l 


Subcase 3.2. t, = 4, 7, = rand ¢, = ¢. 


In this subcase, the combinatorial metric is 


m IG m ne: -1 m 
ds? = mt 7 <r) a? as (1 - “ dr — 1 \(d6,, + sin’ 0,d¢°). 
Cc 
ual 


There subcases 3.1 and 3.2 can be only happen if the centers of these m fields are at 


a Same point O in a space. 


Subcase 3.3. t, = 1, 6, = 6 and $, = ¢. 


In this subcase, the combinatorial metric is 


m IG m 2G -1 m 
dv =)" f 7 a) a? -» (1 - “1 dr, — ) r,(d&? + sin” 6g”). 
HL Mu 


Hal 


Case 4. m = 4, i.e., t, = t, 7, = 7,0, = Oand ¢, = ¢forl<u<m. 


In this subcase, the combinatorial metric is 


m IG m 2G 
ics y (1 a a ar = 2 (1 = | dr’ — mr’(d@ + sin* 6d¢”). 
r 


Particularly, if m, = M for 1 <  < m, we get that 


-1 
ds’? = (1 tee ot) mar = (1 26M mdr? — mr*(d@ + sin* 6d¢”). 
Cor 


oa 


Define a coordinate transformation (t,r,6,¢) > (st, sf, 59, s@) = (tm, r Vm, 0, @). 


Then the previous formula turns to 


2GM d,r- 
2 2 S 2. 2, ad. 2 
ds" = (1 -—= Ja — |. 2a — , (dO + sin’ ,6d,¢°) 
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in this new coordinate system ( sf, 57, s9, s@), whose geometrical behavior likes that of 
the gravitational field. 
Consider m the discussion is divided into two cases, which lead to two opposite 


conclusions following. 


Casel. m= 4. 


In this case, we get that dimR = 3, ie., all Euclidean spaces R*, R3,---,R>, are in 
one R?, which is the most enjoyed case by human beings. If it is so, all the behavior 
of Universe can be realized finally by human beings, particularly, the observed interval 
is ds and all natural things can be come true by experiments. This also means that the 
discover of science will be ended, i.e., we can find an ultimate theory for our cosmos - the 
Theory of Everything. This is the earnest wish of Einstein himself beginning, and then 


more physicists devoted all their lifetime to do so in last century. 


Case 2. m< 3. 


If our cosmos is so, then dimR > 4. In this case, the observed interval in the field 
R? 


human 


where human beings live is 
Uiuman = At, 1,0, dE — (t, 7,0, @)dr* — c(t, 7, 0, )d0° — d(t, 7,0, 6)dg”. 
by Schwarzschild metrics in R*. But we know the metric in R should be dsz. Then 


how to we explain the differences (d sx — Shuman) in physics? 


Notice that one can only observes the line element dSpyngn, 1-€.,, a projection of dsz on 
3 


human 


the spatial direction not observable by human beings. In this case, it is difficult to deter- 


by the projective principle. Whence, all contributions in (ds%— dSjuman) come from 


mine the exact behavior and sometimes only partial information of the Universe, which 
means that each law on the Universe determined by human beings is an approximate result 
and hold with conditions. 

Furthermore, if m < 3 holds, because there are infinite underlying connected graphs, 
i.e., there are infinite combinations of R°, one can not find an ultimate theory for the 
Universe, which means the discover of science for human beings will endless forever, 


1.e., there are no a Theory of Everything. 
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§10.4 A COMBINATORIAL MODEL FOR CIRCULATING ECONOMY 


10.4.1 Input-Output Analysis in Macro-Economy. Assume these are n departments 


D,, D2,-+-,D, in a macro-economic system / satisfy conditions following: 


(1) The total output value of department D; is x;. Among them, there are x;; out- 
put values for the department Dj; and d; for the social demand, such as those shown in 
Fig.10.4.1. 


Fig.10.4.1 


(2) A unit output value of department D; consumes ¢;; input values coming from 


department D;. Such numbers ¢;;, 1 < i, j < n are called consuming coefficients. 


Therefore, such a overall balance macro-economic system -# satisfies n linear equations 
n 

x = xy + di (10-1) 
j=l 


for integers 1 < i < n. Furthermore, substitute f;; = x;;/x; into equation (10-1), we get 


that 
x = D1 tx; + di (10 — 2) 


for any integer i. Let T = [tij]nxn, A = Inxn — T. Then 


AX = d, (10 — 3) 


from (10-2), where ¥ = (x;,%2,°*+,Xn)', d = (d),d>,-++,d,)' are the output vector or 
demand vectors, respectively. This is the famous input-output model in macro-economic 


analysis established by a economist Leontief won the Nobel economic prize in 1973. 
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For an simple example, let Y consists of 3 departments D;, D2, D3, where D,=agriculture, 


D,=manufacture industry, D3=service with an input-output data in Table 10.4.1([TaC1]). 


D, 
Dy 30 | 10 200 
D; 20 | 60 150 


Table 10.4.1 


This table can be turned to a consuming coefficient table by t;; = x;;/x; following. 


ae 


= = 
0.30 0.05 
0.20 0.30 


Thus 
0.15 0.10 0.20 0.85  -0.10 -—0.20 
T=] 0.30 0.05 0.30], A=h3-T=]| -0.30 0.95 —-0.30 
0.20 0.30 0.00 -0.20 -0.30 1.00 


and the input-output equation system is 


0.85x; => 0.10x> = 0.203 = d, 
—0.30x, + 0.95x7 — 0.30x3 = do 
—0.20x, — 0.30x, + x-3=d; 


Solving this equation system enables one to find the input and output data for economy. 
Notice that the WORLD is not linear in general, i.e., the assumption ¢;; = x;;/x; 

does not hold in general. A non-linear input-output model is shown in Fig.10.4.2, where 

X = (X1j, X2i,°°*, Xni), D1, D2,--+, D, are n departments and SD=social demand. Usually, 


the function F(x) is called the producing function. 
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Xin [D, ] 


Fig.10.4.2 


Thus a general overall balance input-output model is characterized by equations 
FAQ) =) xy + di (10 - 4) 
for integers 1 < i < n, where F(X) may be linear or non-linear. 


10.4.2 Circulating Economic System. A scientific economical system should be a 
conservation system of human being with nature in harmony, 1.e., to make use of matter 
and energy rationally and everlastingly, to decrease the unfavorable effect that economic 
activities may make upon our natural environment as far as possible, which implies to 


establish a circulating economic system shown in Fig.10.4.3. 


Utility resources 


© 


& © 


Green product Recyclic resource 


Fig.10.4.3 


Generally, a circulating economic system is such a overall balance input-output multi- 
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space M= U M,(t) that there are no rubbish in each producing department. Particularly, 
there are Ho hacental wastes to the WORLD. Thus any producing department of a cir- 
culating economical system is in a locally economical system M(t), M(t), ---, M,(0) 
underlying a directed circuit G [™ 1| = C for an integer k > 2, such as those shown in 
Fig.10.4.4. 


M(t) 
/ \ 
©) ©) 


M,(t) oe % M,(t) 


Fig.10.4.4 


Consequently, we get a structure result for circulating economic system following. 


Theorem 10.4.1 Let M (t) be a circulating economic system consisting of producing de- 
partments M,(t), M2(t),---,M,(t) underlying a graph G ) Then there is a circuit- 


decomposition 
I 


G|mo|= Je, 
i=l 
for the directed graph G |“ (| such that each output of a producing department M,(t), 


1 <i<nis ona directed circuit C, for an integer1 <s<l. 


Similarly, assume that there are n producing departments M(t), Mo(t),---,M,(0), 
x;; Output values of M,(t) for the department M(t) and d; for the social demand. Let 
F(X1;, X2i,** +» Xn) be the producing function in M(t). Then a circulating economic system 


can be characterized by equations 


FG) =) xt ds (10 — 5) 


j=l 


for integers 1 < i < n with each x;; on one and only one directed circuit consisting some 


of departments M,(t), M2(t),---, M(t), such as those shown in Fig.10.4.4. 
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§10.5 A COMBINATORIAL MODEL FOR CONTAGION 


10.5.1 Infective Model in One Space. Let N be the number of persons in considered 
group Y. Assume that there are only two kind groups in persons at time ¢. One is in- 
fected crowd. Another is susceptible crowd. Denoted by /(t) and S(t), respectively. Thus 
S(t) + I(t) = N, ie., (S/N) + U(t)/N) = 1. The numbers $(t)/N, J(t)/N are called 
susceptibility or infection rate and denoted by S(t) and /(f) usually, i.e., $(4) + (4) = 1. If 
N is sufficiently large, we can further assume that S(7), /(t) are smoothly. 

Assume that the infected crowd is a direct proportion of susceptible crowd. Let k 
be such a rate. Thus an infected person can infects kS (t) susceptible persons. It is easily 
know that there are N(/(t + At) — I(t)) new infected persons in the time interval [f, t+ Af]. 
We know that 

NU(t + At) — I(t) = KNS (HI(At. 


Divide its both sides by NAt and let t — oo, we get that 


dl 
— -kIS. 
dt 


Notice that S(t) + [(t) = 1. We finally get that 


dl 
G7 HA-D, 
(0) = Ih. 


(10 — 6) 


This is the SJ model of infectious disease on infected diseases. Separating variables we 
get that 


_ 1 —kt 
I(t) = ——;—~e 
1+(5!-1 


and 
S()=1-M) = Mie 
1+(I;' - De* 
Clearly, if t — +00, then /(t) — 1 in SI model. This is not in keeping with the actual 
situation. Assume the rate of heal persons in infected persons is h. Then 1/h denoted the 


infective stage of disease. The SI model (10-6) is reformed to 


dl 
ay = LD Ae, noe 


1(0) = lo, 
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called the SIS model of infectious disease. Similarly, by separating variables we know 


that 
1 1 


-1 
ek (7 _ +4 | , 
I(t) = ; I l-o! l-o! 
0 


ktIp +17 
where o = k/h is the number of average infections by one infected person in an infective 


stage. Clearly, : 
to=| I-— ifo>! 
os 0 ifo <1. 
Consequently, if o < 1, the infection rate is gradually little by little, and finally approaches 
0. But if o > 1, the increase or decrease of I(t) is dependent on Jp. In fact, if Ip < 1-o7!, 
I(t) is increasing and it is decreasing if Ip > 1 — 0 '. Both of them will let J(t) tend to a 
non-zero limitation 1 — o~!. Thus we have not a radical cure of this disease. 

Now assume the heal persons acquired immunity after infected the decrease and will 
never be infected again. Denoted the rate of such persons by R(t). Then $(t)+/()+R(@ = 
1 and the SIS model (10-7) is reformed to 


7 = -kIS, 
— =kIS — hi, (10 - 8) 
dt 


S(O) = So, 1(0) = Ip, RO) = 0, 
called the SIR model of infectious disease. These differential equations are first order 
non-linear equations. We can not get the analytic solutions S(t), (1). 

Furthermore, let J and J be respectively diagnosis of infection and non-diagnosis 
infection. Let k,, ky be the infection rate by an infection, or a diagnosis, h;, hz the heal 
rate from infection or diagnosis and the detecting rate of this infectious disease by a. We 
get the following SJR model of infectious disease 


dS 
ae = (kyl + knJ)S, 


I 
aS (kil +hJ)S —-(at+ hy), 


J 
—=hl+hJ, 
aoe 


S(O) = So, 1(0) = lo, 
J(0) = Jo, RO) = Ro, 
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which are also first order differential non-linear equations and can be find behaviors by 


qualitative analysis only. 


10.5.2, Combinatorial Model on Infectious Disease. Let C,, C2,---,C,, be m segrega- 
tion crowds, i.e., a person moving from crowds C; to C; can be only dependent on traffic 
means with persons Ni, No,---, Nm, respectively. For an infectious disease, we assume 
that there are only two kind groups in C;, namely the infected crowd /;(t) and susceptible 
crowd S ;(t) for integers 1 < i < m. Among them, there are U;(t), V;(t) persons moving in 
or away C; at time ¢. Thus S(t) + [;(t) — U,(t) + Vi(t) = Nj. Denoted by c;,(t) the persons 
moving from C; to C; for integers 1 < i, j < m. Then 


m m 


> csilt) = Uj) and)” cis(t) = Vil). 


s=l s=l 
A combinatorial model of infectious disease is defined by labeling graph G“ following: 
VG) SACs), 
E (c') = {(C;, C;)| there are traffic means from Cj to Cj, 1 < i,j < m}; 
1(Cj) = Ni, (CC) = Cij 
for V(C,,C ek (c') and integers | < i, 7 < m. Such as those shown in Fig.10.5.1. 


C42 


Fig.10.5.1 


Similarly, assume that an infected person can infects k susceptible persons and c;; = t;;Ni, 
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where f;; is a constant. Then the number of persons in crowd C; is also a constant 


Nj [ “te 9 (tsp i} 
s=l 


In this case, the SI, SIS, SIR and SIJR models of infectious disease for crowd C; turn to 


F 

é = ki, — Ij), 

dt (10 — 10) 
I,(0) = — £i0- 

dl; 

aE = kl; 1 -— 1; —hil,, 

dt ( ) (10 - 11) 
T,(O) = Tio, 

= = -kIS;, 

Ot = kL S;— hl (10 — 12) 
dt 

S (0) = So, [(0) = Tio, R(O) = 0, 

ds; 

ae —(kyT + koJi)S i, 

io (kyl,+khJ)S —-(a+h,)l, 

A = ahi — hadi, (10 - 13) 


= hl, + hoJ;, 

$(0) = = Sio, 10) = Ii, 

Ji(O) = Jin, Ri(O) = Rio 
if there are always exist a contagium in C; for any integer 1 < i < m, where h and R 
are the respective rates of heal persons in infected persons and the heal persons acquired 
immunity after infected, k,, ky the infection rate by an infection, or a diagnosis, h;, hz 
the heal rate from infection or diagnosis and a the detecting rate of the infectious disease. 


Similarly, we can solve SI or SIS models by separating variables. For example, 


-1 
1 1 1 
(ra) eel | 
I(t) = Ip l-o l-o 
Ip 


ktlo + 1 


for the SIS model of infectious disease, where 0 = k/h. Thus we can control the infectious 


likewise that in one space. 
But the first contagium can only appears in one crowd, for instance C;. As we know, 


the purpose of infectious disease is to know well its infection rule, decrease or eliminate 
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such disease. Applying the combinatorial model of infectious disease, an even more 
effective measure is isolating contagia unless to cure the infections, which means that we 
need to cut off all traffic lines from the contagia appeared crowds, for example, all such 
traffic lines (C;,C;), (C;,C,) for integers 1 < s < m, where C;, is the crowd found the 


first contagium. 


§10.6 RESEARCH PROBLEMS 


10.6.1 In fact, Smarandache multi-space is a systematic notion on objectives. More and 
more its applications to natural sciences and humanities are found today. The readers are 
refereed to [Mao37]-[Mao38] for its further applications, and also encouraged to apply it 


to new fields or questions. 


10.6.2. The combinatorial model on cosmos presents research problems to both physics 


and combinatorics, such as those of the following: 


Problem 10.6.1 Embed a connected graph into Euclidean spaces of dimension= 4, re- 


search its phase space and apply it to cosmos. 


Motivated by this combinatorial model on cosmos, a number of conjectures on cos- 


moses are proposed following. 


Conjecture 10.6.1 There are infinite many cosmoses and all dimensions of cosmoses 


make up an integer interval [1, +00]. 


A famous proverbs in Chinese says that seeing is believing but hearing is unbeliev- 
ing, which is also a dogma in the pragmatism. Today, this view should be abandoned for 
a scientist if he wish to understand the WORLD. On the first, we present a conjecture on 


the traveling problem between cosmoses. 


Conjecture 10.6.2 There exists beings who can get from one cosmos into another, and 
there exists being who can enter the subspace of lower dimension from that of higher 


dimensional space, particularly, on the earth. 


Although nearly every physicist acknowledges the existence of black and white 


holes. All these holes are worked out by mathematical calculation, not observation of 
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human beings. 


Conjecture 10.6.3 A black hole is also a white hole in space, different from the observa- 


tion in or out the observed space. 


Our cosmonauts is good luck if Conjecture 6.6.3 holds since they are never needed 
for worrying about attracted by these black holes. Today, an important task for experi- 
mental physicists is looking for dark matters on the earth. However, this would be never 


success by the combinatorial model of cosmos, included in the next conjecture. 


Conjecture 10.6.4 One can not find dark matters by experiments on the earth because 


they are in spatial can not be found by human beings. 


Few consideration is on the relation of dark energy with dark matters. We believe 


that there exists relations between them, particularly, the following conjecture. 


Conjecture 10.6.5 The dark energy is nothing but a kind of effect of internal action in 
dark matters and the action of black on white matters. One can only surveys the acting 


effect of black matters on that of white, will never be the all. 


10.6.3. The input-output model is a useful in macro-economy analysis. In fact, any sys- 
tem established by scientist is such an input-output system by combinatorial speculation. 


Certainly, these systems are non-linear in general because our WORLD is non-linear. 


Problem 10.6.2 Let F(x) be a polynomial of degree d > 2 for integers 1 <i <n. Solve 
equations (10-5) for circulating economic system underlying a graph G, particularly, 
d=2andG~C, orn<4. 


Problem 10.6.3 Let F(x) be a well-known functions f(x), such as those of f(x) = x, 
where pt is a rational number, or f(x) = \Inx, sinx, cosx, --:+, etc.. Determine such 


conditions that equations (10-5) are solvable. 


10.6.4 We have shown in Subsection 10.5.2 that one can control an infectious disease in 
a combinatorial space likewise that in one space if assume that the number c;; of persons 
moving from crowd C; to C; is a proportion of persons in crowd C;, i.e., ci; = t;;N; with 
a constant ¢;; for integers 1 < i, j < m. Such a assumption is too special, can not hold in 


general. 


Problem 10.6.4 Establish SI, SIS, SIR and SIJR models of infectious disease without the 
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assumption ci; = tN, 1.e., cij = f(Ni,Nj,t) for integers 1 < i,j < mand solve these 


differential equations. 


Although these differential equations maybe very different from these equations (10- 
10)-(10-13), the measure by isolating contagia and cutting off all traffic lines from the 
contagia appeared crowds is still effective for control a disease in its infective stage. That 


is why this measure is usually adopted when an infective disease occurs. 
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